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1 Totally Positive Matrices and Sets

Definition 1 (TP). A matrix A € R™*™ is called Totally Positive if the determinant of every
square submatrix is positive.

Definition 2 (TN). A matrix A € R”*™ is called Totally Nonnegative if the determinant of every
square submatrix is nonnegative.

A property of both the classes is that they’re closed under multiplication. In fact if A, B are TP, then AB
is TP and the same holds for TN matrices.

An example of these kind of matrices is the Vandermonde Matrix of x1,...,x, € R.
2 n—1 n—1 .
1 =z a2 ... o o Yoo G
Vi(ay, ... an) = P : Vi(zy,...,2n) = :
2 -1 -1
Ly, T m?z Cn—1 E?:O Cﬂ?;
det V(x1,...,2,) = H Tj—
1<i<j<n

In fact, any Vandermonde matrix referred to positive and strictly increasing x; is totally positive.
Lemma 1. Given 0 < x1 < xo < -+ < &, real numbers, the matrix V(x1,...,x,) is totally positive

Proof. Let A be a square submatrix

.flfll SL‘ll

A= : :
aq (097

.fL'lk .fL‘lk

with [y <lo <--- <l and oy < as < -+ < ag. Given the polynomial
p(x) = c1z® + - + cpa®

with ¢; € R, then we know thanks to Cartesio that the number of real positive roots of p(x) is less then the
number of sign changes in the coefficients, so it is at most k — 1. If we want to solve p(z;,) = 0 for every i, then
it is equivalent to

C1
Al | =0
Ck
If there are solutions other than ¢; = --- = ¢ = 0, then p(z) has at least k positive solutions z,, ..., x;, that

is an absurd. So A is invertible and its determinant is not zero. Let’s compute the determinant of A starting
from the last row.

(e%) Q-1
J)ll Z‘ll
Qg ap—1 k—1,_ 01 _ _ . . —
detAfmlk ak — 1, akg—1+ -+ (-1) zptay = g(z1,,) ap = : : , Qg1 = ...
xal xak—l
lp—1 lp—1

Let’s proceed by induction on k, proving that the submatrices have strictly positive determinant. If £ =1 it is
easy. Otherwise, in the last relation, we know that a; > 0 for every i. It means that g(z) — 400 if z — +o0o,
and g(x) # 0 for every & > x;, _, since det(A) # 0. So det A = g(x;, ) > 0.

O

The same proof could be a lot simpler using a result saying that A is TP if and only if the determinant of
square submatrices composed only by contiguous rows and columns are positive.



Definition 3 (Bidiagonal). A matrix A € R"*" is called Bidiagonal if there exists an s € Z such
that A; ; =0 whenever i —j < sori—j> s+ 1.
An Upper Bidiagonal has s = —1, and a Lower Bidiagonal has s = 0.

Theorem 1 (Factorization). A matriz A is TN if and only if it can be factorized into a product of upper and
lower bidiagonal TN matrices with at most one element outside the main diagonal.

We won’t report the proof. A reference for further infos is [IJ.
We report as an example

11 1 1
1 2 3 4 (i+—2
Pi=11 3 6 10 (P")W( i—1 >
1 4 10 20

Let us reduce the matrix through bidiagonal matrices operating on rows

1 11 1 1 111 1
1 12 3 4| |12 3 4
1 13 6 10|13 6 10
-1 1/ \1 4 10 20 0 1 4 10
1 111 1 111 1
1 123 4| |12 3 4
-1 1 136 10| |0 13 6
1/ \0o 1 4 10 0 1 4 10

1 111 1 111 1
-1 1 123 4| o1 2 3
1 013 6] |013 6
1) \0 1 4 10 0 1 4 10

1 111 1 1111
1 o012 3| (o123
1 013 6] |0o136
-1 1/ \0 1 4 10 00 1 4

1 1111 1111
1 o123 (o123
-1 1 01 36| |0o013
1/ \0 0 1 4 001 4

1 1111 1111
1 o123 (o123
1 0013 |oo0o 13

-1 1/ \0 0 1 4 0001

Operating on the columns we can continue reducing (Neuvill Reduction) and if Py is TP we won’t encounter

zeros on the pivots, so the factorization can be carried out until the end. In this case, we are using bidiagonal

matrices E; () that is an identity matrix plus an « element in position (i,7—1). Notice that E;(a)~! = E;(—a).
In general any TP matrix can be factorized into the product

[1Bn @)D T(E (@)

where D is a nonnegative diagonal matrix and oy, ; > 0. In the case TN, we have to worry about null pivots,
but the final factorization is similar.

Lemma 2. If A is a TN matriz, and x € R™, then the number of sign changes in x is not less than the number
of sign changes in Ax.



Proof. If B is a bidiagonal TN matrix of the form E;(«), then V(Bz) < V(z), where V(-) counts the number
of sign changes. In fact we have to check only what happens within the element x; because the other elements
don’t change. In fact, (Bx); = ax;—1 + x;, so if x; and x;_; have the same sign, then (Bx); has still the
same sign of x;. In any other case, changing the sign of z; diminish the number of sign changes. The same
holds with B = EI'(a) and if B is diagonal and nonnegative. We can thus factorize A and conclude that

V(Azx) < V(z). O
Definition 4 (TN/TP Set). A set {¢1,...,¢, } of functions on an interval I C R is said Totally
Nonnegative or Totally Positive if every choice of points t; < - -- < t,. inside I leads, respectively,
to a TN or TP matrix

e1(t1) pa2(t) .. ep(t1)
p1(tr) @2(tr) - pp(tr)
The set is Normalized if »
Z pi(z) =1 Vo el
i=1
19/10/18
For example, Bernstein Polynomials are a normalized basis of the polynomial space.
The matrix in the definition is call Collocation Matrix, and if we multiply it by a vector, we obtain
e1(t1) @2(t1) .. @)\ [a i1 pi(t1)e
‘Pl(tr) @Z(tr) ‘Pp(tr) Cp Z?:1 ‘Pi(tr)ci
that are the evaluations of Y F_, ¢i(x)¢; on t1,ta, ..., t,.
Lemma 3. If {o,...,¢p } is a TN set on I, then
1. giwen f:J — I strictly increasing function (where J is an interval), the composition { poo f,...,ppo f}
is a TN set for J,
2. given g : I — R a nonnegative function, the set {g- ¢o,...,9-p} is a TN set for I,
3. if A e RwTDX®+Y) s o TN nonsingular matriz, then
p+1 p+1
Z Al,jsaj—la ceey Z Ap—l—l,j@j—l
j=1 j=1
is a TN set on I.
Proof.
1) The collocation matrices of the new set are
eo(f(u1)) e1(f(ur)) .. ep(flur))
eo(f(ur)) o1(f(ur)) o ep(flur))
that is a collocation marix for the old set on the points ¢; = f(u;), but f is strictly increasing, so t; < «-- < t,

and

the matrix is thus TN.

