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Lu=f IgA, Multigrid
Hem MR Anup = f,
BC FE, FD
Preconditioned Krylov
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Quasi-Newton, CG
N(An)

Prior informations on the eigenvalues let us choose the best
couple of discretization/solver for the PDE
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~ <diag 2 clc:s (%)) diog (2 Cl(:s (‘”k))>

n

([ 1)

A1(An) = cos(2mk/n) + cos(drk/n)
+ /[cos(2k /n) — cos(4mk/n)[2 + 1
A2(An) = cos(2mk/n) + cos(4rk/n)
— /leos(2mk/n) — cos(dmk/m)|? + 1




s C,+¢CT I
T h G

- <d|ag (2 cos (22£)) Iy )

n diag (2 cos (47”‘))

([ 1)

A1(0) = cos(8) + cos(20) + \/[cos(H) —cos(20)]2 + 1

A2(8) = cos(#) + cos(20) — \/[cos(ﬁ) —cos(20)]? + 1



A1(0) = cos(8) + cos(20) + \/[cos(ﬁ) —cos(20)]? + 1

A2(0) = cos(f) + cos(26) — \/[cos(Q) —cos(20)]2 + 1
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A2(0) = cos(f) + cos(26) — \/[cos(Q) —cos(20)]2 + 1
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A1(0) = cos(8) + cos(20) + \/[cos(ﬁ) —cos(20)]? + 1

A2(0) = cos(f) + cos(26) — \/[cos(Q) —cos(20)]2 + 1

_(G+CT i 2 cos() 1 B
An = ( In C2+(C2)T> - ( 1 2cos(29)> =T0)

{An}tn ~ T(6) 6 € [0,2n]



A1(0) = cos(8) + cos(20) + \/[cos(ﬁ) —cos(20)]? + 1

A2(0) = cos(f) + cos(26) — \/[cos(Q) —cos(20)]2 + 1

Co+CJ i 2 cos() 1
A, = n — — T(0
( In C2 + (C,?)T> ( 1 2 cos(26) ()

{An}tn ~ T(6) 6 € [0,2n]

A symbol is a compact way to describe the overall spectral
distribution of a matrix-sequence
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Theorem [B. '19]
Given a measurable function x : [0,1] — C, then {A,}, ~ & if and

only if the sequence {k,(x)}n, of piecewise linear function

interpolating {A(A,)}n in some order over [0, 1] converges in
measure to k(x).
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A measurable function x : D — C is a spectral symbol if
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Theorem [B. '19]
Given a measurable function x : [0,1] — C, then {A,}, ~ & if and

only if the sequence {k,(x)}n, of piecewise linear function

interpolating {A(A,)}n in some order over [0, 1] converges in
measure to k(x).

A sequence {A,}, usually have infinitely many symbols



Simple Example

{u"(x) —f(x) xel[01]



Simple Example

{u”(x)f(x) XE[O,l] 2} Au.=f



Simple Example

—u'(x)=f €[0,1
u’(x) =f(x) x€][0,1] FD, A — f,
u(0)=u(1)=0
2 -1 g
A, = |t 2
-1
-1 2 02" '




Simple Example

Y/ = f E 0,1
o(x) = f(x)  xeo.1] 4. _g
u(0)=u(1)=0
2 -1 4
A= |1 2
-1
-1 2 0 :

An(An) =2 —2cos (rlh—”> k(t) =2 — 2cos(t)



Simple Example

Y/ = f c 0,1
S =f) xR,
u(0) =u(1l)=0
2 -1 N
An: 1 2 ¢ .o
=]l .. °
1 2 0 e
An(An) =2 —2cos (%) k(t) =2 — 2cos(t)

~ )\2'(An): 2_/ S n,
)‘j(An) = { ’

A2ny1-2i(An), 2/ > n.



Simple Example

Y/ = f c 0,1
S)=f) xeD
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An(An) =2 —2cos <m> k(t) =2 — 2cos(t)
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Simple Example

{U//(X) = f(X) X € [07 1] 2} Apup = f,

An(An) =2 —2cos
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k(t) =2 — 2cos(t)

~ A2i(An), 2j <n, ~
Ai(Ap) = 2i{An), S =1 R(t) =2 — 2cos(2t)
A2ny1-2i(An), 2/ > n.

— The sequence {A,}, has Spectral Symbols x(t), %(t), ...



