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Petersen Graphs
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µ(D)
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has Lebesgue measure zero for every z0 ∈ C.
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• {Tn(f )}n ∼σ f (θ) → T = {({Tn(f )}n, f (θ))}



Special Choice

Special Sequences

• {Zn}n ∼σ 0 → Z = {({Zn}n, 0)}
• {Dn(a)}n ∼σ a(x) → D = {({Dn(a)}n, a(x))}
• {Tn(f )}n ∼σ f (θ) → T = {({Tn(f )}n, f (θ))}

Zn = Rn + Nn
rk(Rn)

n
→ 0 ‖Nn‖ → 0



Special Choice

Special Sequences

• {Zn}n ∼σ 0 → Z = {({Zn}n, 0)}
• {Dn(a)}n ∼σ a(x) → D = {({Dn(a)}n, a(x))}
• {Tn(f )}n ∼σ f (θ) → T = {({Tn(f )}n, f (θ))}

a ∈ C [0, 1] (R.I .)

Dn(a) :=


a(1/n)

a(2/n)

a(3/n)
. . .

a(1)





Special Choice

Special Sequences

• {Zn}n ∼σ 0 → Z = {({Zn}n, 0)}
• {Dn(a)}n ∼σ a(x) → D = {({Dn(a)}n, a(x))}
• {Tn(f )}n ∼σ f (θ) → T = {({Tn(f )}n, f (θ))}

f ∈ L1[−π, π]→ f̂n =

∫ π

−π
f (θ)e−inθdθ

Tn(f ) :=



f̂0 f̂1 f̂2 . . . f̂n−1
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a.c.s. Convergence

• A sequence is Zero Distributed if {Zn}n ∼σ 0, that is

Zn = Rn + Nn
rk(Rn)

n
→ 0 ‖Nn‖ → 0

• {{Bn,m}n}m is an Approximating Class of Sequence for
{An}n if

An − Bn,m = Rn,m + Nn,m

rkRn,m

n
≤ c(m)→ 0 ‖Nn,m‖ ≤ ω(m)→ 0 ∀n > nm

Theorem [S-C ’01, Garoni ’17]

• dacs({An}n, {Bn}n) = lim supn→∞mini

{
i−1
n + σi (An − Bn)

}
• {{Bn,m}n}m ∼σ κm, κm → κ, {{Bn,m}n}m

a.c.s.−−−→ {An}n

=⇒ {An}n ∼σ κ
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Generalized Locally Toeplitz Sequences

• {Zn}n ∼σ 0 → Z = {({Zn}n, 0)}
• {Dn(a)}n ∼σ a(x) → D = {({Dn(a)}n, a(x))}
• {Tn(f )}n ∼σ f (θ) → T = {({Tn(f )}n, f (θ))}

G̃ := C[Z,D, T ]

Theorem [S-C ’03]

({An}n, κ(x , θ)) ∈ G̃ =⇒ {An}n ∼σ κ(x , θ)

{An}n ∼GLT κ(x , θ)

Theorem [B. ’17]
The space of GLT sequences is Isomorphic and Isometric to the
space of measurable functions on [0, 1]× [−π, π].
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Connection with Spectral Symbols

Theorem [B. ’18]
∃{Un}n unitary sequence such that for any ({An}n, κ) ∈ G
{An}n = {UnDnU

H
n }n + {Zn}n {Zn}n ∼GLT 0 {Dn}n ⇀ κ

If {An}n ∼GLT κ, then {An}n is close to a normal sequence that
has κ as spectral symbol

Theorem [B. ’19]
If Xn are Hermitian matrices,

{Xn}n ∼GLT κ ‖Yn‖2 = o(
√
n) =⇒ {Xn + Yn}n ∼λ κ

Theorem [B. ’19]
If Xn are normal matrices,

{Xn}n ∼GLT κ ‖Yn‖2 = o(1) =⇒ {Xn + Yn}n ∼λ κ
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How to compute a Symbol?

Step 1: Compute the GLT symbol−(a(x)u′(x))′ + b(x)u′(x) = f (x) x ∈ [0, 1]

u(0) = u(1) = 0
FD−−→ Anun = fn

An =


a1 + a3 −a3

−a3 a3 + a5 −a5
. . . . . . . . .

−a2n−3 a2n−3 + a2n−1 −a2n−1

−a2n−1 a2n−1 + a2n+1



Bn =
1
2n


0 b1

−b2 0 b2
. . . . . . . . .

−bn−1 0 bn−1

−bn 0


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Applications

• (a(x)u′(x))′ + b(x)u′(x) + c(x)u(x) = f (x) x ∈ [0, 1]

FD/FE−−−−→ a(x)(2− 2 cos(θ)) (x , θ) ∈ [0, 1]× [−π, π]
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What Else?



• Block GLT
• symbols are matrix-valued functions
• multilevel/reduced variants
• systems of linear PDE, Higher order FE (Splines), PToFE, etc.

Future Works:

• GLT Universality
• all algebraic structures can be embedded in GLT?
• algebraic relations are linked to distance from normality?

• Diverging Spectrum
• partial functions as symbols
• associated to measures µ with mass < 1

• Perturbations, Semiseparable Structures, τ -Algebras, etc.

• Graph families, Stochastic PDE, Signal analysis etc.
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