2) The collocation matrices of the new set are

geo(ty) gei(ty) - gep(ts) olt) eo(t1) ¢1(t1) .. wp(t1)

g(po(tr) g(pl(tr) . g(pp(tr) - g(tr> ®o (tr) Y1 (tr) e gop(tr)



that is a product of TN matrices.
3) The collocation matrices for the new set on the points t1, ..., ¢, is the product the collocation matrices for
the old set and AT, so it is a TN matrix.

1 1 1
P Arjeia(t) YR Asseia(t) o X Apjeia(t) eot1) e1(t) .. @p(ta)
: : : : : : AT
T Avia(t) S8 Asypialty) o 8 Apragesa(ty) poltr) erltr) oo @lty)

O

Corollary 1. Let { ¢o,...,¢p } be a TN basis for P, (space of polynomials of degree < p) onI. Ifcy,...,cp € R,

then
1% (Z cigpi) <V(co,---,¢p)

where V' applied on a function counts the number of sign changes.

Proof. If the polynomial f = " ¢;¢; changes its sign more than s times, where s = V(co,...,cp), then we can
find tg,...,ts+1 points such that V(f(to),..., f(ts+1)) = s+ 1, but

f(to) wo(to) e1(to) ... @p(to) Co
f(tst1) woltst1) wiltst1) - @pltst1)) \¢p
and this is an absurd thanks to Lemma 0

2 Shape Optimality

Definition 5 (Generalized Bezier Curves). Given { ¢p,...,®, } a basis of P, and cg,...,c, € RY,
then

C(t) = cipilt)
=1

are called Generalized Bexier Curves, where ¢; are the Control Points, whose envelop is called
Control Polygon. In Numerical Graphics jargon, ¢;(t) are called Blending Functions.

An example is Timmer’s parametric cubic, with functions
fo®) =1 =201 -t fi(t) =4t(1 —t)* folt) =4t>(1 —1t) f3(t) = (2t — 1)#*

that has the property of going through the middle point of P P, where Py, P, P», P; are the control points. It
loses the property of being contained in the convex envelop of the control points, but it gains a symmetry:

fill=1t) = fs—i(t) Vi

An other example is Ball’s parametric cubic used in CAD

folt) = (1 =) fit)=2t(1 —t)® folt) =221 — 1) f3(t) =12

In this case, if P; = P, then we have a quadratic curve, since f1 + fo = 2¢(1 —t).
A last example is Overhauser curve, or Catmull-Rom splines, used at Ford. In this case, the resulting curve
interpolates the control points.

Theorem 2 (Variation Diminishing Property). Let { ¢o,...,¢, } be a normalized TN basis of P, on I, and
let co, .. .,c, € R? be the control points of the GBC € (t). If  is a line in R%, then the number of intersections
between | and € (t) are less or equal than the number of intersections between | and the control polygon P.



Proof. Let ¢; = (¢jz, ¢jy) and G (t) = (62(t), 6y(t)) and let ax+by+c = 0 be the equation of . The intersections
between [ and %(t) are

0= a%,(t) + b%,(t) + ¢ (1)
= aZcmcpi(t) +bZCiy<Pz'(f) +Cz wi(t) (2)
i=0 i=0 i=0
= Z @i(t)[aciy + bey + ¢ (3)
i=0

By Corollary [1, we know that
p
Vv (Z wi(t)aciz + bey + c]) < V(acoy +beoy +c, ..., acys + bepy + )
i=0

that represent, respectively, the number of intersection of | with the Bezier Curve and the control polygon. [

The last theorem indicates that TN normalized bases are a "shape-preserving" representation of the curves.
(Actually it holds if the line [ is not tangent to the polygon or the curve).

An example of TN basis is the monomial basis { 1, z, ..., 2P } that gives us Vandermonde collocation matrices
(see Lemmal[1)) on [0, 400).
An other example is Bernstein basis. In fact, starting from the monomial basis, one can apply the strictly

increasing function
t
t = —
£ =+

and multiply by the nonnegative function g(t) = (1 — t)? obtaining

(1—t)? T (1 — )Pt

Eventually, we multiply by the diagonal matrix

w()0)-()

and Lemma |3| assures us that the resulting Bernstein basis

B = () a0y ’ = ()a-ore

is a TN set on [0, +00).

The Bernstein basis is "geometrically optimal", as we’ll explain in a moment.
Given two normalized TN basis { o, ..., ¢p } and {8o,...,0, } of P, on I, suppose there exists a TN matrix K
such that

(QOOa-”ngp):(00;---30[))'1('

K must be invertible and row-stochastic, since they are both normalized basis and K is nonnegative. In this
case, K can be factorized into bidiagonal row-stochastic matrices of the form

1 Hio 1=y
1—X N\ ’ 1

If we apply these matrices to a vector, they only substitute one element with a convex combination of two
consecutive entries.



So the new control polygon is smaller, and it is closer to the Bezier curve.
Bernstein polynomial basis has the property that any other TN normalized basis can be written as the
Bernstein basis multiplied by a TN invertible matrix K, so Bernstein representation is geometrically optimal.
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3 Splines

Splines functions are useful for the problem of Polynomial Interpolation: given f : [a,b] — R and interpolation
nodes a = ug < uy < --- < up, = b, we know that there exists exactly one polynomial of degree equal or less
than n such that p(u;) = f(u;) for every i.

In general, the resulting polynomial p does not approximate well f on the whole interval [a, b], since it tends
to oscillate too much (Runge phenomenon with f(z) = 1/(1+25z?%) in [—1,1]). A possible solution is to choose
a non-regular grid with nodes that accumulate on the extrema of the interval (Chebychev). However, for every
sequence of grids there always is a continuous function such that the polynomial interpolations on those grid
do not converge to the original function (Faber Theorem).

Some positive notes: when dealing with Lipschitz functions, one can interpolate through the Chebychev
nodes scheme and obtain a convergent approximation (Chebfun Project on Matlab).

High degree polynomials are also difficult to handle, so one can try with piecewise polynomial interpolation
instead. In particular, one can look for low degree polynomial interpolations on each couple of nodes that
behave well on the interfaces. In particular, we are looking for s : [a, b] — R such that s|[,, v,,,] is a polynomial
of degree < k with s(u;) = f(u;) for every i. Since we have k — 2 free parameters for each polynomial, we can
add conditions.

For example, Hermite Condition with k = 4 requires that s is C' and that s’ interpolates f’, meaning that
s'(u;) = f'(u;). When it is not easy to compute f’(u;) one can use Bessel method to approximate it with the
derivative of the cubic function obtained interpolating u; and its neighbors.

The Cubic Splines are C? functions, piecewise cubic, interpolating f. In particular, if s; = 8| [,
s; is a cubic (so 4 parameters for every ) and

], then

sUit1

sy (ui) = st(uy) n — 1 conditions
st (ug) = s (u;) n — 1 conditions
si(ug) = f(u) n conditions

si(uit1) = f(wit1) n conditions
It leaves out 2 free parameters, so we can impose further conditions that distinguish different types of splines.

In general we can define them for every order k.