5k







#{i:a < \i(An) < b} nsoo p{t:a<k(t) < b}

n s




. ° ° bA,
oo ® 77 0
o ¢ . b<>
[ ] O .7;7 0
#{i:a < \i(An) < b} nsoo p{t:a<k(t) < b}
n s

{Aptn ~ k <= it holds V]a, b]



A measurable function x : D — C is a spectral symbol if

1
i, 2o 2 GO A = 755 |, Sslax ¥G € o)

Theorem [B. '19]
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A measurable function x : D — C is a spectral symbol if

1
i, 2o 2 GO A = 755 |, Sslax ¥G € o)

Theorem [B. '19]
Given a measurable function x : [0,1] — C, then {A,}, ~ & if and

only if the sequence {r,(x)}, of piecewise linear function
interpolating {A(A,)}nr in some order over [0, 1] converges in
measure to k(x).

Theorem [B. '19]
Given a measurable function x : D — C, {Ap}, ~ & if and only if

E, = {r c R+‘#{f : A/'(Ans)nE Blz, )}, 1ix: ﬂ(;)(g)B(Zo, r)}}

has Lebesgue measure zero for every zy € C.
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Singular Value Symbol

A measurable function x : D — C is a spectral symbol if

Sn
lim iZG(AJ- / G(k(x))dx VG e C(C)

{An}n ~A R

A measurable function x : D — C is a singular value symbol if

I
nlmm%;c(aj( = 1.0 /G dx VG e C(R)

{An}n ~o K
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Special Choice

Special Sequences

{Zn}n ~o 0 = 2 ={({Zn}s,0)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}

acCl0,1] (R.I)
a(1l/n)
a(2/n)
Dy(a) := a(3/n)
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{Zn}n ~o 0 = 2 ={({Zn}s,0)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
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Special Choice

Special Sequences

{Zn}tn ~o 0 = 2 ={({Zn}s,0)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
{Tn(f)bn ~o £(0) = T ={({Ta(f)}n, £(0))}

G :=CIZ,D.T]
Theorem [S-C '03]

({An}tn: K(x,0)) € G = {An}n ~o K(x,0)

{(a(x)u’(x))’ —f(x) x€[0,1] o, s

u(0)=u(1)=0

An = Dp(a(x)) Th(2 — 2cos()) + Z,
= {An}tn ~o a(x)(2 —2cos(f)) + 0
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A sequence is Zero Distributed if {Z,}, ~, 0, that is

k(R
Zy = Ry + N, r&”

=0 |INy] =0

{{Bnm}n}m is an Approximating Class of Sequence for
{An}n if
An - Bn,m = Rnm + Nn,m
rk Rn,m
n

Theorem [S-C '01, Garoni '17]

dacs({An}n, {Bn}n) = limsup,_, ., min; {% + oi(An — Bn)}

<c(m)—0 |Nnm| < w(m) —0 Yn > np



a.c.s. Convergence

A sequence is Zero Distributed if {Z,}, ~, 0, that is

k(R
Zy = Ry + N, r&”

=0 |INy] =0

{{Bnm}n}m is an Approximating Class of Sequence for
{An}n if
An - Bn,m = Rnm + Nn,m
rk Rn,m
n

Theorem [S-C '01, Garoni '17]

dacs({An}n, {Bn}n) = limsup,_, ., min; {% + oi(An — Bn)}

<c(m)—0 |Nnm| < w(m) —0 Yn > np

{{Bn,m}n}m ~o Km; Km — K, {{Bn,m}n}m 2C5, {An}n

= {An}n~o K
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{Zn}n ~o 0 = 2 ={({Zn}s,0)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
{Tn(F)}n ~o £(0) = T ={({Ta(f)}n, £(6))}

G :=C[Z,D,T] (GLT)

Theorem [S-C '03]
({An}tn, 5(x,0)) € G = {An}n ~o K(x,0)



Generalized Locally Toeplitz Sequences

{Zn}n ~o 0 = 2 ={({Zn}s,0)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
{Tn(F)}n ~o £(0) = T ={({Ta(f)}n, £(6))}

G :=C[Z,D,T] (GLT)

Theorem [S-C '03]
({An}tn, 5(x,0)) € G = {An}n ~o K(x,0)

{An}n ~GLT H(X7 9)



Generalized Locally Toeplitz Sequences

o {Zp}n~0 0= Z ={({Zn}s,0)}
© {Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
o {Ta(f)}n ~o £(0) = T = {({Ta(f)}n, £(0))}

G :=C[Z,D,T] (GLT)

Theorem [S-C '03]
({An}tn, 5(x,0)) € G = {An}n ~o K(x,0)

{An}n ~GLT H(X7 9)

Theorem [B. '17]
The space of GLT sequences is Isomorphic and Isometric to the

space of measurable functions on [0, 1] x [—m,7].
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3{U,h}, unitary sequence such that for any ({Ap}n, k) € G