Definition 6. f : [a,b] — R and interpolation nodes a = up < u; < --- < u, = b, the interpolating
k-th Order Spline is a piecewise polynomial C* function s : [a,b] — R such that s; = s|[y, u,,,] Is &
polynomial of degree < k for every i.

Focusing on the cubic splines, that is k = 4, we can choose the last two free conditions to be



e s'(a) = f'(a), §'(b) = f'(b), called Complete Splines.

e s”(a) =0, s”(b) = 0, called Natural Splines, but the convergence rate is slow (also called variational
splines).

o s (ur) = s (u1), sl 1 (un—1) = s (un—1), called not-a-knot Splines.
e If f is periodic, then s'(a) = §'(b), s/ (a) = s”(b), called Periodic Spline.

The convergence, in the case of Complete Splines, is O(h*), where h = max;{|u;+1 — u;l}.
Splines are interesting even because they respect the property of minimal curvature, meaning that the com-

plete spline minimizes
b
RS
a

among all C? functions s interpolating f on the same nodes. This property assures us that the oscillating
phenomenon observed with polynomial interpolation is minimized using splines interpolation.

The computational complexity for the solution is O(n) since the resulting linear system is tridiagonal and
diagonal dominant. Moreover, it is also well-conditioned.

We could also use Bezier curves to obtain a spline interpolation. Given the points Py, P;, P», P3, where
Py = (uo, f(up)) and P3 = (uq, f(u1)), we find a first curve. The choice of successive control points is determined
by the regularity of the interpolation, since we want, for example, P, P; parallel to P3P, in order to have the
same derivative at uq.

26/10/18

We’d like to have a basis { ¢;(t) }, such that the support of ¢;(t) is small inside I = [a,b], so that a 'small
adjustment’ of the curves is realized changing few elements (functions or control points). This is the main
reason to develop the theory of B-Splines, that have been defined in several ways. We will use the difinition
of De Boor, Cox and Mansfields by recurrent relations.

Choose ug, . .., up a sequence of nondecreasing nodes (real numbers), where each node may be repeated. We
refer to 'nodes’ when we consider multiplicities, and ’break points’ when we don’t consider multiplicities.

Definition 7. The i-th B-Spline of degree p (order p + 1) are denoted by N; ,(u) and are defined
by recurrence

Nio(u) 1w <u<ujpr
- allon) =
0 0 otherwise

U — Uu; Ug —Uu
— " Nipo1(w) + — 2P~ Ny (w)

Ni,p(“) =
Witp — Us WUitp+1 — Uit+1

where a zero denominator is considered as zero.

In the definition, when computing N; ;,, we consider the nodes
UO:"':UPSUP+1 < S’U,ner,l Sun+p:"':un+2p

to always obtain n functions Ny ,..., N(n —1,p).
The B-splines have useful properties:

e N, , has support in [u;, Uj4p+1]

e N;, is in C°°(uj,u;41) (since it is polynomial) for every j such that u; # uj41 and CP~* on knots of
multiplicity k&

e For every i there are at most p + 1 functions NN, , that are not zero on [u;, u;41], namely N;_p . ..., N;p



e For every p, the set { N;, }, is a partition of unity: they are all nonnegative, and

Z jp(u) =1 Vou € [ug, ]

j=i—p
(on the curves it corresponds to affine invariance)
e It is easy to compute derivatives of B-splines through recurrence relations

e They form a basis for piecewise polynomial functions PPP on the breakpoints. They are defined as the
functions s such that s|j,, ., ,,] are polynomials of degree p.

Exercise 1. Consider the nodes 0,0,0,1,1,1 and compute the B-splines for p=0,1,2.

Noo=DNio=N39=Nso=0 Nog=1

1—u U
No1=N31=0 Ni1=Nap T =1-u Ny 1 :N2,OI =u
1—u u 1—u U
No2 = N1 =(1-wu)? Nz = N1,1I + N2,1T = 2u(l —u) Na o = N2’1I = u?

They remind us of Bernstein Polynomials. In general it is possible to compute Bernstein Polynomial by the
B-splines recurrence relations using the knots 0,0,...,0,1,...,1,1 where each knot has multiplicity £+ 1. The
use of these Splines as blending functions generalizes the Bezier-Bernstein curves.

Let us prove some of the properties.

Nonnegativity. The proof is by induction. It is obvious for N; ¢ since they take values in {0,1}. Given a
generic p > 0, we use the recurrence relation and the inductive hypothesis

U — Uu; Uitp4+1 — U
Nip(u) = ———N;p1(u) + ——————Nis1,-1(1)
Witp — Ui WUitp+1 — Uit+1
Notice that N; ,—1 has support in [u;, t;4p), SO u::;ﬁuz N; p—1(u) is zero if u < u;, and otherwise the whole term

is nonnegative. A similar argument is used for the second term, so the whole function N, , is sum of nonnegative
functions.

Basis. Let us consider the set V' of functions in PPP on the knots ug < - -+ < uy that have regularity —1 <
r; < p on the point u;, where regularity —1 means discontinuous functions. Notice that a regularity condition
on ug or uy are computed with respect to the null function. If r; = —1 for every j, then dimV = k(p +1). In
general, each regularity decreases the dimension, so

k

dimV =k(p+1) =Y (r; +1)
j=0

Choose the knots u; with multiplicity s; = p — r;, so that the degree p B-splines have regularity r; on u;. The
number of such B-splines is

k k

k
ZSZ (p+1) = (k—l—l)—(p—i—l)—z:m:pk’—l—i—k—i—l—Z(rJ 1)=k(p+1) Z )=dimV

i=0 j=0 j=0
and they all belong to V. We only need to prove they are linearly independent.
31-10-18
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Considering the nodes
UO:"'—'U/pgup+1 S SUner—l Sun+p:"':un+2p

we obtain n functions No , ..., Np—1p.

10



Definition 8. The Dual Polynomials of N;, are

Vip(y) = (¥ — wit1)(y — wit2) - (Y — Uitp)
where ¥; 0(y) = 1.

For example, given nodes {0,0,1,2,3,4,4} on [0, 4], we have that ¢; 1(y) =y — .
An other example, given nodes {0,0,0,1,1,1} we have N.5 = (1 — u)2,2u(1 — u),u? and 9.2 = y*,y(y —
1)7 (y - 1)2

Theorem 3. The following recurrence relations hold:
1L (y—2)ip-1(y) = 752 p(y) + 2= i1p(y)

2 Yipa(y) = 7_1“1/% 1Y) + o= Vi (Y)

Uitp
Proof. 1) Fix y € R and define [, (z) = y — x. If we interpolate (u;,l,(u;)) and (wi4p,ly(Uitp)), obtaining

Ui4p _u7

T — U;

Uitp — T
l = — (u;) + —— 1, (U51p)-
y(@) Uity — s y(ui) + Uity — Us y (Uitp)
Multiplying ; ,—1(y) we get
r — U; Uigp — T
(y = 2)ip-1(y) = ———ly(ui)Vip-1(y) + ———ly (Uiyp)Pip-1(y)
Ujt+p — Uj Witp — Ui
T - Uip —T
= )+ )
2) Let us derive 1) with respect to x.
Vit (0) = —— () — —— 1 (1)
i,p—1\Y) = Uigp — i P Y Uirp — Us i—1,p\Y
O
Theorem 4 (local Marsden identity). Given the nodes
UO:"':UPSUP+1 < gunerfl Sun+p:"':un+2p
and m such that W, # um41 then for every x € [um,um+1) and y € R we have
Z Nip(#)31.p(1)-
i=m—p
Proof. By induction on p, if p = 0, then
(y— x)o =1= Npo(T)¥m,o0(y)-
Given p + 1, we have
(y— )Pt = (y —x) Z Nip(2)¥ip(y)
i=m—p
U Tr — U; Uij4p+1 — T
=Y Ni,p(w)iwpﬂ( )+ Nip(x )”71&1 1p+1(Y)
i—m—p Uit+p+1 Uit+p+1
m z u m—+1 u
— U i+p+1
= —————ipt1(y)Nip(z) + Ditptl T %y, y)Nip(x
i:n;p_1 Uit pi1 — Ui p+ ( ) p( ) i:%; Uigpr1 — Ug 1, p+1( ) p( )
d T — U; Ui4p+2 — T
= > 7%@“(9)%@(%) + i p 1 (Y) Nit1,p(2)
imm—p—1 WUitp+1 WUitp+2 — Ui+l
= Z wz,erl Nip+1(x)
O

11



If we compute the p — k th derivative with respect to y of the Marsden equality, we obtain

%(y _ :L')k =plp—1)...(k+1)(y— x)k = | Z Ni,p(ﬂf)Dpikwi,p(y)

i=m—p
If £ =0, we have
m 1 m
= ' ;!Ni,p(x)Dplpi,p(y) = ' Z Nip(x)
i=m—p i=m—p

since ¥; ,(y) is a monic polynomial of degree p, so we have proven that the B-splines are a partition of unit.
When we substitute y = 0

m

k! _
k= Z (—1)kﬁNi7p($)Dp kﬂ’lﬁp(o)-
i=m—p p:
can be seen that every monomial z°, ..., 2P is generated by No ,(),..., N, ,(z). They are thus linearly inde-

pendent on [y, umy1), or we can also say that they form a local basis.
Moving on the global case, consider the nodes

a:uoz"':’upguerlS"'Sunerflgun+p:"':un+2p:b~

Definition 9. The nodes vector is said to be (p + 1)—Regular when u; < w;yp,+1 for every index j.

A (p+ 1) regular vector nodes is necessary to have all B-splines N; ,, not null.
Theorem 5. If the nodes vector id (p + 1)—regular, then Ny ,(x), ..., Npp(x) are linearly independent on [a, D]

Proof. Suppose s(x) = > ¢;jN;,(x) is identically zero. Fix j and find j < m; < j + p such that u,,, < tm;41.

Using the consequences of Marsden identity, we know that ¢,,; = -+ = ¢;,;—p = 0 and in particular ¢; = 0. O
9 / 11 / 18
Exercise 2. Given Py, ..., P, control points on nodes ug = u; = ug < ug < -+ < Up < Up41 = Up42 = Un+3,

prove that the quadratic B-spline curve € (u) = Y ., Ni2(u)P; is tangent to every segment P;Pj1.

We already know that €(ug) = Py and € (uns3) = P, and that € is tangent to PyP, and P,_1P,. If we
consider a fixed index 7,
¢ (u;) = Nj—22(u;)Pj—2 + Nj—1,2(u;) Pj—1

that is a convex combination of P;_, and P;_ since N. 5 are a partition of the unity (if the knots are equidistant,
then it is the middle point of the segment P;_5P;_1). The same holds for derivatives, since quadratic B-splines
are in C'.
P,_1— P o
' (uj) = Nj_g5(uj)Pj—2 + Nj_y 5(uj)Pj—1 = Nj-1,1(uj)Qj—2 = 2Nj—1,1(uj)ﬁ
1 11—

so the curve cross the segment P;_,P;_; and it is tangent to the segment since the derivative is parallel to the
segment.

4 Rational Bezier Curve

Given a degree n, a set of control points P = { Py, P1,..., P, € R’} and some real valued positive weights
w = {wp,...,w, }, we can define

12



Definition 10. The Rational Bezier Curve associated to P, w is defined as

Zl B(") w
E(t) = =i=0 n) Z
Ez 0 B wz =0

where Bgn) are Bernstein polynomials on [0, 1].

In the definition, R; , are called basis rational functions and

B™ (tyw;
BinlD) = S
2ico B (Dwi
One can see that

] RJ »(t) are nonnegative functions
. t) are a partition of unity

(
jon
0n(0) = Rnpn(1) =1
jon

0)=0 ¥j#0, Riu(1)=0 ¥j#n

If all weights are equal, R, ,,(t) = B](-") (t)
e If we multiply all weights by a common factor, the functions R; ,(t) do not change

The property of convex envelope of the curve is preserved, altogether with the affine invariance. Moreover,
%(0) = Py and ¥ (1) = P, and the variation diminishing property still holds, since the collocation matrices of
R; ,, are still Totally Nonnegative.

Lemma 4. The collocation matrices of R; ,, are Totally Nonnegative.

Proof. Given t; < --- < t,. collocation points in [0, 1] , we have

Ron(t1) ... Run(th)
A= : :

Ron(tr) ... Rpn(ty)

where every entry of a fixed row has the same denominator, so we can factorize

w(t) Bt ... BUM(t1)\ [wo
A= ' : : .
w(ty)) \B{"(t,) ... BYM(t,) W

where w™t(t) = Y, Bi(n)(t)wi. All the matrices in the decomposition are TN, so the product A is TN. O
For example, let us consider a quarter of circumference
€ ={(r,y)|2* +y*=1,2>0,y>0}.
How can we find control points and weight to obtain €7 The equation for the curve is

1—1¢2 2

z(t) = e

so we can rearrange the formula and obtain

(1 =0)2(g) +2t(1 = 1)(7) + 26%()) o _ _ (1 _ (! _ (0
et = (lfot)2+2t(1—t)+2t2 wo = wy = Lwy =2 PO_()’PI_()’PQ_(>




For the general quadratic setting with 3 control points we have

(1 — t)2w0P0 + 2t(1 - t)w1P1 + t2UI2P2

E(t) =
( ) (1 — t)2w0 + Qt(l — t)w1 + 124

so we can classify the typology of the resulting conic by analysing the behaviour at infinite. Focusing on the
denominator, we have

(1 —)2wo + 2t(1 — t)wy + 2wy = 0 — t3(wp — 2wy + wy) + 2t(wy — wo) +wo = 0 — AJ4 = w? — wows

and if we call k = wows/w?, then the conic is an ellipsis when k > 1 (no point at infinite), a parabola if k = 1
(1 point at infinite) and an hyperbole when k < 1 (2 points at infinite).

We can continue by considering the projective space P(R*) and the embedded space R3. Using the usual
coordinates, and given a w # 0, we have the embedding Ev : (z,vy,2) < (zw, yw, zw,w) from R? to R* and the
projection H : (z,y, z,w) — (x/w,y/w, z/w) from R* to R3.