{An}n = {UnDnU,I;I}n + {Zn}n {Zn}n ~aLt 0 {Dn}n — K



Connection with Spectral Symbols

Theorem [B. '18]
3{U,h}, unitary sequence such that for any ({Ap}n, k) € G

{An}n = {UnDnU,I;I}n + {Zn}n {Zn}n ~aLt 0 {Dn}n — K

If {An}n ~cLT K, then {A,}, is close to a normal sequence that
has « as spectral symbol



Connection with Spectral Symbols

Theorem [B. '18]
3{U,h}, unitary sequence such that for any ({Ap}n, k) € G

{An}n = {UnDnU,I;I}n + {Zn}n {Zn}n ~aLt 0 {Dn}n — K

If {An}n ~cLT K, then {A,}, is close to a normal sequence that
has « as spectral symbol

Theorem [B. '19]
If X, are Hermitian matrices,

{Xotn ~air £ |[Yalz =0(/n) = {Xa+ Ya}n~r s

Theorem [B. '19]
If X, are normal matrices,

{Xo}tn ~eir 5 || Yallz = 0o(1) = {Xo+ Ya}n ~a &
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How to compute a Symbol?

Compute the GLT symbol

— 4 "+ b "(x) = f efo,1
(a(x)u'(x))" + b(x)u'(x) = f(x) x €[0,1] LN
u(0) =u(l)=0
air + as —a3
—a3 as + as —as
—azxp—3 axp-3 + ap-1 —an—1
—ap—1 arp—1 + a2n+1
0 b
) —b, O by
B,=—
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Dn(a) Ta(f) = —a(3/n) 2a(3/n) —a(3/n)
—a(l) 2a(1)

[Bnll2 = o(1)



How to compute a Symbol?

Compute the GLT symbol

—(a(x)'(x)) + b(x)u'(x) = f(x) x €[0,1] LN
u(0) =u(l)=0
2a(1/n) —a(1/n)
—a(2/n) 2a(2/n) —a(2/n)
Dn(a) Ta(f) = —a(3/n) 2a(3/n) —a(3/n)
—a(l) 2a(1)
|Bnll2 = o(1)

An + Bn = Dp(a(x)) Tr(2 — 2 cos(8)) + Z,



How to compute a Symbol?

Compute the GLT symbol

—(a(x)'(x)) + b(x)u'(x) = f(x) x €[0,1] LN
u(0) =u(l)=0
2a(1/n) —a(1/n)
—a(2/n) 2a(2/n) —a(2/n)
Dn(a) Ta(f) = —a(3/n) 2a(3/n) —a(3/n)
—a(l) 2a(1)
|Bnll2 = o(1)

An + Bn = Dp(a(x)) Tr(2 — 2 cos(8)) + Z,

{An+ Bn}tn ~cir a(x)(2 —2cos(6)) + 0
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Compute the Spectral Symbol

{(a(x)u'(x))'+b(x)u’(x)f(x) xebl  m . _,

u(0) =u(l) =0
{An + Bn}n ~GLT a(X)(z -2 COS(H))
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Compute the Spectral Symbol

— 4 "+ b 4 =i €[0,1
@) + () =F0) xe0Y o
u(0) =u(l)=0
{An+ Bn}n ~cr1 a(x)(2 — 2 cos(h))
a; +as —a3
—a3 as + as —as
A, =
—azp—3 ap-3 + azxn-1 —an—1
—azp-1 axp—1 + a2n+1

|Bnll2 = o(1)

{An}n ={An+ Bn}n— {Bn}n ~crt a(x)(2 — 2 cos(h))



How to compute a Symbol?

Compute the Spectral Symbol

— 4 "+ b 4 =i €[0,1
@) + () =F0) xe0Y o
u(0) =u(l)=0
{An+ Bn}n ~cr1 a(x)(2 — 2 cos(h))
a; +as —a3
—a3 as + as —as
A, =
—azp—3 ap-3 + azxn-1 —an—1
—azp-1 axp—1 + a2n+1

|Bnll2 = o(1)

{An}n ={An+ Bn}n— {Bn}n ~crt a(x)(2 — 2 cos(h))

{An+ Bn}n ~x a(x)(2 — 2 cos(0))
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Applications

(a(x)u'(x)) + b(x)u'(x) + c(x)u(x) = f(x) x € [0,1]

% a(x)(2 = 2COS(9)) (Xa 0) S [07 1] X [_ﬂ’ 7T]

JACHIEP, 500)6(0)  (x,0) € [0,1] x [, 7]

a(x)u®(x) + b(x)uD(x) = f(x) x € [0,1]

FOQOAD, a(x)(6-8 cos(x)+2cos(2x))  (x,0) € [0, 1]x[~, 7]



Applications

(a(x)u'(x)) + b(x)u'(x) + c(x)u(x) = f(x) x € [0,1]