Given Py, ..., P, control points in R, where P; = (x;,yi, 2;), and weights wy, . . ., w,,, we call P¥ = Evi(P;) =
(w;xs, wiy;, wiz;, w;) and define a classic Bezier curve in Ry

CU(t) = ZE%B(") ZB (P )

When we apply H, we find the rational Bezier curve in R%. As a consequence, Bezier rational curves on R? are
just Bezier curves on P(R?), or also the projection of Bezier curves on R+!,

14/11/18

What’s the behaviour of a rational Bezier curve when a projective transformation is applied? Remember
that an affine map on the plane is described by

x’ a1l a2 # T
y ] = a1l a2 t Yy
1 0 0 1 1

A projective transformation on the plane is the projection of a linear transformation on R?

T X X X
P—(>—> y|l 2Aly| - H|A|y = [A]P.
y 1 1 1

When we apply this transformation to a Bezier curve we obtain
H(AG™(t)) = (A ST BM(t) ) =H (Z B™ (t)wiA( 1)) =H | > B (tyw v;
i=0 i=0 Z;

o BO () (wiz)) 5

B“”(t)w z) i=0 B(")(t)(w 2))([A]P:)«

_ o B (Hwiz, | _ n o B (1) (w; z;)/ _ B(”)(t)(w 2!)
—y B (i . Bgm(t)(w,;z;)&,a B“” () (wiz}) ([A]P)y

E n Bf’”(t)w 2 z: B (t) (w;2!)

Lo BY (1) (wiz)
so the result is an other Bezier curve with weights w;z and control points [A]P;. Every algorithm o7 designed
on polynomial Bezier curves can be applied in the rational case through projection/homogenization.

¢ - L (E") L Ha(6))
For example, we can apply de Casteljoe algorithm.
Given P; control points, and ¢ € [0, 1] how o we compute € (t)?
First Method) Compute P = (Ii"), and recursively Pi(r) = }Aji(r_l)(l t) + P(T Dt In the end, project to

obtain the answer €/(t) = H(P{™).
Second Method)

_ (r—1) (r 1) (r 1) (r 1)
(1-t)C! + eV "
r—1 r— 1 Wi (t)
0= 0l + ( ’

o) =

I
—~
—_
~—
—~
S
—
N
—~
~—
+
~+
—~
S
—
—
—~
~
~—
X
o~
~
I
SL
3
N
—~
~
~

)
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4.1 Re-parametrization

Given a function f : [c,d] — [a,b] such that f € C* and f'(s) > 0 for every s, and moreover f(c) = a, f(d) = b,
we can reparametrize a curve € : [a,b] — R"™ through f

If we consider a < u; < -+ < u, < b, then we may want a curve that reaches the points % (u;) in correspondence
to other nodes ¢ < s1 < --+ < s, < d. In this case, one can find f that maps u; — s;.
An other application of reparametrization is to change the derivatives

Ci(s) =" (f(s))f'(5)

or to change the the weights. For example, we can always bring a curve to its Standard Form, meaning that
the first and last weights are both unitary.

Lemma 5. Given €(t) and €(t) rational Bezier curves with the same degree, same control points and weights
w; and W; respectively, with W; = w'w;, then € and € have the same support.

Proof. Suppose we want to reparametrize the curve through a rational projective function

as+b
cs+1°

fs) =

We want f:[0,1] = [0,1], 80 f(0) =0—=b=0and f(1)=1—=a=c+1,so0

as

J(s) = (a—1)s+1

and sign(f'(s)) = sign(a), so a > 0. If we compute €(f(s)), we find a curve with the same control points,
same degree, but weights a’w;. O
Remember that w; > 0, so w > 0.

Corollary 2. Given a rational Bezier curve € with weights w;, we can define w; = w'w;/wy, w = /wo/wn,
and obtain a curve € with the same support and in standard form.

Remember that a Bezier curve does not change when we multiply all weights by a common factor.

Corollary 3. Given a degree 2 rational Bezier curve, it is determined by the control points, and only 1 weight
w, since it is equivalent to its standard form. When w < 1, it is an ellipsis, w = 1 a parabola, w > 1 an
hyperbole.

Notice that not all conic curves can be represented by a Bezier curve. For example, half of a circumference is
not a Bezier curve, since the tangent lines at the extreme points do not meet, so we can not define the middle
control point.

16/11/18

21/11/18

Exercise 3. Represent the circumference as a NURBS curve with 9 points.

The idea is to glue quarters of circumference, since we know they are already NURBS curves. We thus take

v={o00. 3155510 w:{l,?,l,?,L?,L?,l},

P1:(131)7 P2:(071)a P3:(7171)a P4:(*130)
P5:(_17_1)7 P6:(07_1)7 P7:(1a_1)7 PSZPO:(lao)

15



In this case we have

7
' PY ., — PV
CUw) =Y Na@)PP, €)= Y Nipa ()@Y, QY =21
i =0

Ui4+3 — Ui+1
If w € [0, 1/4], then we have only two non zero N; 1, so

pw _ pw Pw _ pw
1 0 +8u 2 1
u3 — U Ug — U2

€ (u) = (1 — 4u)2 = 8(1 — 4u) (PP — PY) + 32u(Py — PP)

— lim €"(u) =8(PY — PP).

u—3”
If uw € [0,1/2], then

, P - Py

" (1) = (2 — 4u) b (du— 1)

=8(2 —4u)(PY — Py’) + 8(4u — 1) (P — Py
Us — U3 U — Ug ( u)(Py 5') + 8(4u )(Pj 3)

— lim % "(u) =8(P¥ — P).
u—s 1t
We have that the two quantities are different, because on the last coordinate we find

B(F — P")]s = 8(w2 — w1) = —8(wz —wz) = —[8(F3" — P3')]3

so the curve is not C'. If we consider the rational projected curve, and call o7 (u) the first two coordinates, then

(g(u) _ 'Q{(u) — (g/(u> — ﬂl(u) B U}/(’U,)%(U)
w(u) w(u)
= lim_ A (1) = 8(wyPy — wi Py), lim o (u) =8(wsPs — waPy),  (1/4) =Py, w(1/4) =1
= lim_ ¢ (u) = Slwals — “’1P1>1_ Slwe —w) Py _ 8wy (P, — Py) = 4V/2(—1,0),
e tim % () = S “’2P2)1_ Slws = w2)Pe _ g0 (Py — Py) = 4v/3(1,0)

u—%

and we can verify this property for every node, so the rational curve is a C! curve.

Half Circumference We know a rational Bezier parametrization of half circumference, using the point at
infinite.

By =(1,0,1), P"=(0,1,0), P’=(-1,0,1), U={0,0,0,1,1,1}.

If we want to insert a new node

U=1{0,0,0,1/2,1,1,1}

we need a new control points

1 1<k-—p
QY =(1—a;)P" + P4, a; = % k—p<i<k = a=(0,1/2,1/2,1)
0 1>k
w w PE+Pro1 w PEAPy 1 »
:Q0:P6U7 Q1:%:§(17171)7 QQZ%:i(_la]wl)v ngpzw-

The projection is a degree 2 rational NURBS curve with 4 control points in the plane, without infinite points.
The control points are

Qo = (170)7 Q1= (17 1), Q2 = (_17 1)7 Qs = (_170)
with weights (0,1/2,1/2,1).
23/11/18
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5 Bezier Surfaces

Given u,v two variables on [0, 1], control points P; ; € RY with N > 3, and basis functions { f1,..., f, } and
{g1,-..,9m } a Bezier surface is defined as

S (u0) =D filu)g;(v) Py

i=1j=1

They have all the good properties of Bezier curves, except for the diminishing variation property, that is not
well defined in this case.

If we have also weights w; ;, we can define rational Bezier surfaces as

m

S (u,v) = Z Z R; j(u,v)P;

i=1 j=1

where
fi(w)g;(v)wi; .
2221 2211 I (u)gr (U)wk,r

Notice that if all the weights are equal, then we obtain again the classical Bezier surfaces.

Rij=

Exercise 4. Let . (u,v) be the bi-quadratic Bezier surface with control points

0 2 4 0 2
Poo=|(0], FPoai=10], FPo=(0], Po=1[2], P1=]|2
0 0 0 0 0

4 0 2 4

Pio=1[2], Po=14|, PRi1=|(4], Pa2=1|4

2 0 4 4

What is .7 (1/2,1/2) 7
We can us the De Casteljoe algorithm. Apply the algorithm first on the rows:

1 1 1 1 1 1 1 2
1,0 0,0 0,0 1,0 0,0 0,0 2,0 1,0 1,0
Poo =50 500 =10), Bi=sR1+50>=|0], Fhoy=5F0+5P1=|0
2 2 2 2 2 2
0 0 0
1 1 1 1 3 1 1 2
1,0 0,0 0,0 1,0 0,0 0,0 2,0 1,0 1,0
P1,0:*P10+*P11: 2], P11:*P1,1+*P1,2: 2], Pl,oz Py +5Py = 2
2 2 2 2 2
0 1 0.5
1 3 2
1 1 1 1 1 1
1,0 0,0 0,0 1,0 0,0 0,0 2,0 1,0 1,0
P2,0—§P2,0+§P2,1: 41, P2,1:2P2,1+2P2,2:(4 ) P2,0:§ 20+§P21_ 4
2 4 3
Then we apply it again on the three results:
2 2 2
1 1 1 1 1 1
2,1 2,0 2,0 2,1 2,0 2,0 2,2 2,1 2,1
P0,0:§P0,0+§P1,0: L, P1,o:§P1,0+§P2,0: 3], P0,0:§P0,0+§P1,0: 2
0.25 1.75 1
5.1 Matricial Form
Matricial Form of Bezier surface:
B(m) (v)
Py Po.m O
S(uv) = (B (w) BPw) ... BY(w) : B )
Pn 0 Pn,m :
B&™ (v)

17



If we want a different basis, for example a monomial basis, we have

B(m) 1 1
B(()m) EZ; . Poo ... Pom "
b = M, — Suv)=1 n ... u)(M)"| : Do M |
B7(nm) (U) U;VL Pn,O Pn,m v'rn
28/11/18

6 Interpolation with B-splines

Given n+1 points Q; € R? and a degree p > 0, can we find a B-spline curve of degree p that includes the points

Qi?
€(u) = > Nip(u)P,
i=0
and we want to find the right P; and the right vector of nodes ug, ..., u,, with m = n 4+ p + 1. Moreover, we

must require the existence of points t; such that € (t;) = Qy for every k.
Suppose that we fixed u; and t;. We have the conditions

n QO,I e le PO,l - Pn,l No}p(t()) . No’p(tn)
Qu =3 Niplt)P = | = s s s
i=0 Qod - Qna Poa ... Pua Nn,p(to) cee Nn,p(tn)
that is a non singular linear system. There are many ways to choose .

e Equidistant: tp = k/n

e Chord length: [ =" |Qi — Q1| = ), =ty + L=l 4, =9

e Centripetal method: [ = Z?:o VIQi — Qic1| = tgy = ti—1 + 7W, to=0

If we try to confront the curves obtained with the different choices of t;, we find that the centripetal method
produces a good approximation of the control polygon, even though the equidistant method behaves better
when the polygon is close to a straight line. Even the nodes u; con be chosen in different ways, excluding the
obligatory conditions ug = - =up, =0 and Up,—p = -+ - = Uy, = 1.

e Equidistant. The problem is that the linear system tends to be ill-conditioned.

o Averaging: w4, = % f;‘;fl tr. It leads to a totally nonnegative banded matrix that can be factorized

through Gauss into LU without pivoting.

Exercise 5. Interpolate

Qo = (8>7 Q1= (Z), Q2 = (_41>, Q3 = <_04>7 Q4= <:§>7
with cubic B-splines.

n=4,p=3, m=n+p+1=8. We use chord length and averaging nodes

1=17, to=0, t,=5/17, ty3=9/17, t3=14/17, t4=1,

UOZU1:UQZU3:0, U4:28/51, u5:u6:u7:ug:1.
1 Nog(ti) Nogs(ta) 0 0
0 Nis(ti) Nig(tz) Niga(ts) 0
N =10 Nz3(t1) Naa(ta) Nags(ts) 0
0 Nss(t1) Nss(ta) Nss(ts) 0
0 0 0 Nis(ts) 1

18



An other method to choice t; and u; is called universal method since it does not depends on ;. We choose
u; equidistant, and then we choose t; as the maxima of the B-splines functions.
In the previous exercise, we would have uy = 1/2 and

to=0, t1=1/3, ty=1/2, t3=2/3, t;=1.

In this case, the problem is invariant by affine transformation, meaning that if Q = PN, then the control point
associated to f(Q) are f(P), since

f(Q)=MQ+vel = f(Q)= MPN +vel =(MP +ve" )N = f(P)N

where we used that ¢ are independent from @; (in fact it works even if ¢ are equispaced).

6.1 Surfaces

In the case of B-spline surfaces, we can repeat the analysis with @); ; interpolation points and F; ; control points
to find. If we set p, ¢ the degrees and the nodes, then we have also to find ¢ 5, = (7%, s5) such that 7 (tx 1) = Q.-

For every column, we take Qo g,...,Qn r and determine (using some methods for curves) the nodes rl(k).

Eventually, we get the average on k, so that we obtain our candidates r;. The same argument can be applied
to find s;, so we have our ¢y .

> Njq(sk)Pij

j=1

n m
Qi =YY Nip(rn)Njq(se)Pij,  Aig =
i=1 j=1

= Qur=Y_Niplrn)Aix.
=1

We can solve first for A;; and then for P; ; like we did for curves. They are a lot of linear systems, but they
can be computed with only 2 factorizations LU.