% a(x)(2 = 2COS(9)) (Xa 0) S [07 1] X [_ﬂ’ 7T]

JACHIEP, 500)6(0)  (x,0) € [0,1] x [, 7]

a(x)u®(x) + b(x)uD(x) = f(x) x € [0,1]

FOQOAD, a(x)(6-8 cos(x)+2cos(2x))  (x,0) € [0, 1]x[~, 7]

(a(x)u'(x)) + b(x)u'(x) + c(x)u(x) = f(x) x € [0,1]

PrecfD, {T,(2—2cos(h)) T A }n ~ a(x2)(E ;czo(s:?;ge)) = a(x)




Multilevel Generalized Locally Toeplitz Sequences

{Zn}n ~oe 0= 2= {({Zn}nao)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n, a(x))}
{Ta(F)}n ~o £(0) = T = {({ Tn(F)}n, £(0))}

G :=C[Z,D,T] (GLT)



Multilevel Generalized Locally Toeplitz Sequences

{Zn}n ~oe 0= Z2 = {({Zn}nao)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n,a(x))}
{Ta(f)}n ~o £(0) = T = {({Ta(f)}n, £(6))}

G :=C[Z,D,T] (Multilevel GLT)



Multilevel Generalized Locally Toeplitz Sequences

{Zn}n ~oe 0= Z2 = {({Zn}nao)}
{Dn(a)}n ~o a(x) = D = {({Dn(a)}n,a(x))}
{Ta(f)}n ~o £(0) = T = {({Ta(f)}n, £(6))}

G :=C[Z,D,T] (Multilevel GLT)

Theorem [S-C '03]
({An}n, 5(x,0)) € G = {An}n ~o r(x,6)

x € [0,1]¢ 6 c [-m,7]?
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V- AVu+b-Vutca=f xel0,1]

FOPIFE 1(A(x) 0 H(0))1T  (x,6) € [0,1]¢ x [~ 7]

BRSO, 1(A(x)oHR (01T (x,0) € [0,1)9x [, 7]
—V -AVu = Acu x e

5 Ap =M Kn  {Kptn ~ a(x)f(8) {My}, ~ c(x)h(6)

a(x)f(6)

X 4 % [—m, ]9
oonE) O €0 x [l

- {An}n ~

—V -AVu+b-Vu+cu=f x € Q, irregular grid

= 1(Ac(x) 0 H(OD1T  (x,6) € [0, x [, 7]
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Q bounded, Peano-Jordan measurable — Xq R.l., u(0Q2) =0

1(02) =0 = there are o(n) border

Q conditions

Xa RI. = {Dn(Xa)}n ~cLT Xa
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Reduced GLT

~V -AVu+b-Vut+cu=f x € Q

Q bounded, Peano-Jordan measurable — Xq R.l., u(0Q2) =0

1(02) =0 = there are o(n) border

Q conditions

Xa RI. = {Dn(Xa)}n ~cLT Xa

{An}n ~cLT K(x,0) = Dn(Xq){An}nDn(Xq) ~cLT k(x,0)Xq(x)
Restriction Operator: {ASl}, := Ro({An}n) (Q2-submatrix)
Theorem [B. '19]

({An}n, K(x,0)) € G = {A7}n ~o K(x,0)|xen
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V- -AVu+b-Vut+cu=f xecQ

BAGaCONP), 1 (A(x) 0 Hy(0))1T  (x,8) € Q x [, 7]

—V-AVu+b-Vu+cu="f x € €, irregular grid

=L, 1(As(x) 0 Ha(O)LT  (x,8) € X x [, 7]




Applications

—-V-AVu+b-Vu+cu=f x e

RS, 1(A(x) o Hp(@)LT  (x,6) € Q x [, 7]

—V-AVu+b-Vu+cu="f x € €, irregular grid

=L, 1(As(x) 0 Ha(O)LT  (x,8) € X x [, 7]

2 (50)

9ulx,t) MJF

Ju(x, t)

o =di(x,1) B +d-(x, 1)~ x€Q
0%u(x, t) O%u(x, t)
GruesE) f
ci(x,t) Sy T (x,1) oy T (x,1)

SR, dy (%) fa(61)+ 0 () fa(—01) 1 (X)fa(62) - (X)fa(—02) [xen
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e Block GLT

e symbols are matrix-valued functions
e multilevel /reduced variants
e systems of linear PDE, Higher order FE (Splines), PToFE, etc.

Future Works:

e GLT Universality

e all algebraic structures can be embedded in GLT?
e algebraic relations are linked to distance from normality?

e Diverging Spectrum
e partial functions as symbols
e associated to measures p with mass < 1

e Perturbations, Semiseparable Structures, 7-Algebras, etc.

o Graph families, Stochastic PDE, Signal analysis etc.
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