30/11/18

7 'Triangular Bernstein Surfaces

To define a surface on a triangle, we need to use Barycentric Coordinates. In fact, suppose T C R? is a triangle
with vertices Vi, Va2, V3 not on the same line. The coordinates of the vertices will be V; ,, V; ,. Given X € R2?,
we can compute its uniquely determined barycentric coordinates X = (71,72, 73) w.r.t. T given by the system

X =7mV1 + Vo + 13V3,
71+ 70+ 713 =1.

In particular,
Vi =(1,0,0), V,=1(0,1,0), V3=(0,0,1).

They are called barycentric coordinates since the barycentre of the triangle T is G = (1/3,1/3,1/3). We can
obtain the coordinates solving the equation

1 1 1 T1 1
Vl,x ‘/2,95 VS,m T2 = Xx
Vig Vay Vay 73 Xy
Using Cramer, we obtain
1 1 1 1 1 1 1 1 1
det X:c ‘/2,26 ‘/3,:6 det Vl,:c Xz VE’),w det Vvl,w ‘/2@ Xa:
Yy V2,y V3,y Vl,y Xy V37y Vl,y V27y Xy
T = y T2 = y T3 = )
1 1 1 1 1 1 1 1 1
det Vl,:r: ‘/2,:12 VvS,:L’ det Vl,x ‘/2,30 ‘/Ei,x det Vvl,z ‘/Q,z VE’),LE
Vl,y V2,y Vi’ny Vlyy V2,y V3,y VLy VZy V37y
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Vs

Ty T
13

Vs

Wi

surf(T) _surf(T) _ surf(Ty)

surf(T)’ 7= surf(T)’ = surf(T)"

Definition 11. Given a triangle 7" and degree p, the Bernstein triangular polynomials are

(») _ P ik
Bijx )_z'!j!k!TfT’jT?’

where i + j + k = p.

Notice it is a bivariate polynomial with two indices. They form a basis for the space of bivariate polynomials

on T, since the dimension of the space and the number of such polynomials are both (p;r2), and they are

independent since

L .o T1 To
ZcMT{TgTé“ =0 = ZCMUWTC,’: =0, u = g v= py = ¢,;=0
i, ]
For example, for p = 2, we have six Bernstein polynomials
2 2 2
B3 (X)) =2nm, B o(X) =2nm, BY(X) = 2mm,

2 2 2
B o(X) =72, B o(X) =713, BI),(X) =12

Notice that on the sides of the triangle, we obtain the classic Bernstein polynomials. Notice that if X € T

° Z . B,(p,)
i+j+k=p 7,5,k

o BWX) =nB () + B0 + 7B (),

(X) = (T1 +7’2—|—7’3)p =1,

b5,k
i +1 j +1 +1
o BIWX) = (i + 72+ 7) BEL(X) = BB D00 + ER B (0 + SR BELL (X).

Suppose A, B € R? and u = A — B a ’vector’. Let us assign to u the directional barycentric coordinates

A B _A B _A B A B
u= (1] =T, Ty — Ty T3 —T3 ), 0 =71, —7;, 01+0d+3d3=0.

This definition let us continue to write other properties

—1 —1 —1
o LBYLX) =p (8iBPY LX) + 8BIY(X) + 6B (X))

20



. d%d%Bg?,k(X) =0 Vu <= X = W =& j k- It is called Greville(?) Abscissae, and it is the

(p)

only point of maximum of B, ik

For example, if p = 2,

V3 =&o,0,2

Vo =&o0,2,0
Vi=2%&00 £1,1,0

and one obtains a splitting into triangles.

7.1 Triangular Bezier Patch
Given a triangle T', a degree p and P; ; € R? control points, where i + j + k = p, define the Bezier surface

P
S (X)= Y PaBP(X).= Y Pz‘,j,kii,.,k,fﬂz?:f
itj+k=p it+jt+k=p S

It will interpolate the vertices of the triangle T" with the points Fp ¢ p, Po.p,0, Pp,0,0, and the surface will be
contained in the convex envelop of the control points.

5/12/18

Using the recurrence relations between the Bernstein polynomial, we can derive a De Casteljoe triangular
algorithm : if we call P/, ; = P, j 1, then

—1 —1 —1 —1 —1
F(X)= 3 PuanBP ) (X) +nBP ) () +mBE Y (X)) = > pEBR Y (X)
i+jth=p itjth=p—1
where
—1
Pk =Pl o+ 2Pl o + 7P

We can iterate until we arrive to P! or PY. For example, let

D
o
o
w
w
o

Proo=10|, FPy20=(6]|, FPoo2=(0], Pao=|(3], Pio1=1]0 Poii=13

Ne)
o
)
(=]
o
=)

If we want to evaluate .#(1/3,1/3,1/3), then

1
Pf,o,o = g(on,o +Piio+Pio1)=1|1],

1
Po1o= 3(Fo20+ Prio+ Poan) = (4],

21



1
1
Pol,o,l = g(P070,2 +Pio1+FPi1)=1|1],

0
1 2
Z(1/3,1/3,1/3) = P(g),o,o = §(P11,0,0 + P01,1,0 + POl,O,l) = 3
7/3

Notice that we have also a recurrence between Bernstein polynomial that increases the degree of the polynomials.
J
Piovjk+——=Pij1k+

FX)= 3 PuaBX) Puss pil »

it+j+k=p+1

1
. P
p+1 +1 Jhk—1

Moreover, using the formula to derive Bernstein polynomials, we obtain the directional derivatives of the surface
wrt v = ((51,(52,(53).

D (X)=p Y. PaBP (X)) Pk =01Piiagk+ 02Pijk + 03P jai
i+j+k=p—1

If we compute them at the vertices, for example V = (1,0,0), then

DS (VY=p > (01Pisrjk+02Pijrik + 03P jas1) B (V) = p(01Pp00 + 02Pp-1.10 + 03Pp-101)
itjtk=p—1

hence . is tangent to the convex hull of the control points on the vertices.

7.2 Gluing patches

Take two triangles T,T with a common edge. T = VlVng,T = V1V, V4, and the barycentric coordinates are
(w1, 22, 23) and (T1, T2, T4).

V3

Vi

V;
Vi 2

We consider two surfaces

S(X)= > PuBP(X),  L(X)= Y PBP LX)
i+j+k=p i+j+k=p

respectively on T and T. Given T, T and P, ; 1, how do we choose 151'7]-, , in order to achieve some regularity on
the interface of the patches? Let X € V;V5, meaning that

X =(t,1—10)=(t,1—t0)

for both coordinate systems.



for every t, so P; j o = P; ;0. This condition is sufficient and necessary to obtain a continuous function

Z(X) = LX) XeT,
T S(X) XeT.

To ensure that 2 is also C'', we need that all diretional derivatives are equal.

p—1), ,
Dy (X)=p > (51Pir1j0+ 0P, 110+ 03P 1 )(z"jl)t (1—1t)
i+j=p—1 e

. RN .
D,”(X)=p Z (51 1+130+62 z]+10+64 ,],1)Mtl(1—t)j

141
= ilg!
(51—51 (52—52 3 1 i > L J
= > ( Z+1JO+TP”HO+6P”1 i!—j!tu—t)_ Z Pi,jylﬁt(l—t).
i+j=p—1 i+j=p—1
51— 0, 8o — 0 5 ~
a7 1P¢+1’j,0+72~ 2P,g+10+ 3P,J, =P ;a1
04 04 04

where the coeflicient are independent from v, since

~ ~ ~ 01 .y 0o Y3 1)
v="0Vi +02Va + 03V = 01 Vi + 02V + 04V = Vi = = Ly, + =2 = 2v2+63v3

4 4 4

We can thus expect that a regularity of order k require to set the points I—T’Ms for every s < k.

7/12/18

8 Subdivision Techniques

To build a curve or surface, we may start from a "control" polygon and we approximate the wanted curve/surface
by refining the polygon by adding points. In the field of animation, subdivision techniques on surfaces are widely

used, but we start from the case of curves.

8.1 Charkin’s Method (1974)

We start from a piecewise linear curve that connects the points ..., P,_1, P;, Pi+1,.... Consider points R; and

@; that lie on the segment P;P;;; such that

1
—P;iPiyq.

PQ; = PP@+17 RiPi+1:4

We produce a new piecewise linear curve that connects the points
2 Qi1 Ric1, Qi Ry, Qi - -

P Q: R
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and iterating this method, it converges to a certain limit, that can be proved to be a quadratic B-spline.
In fact, consider the quadratic uniform B-spline defined by P; and we insert the middle knot @ € [ug, ug—1).
U — (173

We have to insert the new points
Uj42 — Uj

Zi=(1—-0o;)Pi1 + oy P,
U —u; +h

uk+17uk:2h:>ﬂ:uk+h, o = 1h

_1 _ 3 1
ag = g, Zy = 1Px—1+ 7 P,
3 1 3

ag—1=7%, Zrk-1= 1Pk—2+ 7P-1.

Let us define the uniform B-spline by convolution:

By(t) =

1, 0<t<1,
0, otherwise,

is the 0-th basis function, and we can translate it by an integer ¢ € Z. They generate the piecewise constant
functions with discontinuous points on the integers. If we use the convolution, we may define the 1-st order

B-splines
t tel0,1),
Bi(t)=Bo(t)xBo(t) =¢2—t te€]l,2),
0 otherwise.

They are the hat functions and they generate the piecewise linear functions with discontinuity points on the
integers. In general, the p-th order B-splines are defined as
Bp(t) = Bp_l(t) * Bo(t) = / Bp_l(S)Bo(t — S)dS
R
and they are CP~! functions that are piecewise polynomials of degree at most p and with discontinuities of the

p-th derivative on integer points. We can also see them as
Bp(t) = Bo(t) * ok Bo(t) = *pBo<t)

and denote the translations of this function as B,(t)") := B, (t — i). We notice that
Bo(t) = Bo(2t) + Bo(2t — 1),

and in general we can obtain a refinement equation.

Lemma 6. -
1% p+1
B,(t) = T ;:0 < L )Bp(2t — k).

Proof.
By(t) = "By (t) = »"(Bo(2t) + Bo(2t — 1))

but the convolution is bilinear, symmetric and
1 . . .
F)xg(2t) = 5(fx9)t),  ft—)xg(t—j)=(f*xg)(t—i-7])

SO -
(7’ + 1) (F 1By (2t — 1)) % (2 ~* Bo(21))

P(Bo(2t) + Bo(2t — 1)) = > N

k=0
=)
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Definition 12. A B-spline curve of degree p is

€(t) =Y _ B ()P

1€Z

8.2 Subdivision Matrix
Let B,(t) be the infinite vector containing all the B-Splines B;i)(t).

Definition 13 (Subdivision Matrix). The Subdivision Matrix is the infinite matrix S such that
B, (1) = B,(21)"S

according to Lemma [6]

We know that

1 /p+1
Sk 1= Soitk,i = w\ &

so all columns are the same, but shifted by 2 every time. Notice that the curve can be written as
C(t) = B,(t)" P,
hence
Ct)=B,)TP=2,20)"SP=-..=9,(2t)T S7P.
We can thus write the curve as combination of more refined B-splines %B,(27t) with respect to control points

PU) .= SI P, that are

%

i1 . j
P = Z Soi P = Z 82<i7k)P,§”,
: .
P(j"rl) _ ZS ) P(j) _ Z Sors P(j)
2i+1 2i+1,k4L7g 2i—k)+14 -
k Sty

In particular, if p = 2,

1
PQ(ll) =50P; +s52P_1 = E(PZ + Pifl), P2(113_1 =s51FP =P

In this case, we obtain other points on the segment P;P; 1 and the resulting curve will be piecewise linear. If
p =4, we have

1 6 1 1
Py = 5P, + 52Piy + 54Pi_p = ghitghi-1+ gl Pyl = 1P+ s3Piy = g(Pi + Pi_1).

In this case, it is an approximation scheme that converges to a cubic B-spline. If p = 3, we obtain again
Charkin’s method.

12/12/18

Let us generalize the subdivision schemes. Suppose we have

e starting control points P° := [P];cz,

e a subdivision scheme P/*! = SPJ, where S is row-stochastic and each columns has a finite number of
non-zero entries, meaning that the k-th column is 0 outside the rows 2k — a, ..., 2k + b with fixed a, b,

e each subdivision doubles the number of points, meaning that for every P,g we define PQJ,:r ! and Pg,j 4}1‘
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Observe that the control polygon is parametrized by

=Y B (21t)P] = %8, (27)T P/
IE€EZ

From now on, we use the infinity norm on functions, vectors and matrices. Define the difference operator

so that _ '
[AP); = Pl — PI.

(2
Lemma 7. If there exits ¢ > 0 and 0 < v < 1 such that
IAPT|| < ey’
then the function sequence {P7(t)}jez converges to a continuous function P> (t) for j — +oc.

Proof.
IP7(E) = PO = 1By (2710 SPT — By (270) P

Suppose we call S; the matrix for B-splines.
[P7HL(E) = PP (1)]| = || By (271 )T SP? — Bi(27 ) TS0 P7|| < [[Bi(27H )T (|[[(S = Su) Byl = [I(S — S1) Pyl

where || B1(27%1)T|| = 1 since they are B-splines. In this case, there exists a matrix D such that S —S; = DA.

J j—1
== (S=8)i = Z Z (S = S1)inAr; =Z(5—Sl>ik—2(5—sl>ik:<S—Sl)¢j
k=1 r=—00 k=i k=i

Moreover (S — Sy)e = 0, since they are both row-stochastic, so ||D|| < oo (?). Consequently,
IP7E(E) =PI < (IS = S1) Pyl = [DAP;]| < ey || D

We obtain that P7(t) is a Cauchy sequence, and the uniform convergence is complete, so it uniformly converges
to a continuous function P> (t). O

Notice that ‘
APt = ASPI = DAPI

where D exists and has finite norm since ASe = 0. Tt means that
AP < | D7|||AP°

so it converges if ||13”|| < 1 for some n € N.
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