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Introduction

Differential equations (DEs) are extensively used in physics, engineering and applied sciences in order to model
real-world problems. A closed form for the analytical solution of such DEs is normally not available. It is
therefore of fundamental importance to approximate the solution u of a DE by means of some numerical
method.

Despite the differences that allow one to distinguish among the various numerical methods, the principle on
which most of them are based is essentially the same: they first discretize the continuous DE by introducing a
mesh, characterized by some discretization parameter n, and then they compute the corresponding numerical
solution w,, which will (hopefully) converge in some topology to the solution u of the DE as n — oo, i.e., as
the mesh is progressively refined. If we consider a linear DE

Lu=f,

and a linear numerical method, then the actual computation of the numerical solution reduces to solving a
linear system

Anun = fn

whose size s, diverges with n. Solving high-dimensional linear systems in an efficient way is fundamental to
compute accurate solutions in a reasonable time. In this direction, it is known that the convergence properties
of mainstream iterative solvers, such as multigrid and preconditioned Krylov methods, strongly depend on the
spectral features of the matrices to which they are applied. The knowledge of the asymptotic distribution of
the sequence {4, }, is therefore a useful tool we can use to choose or to design the best solver and method
of discretization. In support of this claim, we recall that noteworthy estimates on the superlinear convergence
of the conjugate gradient method obtained by Beckermann and Kuijlaars in [I6] are closely related to the
asymptotic spectral distribution of the considered matrices.

In addition to the design and analysis of appropriate solvers, the spectral distribution of DE discretization
matrices is important also in itself whenever the eigenvalues of such matrices represent physical quantities of
interest. This is the case for a broad class of problems arising in engineering and applied sciences, such as the
study of natural vibration frequencies for an elastic material; see the review [47] and the references therein.
At the same time, what is often observed in practice is that spectral distribution for the sequence {4}, is
somehow connected to the spectrum of the differential operator .Z.

These and many others are motivations to introduce the central focus of the current research: the spectral
symbol, or, in general, the symbol. The so-called spectral symbol is an entity associated with a matrix-sequence
of increasing size, and it represents the asymptotic distribution of the spectra of the matrices. In case of
Toeplitz or Toeplitz-like matrices, this topic has been the subject of several studies and research, starting from
Szegd 58], Avram [4], Parter [66], and followed by various other authors [211, [25], 26, 27, 28] [83, [87] 88, 00 ©92].
Asymptotic distributions also naturally arise in the theory of orthogonal polynomials, in which case the zeros
of the polynomials are seen as the eigenvalues of appropriate Jacobi matrices [45] [56, 59, [60, [89).

The symbol may appear in various forms, as a measurable function, a functional, a measure or even as a
matrix-valued function, but all the different representations are able to describe in a compact way the asymptotic
behaviour of the eigenvalues of the considered matrix-sequence. For example, when the symbol is a function or
a measure, and when the related matrix-sequence is Hermitian (or quasi-Hermitian), we can sample the symbol
to obtain an approximation of the spectrum of the matrices with large size n. Regarding this topic, we report
the works [15] [43] and the references within, where the authors focus on the approximation of the eigenvalues
of Toeplitz and Toeplitz-like matrices, starting with the analysis of the spectral symbol.

Each different representation of the symbol brings new properties to the space of matrix-sequences, for exam-
ple metric or algebraic structures, and gives us new ways to analyse the matrices, their spectra, and also their
singular values. In fact, we will define a concept of convergence on the space of matrix-sequences, and show
that it is induced by a complete pseudometric, and that in special cases, it coincides with the natural metrics



that we find on the space of symbols. Moreover, we will be able to connect the natural structure of algebra on
particular subspaces of matrix-sequences to an analogous structure on the space of symbols.

Using all the previous tools, we can select special spaces of sequences and symbols, that we call generalized
locally Toeplitz (GLT) spaces, and that make it easier to find the spectral symbols of several discretization
matrix-sequences coming from practical applications. In fact, the GLT spaces are built so that the association
between sequences and symbols is an isomorphism of algebras and an isometry of metric spaces, and hence we
can compute the symbol of a matrix-sequence {A, }, from sums, products and limits of simpler sequences for
which we already know the spectral symbol.

The theory of GLT sequences stems from Tilli’s work on locally Toeplitz (LT) sequences [84] and from the
spectral theory of Toeplitz matrices. Nowadays, the main and most comprehensive sources in the literature
for theory and applications of GLT spaces are the books [562], 53] 13|, 14], in which we can find a careful and
complete description of GLT sequences, block GLT sequences, and their respective multivariate versions.

In this regard, it has often been observed that the sequences {A,}, coming from the discretization of lin-
ear DEs belong to one of the GLT spaces, so it has been possible to analyse the spectral behaviour of such
sequences, thus justifying the interest in these spaces. Sequences {A,}, with a spectral behaviour that can
be analysed by resorting to GLT spaces have been encountered in the context of finite difference methods (see
[52, Section 10.5], [53], Section 7.3], and [24] [75] [76]), finite elements methods (see [52] Section 10.6], [63, Sec-
tion 7.4], and [I7, 24, 42, [76]), finite volumes (see [18, 40]), isogeometric analysis (see [62, Section 10.7], [53l
Sections 7.5-7.7], and [36], 48] [49, 50, 511 [69]) , and so on and so forth. In the context of Galerkin and colloca-
tion Isogeometric Analysis (IgA) discretizations of elliptic DEs, the spectral distribution computed through the
theory of GLT sequences was also exploited in [34] 35, [37] to devise and analyse optimal and robust multigrid
solvers for IgA linear systems. We also mention remarkable applications of the theory in the field of fractional
differential equations [39, 40], and we refer the reader to [52, Section 10.4] and [1I [70] for a look at the GLT
approach for sequences of matrices arising from IE discretizations.

In this thesis, we briefly review the theory of symbols in its generality, showing the steps that lead to define
the GLT spaces, and how useful they are in the applications. In particular, we skim through the proofs whenever
they can be found in the literature, while we prove in the appendices the results that never appeared before.
Most of the arguments proposed herein can be found in one of the works [5] 6] [7, 8, 9], 10} 1T}, 12}, T3] 14} 52}, (3],
but there are also original results. In fact, we formally define and thoroughly analyse the space of reduced
GLT, that has previously been hinted by some authors ([I7} [63] [75] [76] [77]), but has never been fully explained.
Moreover, in the last chapter, we give an overview of open questions and possible future directions of research.
Most of the applications in Part 3, and all the results proven in the appendices are also new. The document is
structured as follows.

In Part 1, we review the concept of “symbol”, we give a number of equivalent definitions and show some
analytical and metrical properties of the space of matrix-sequences enjoying a symbol.

In Chapter 1, we start by providing an intuition of what a symbol is and how it is linked with the eigenvalues
of the matrix-sequences {4, },, by means of examples coming from graph theory and linear DEs. From figures
and plots, we will learn how to express the symbol through a measurable function, a measure on C or also a
matrix-valued function, and we will show that a single sequence may admit more than one symbol, depending
on the ordering considered for the eigenvalues. In the same way, we will determine which kind of perturbation
we can apply to the matrix-sequences without losing the symbol, and so we will be ready to formulate a first
definition of symbol purely coming from the intuitions gained.

In Chapter 2, we state the classical definition of symbol, and we show that it grasps all forms of symbol
considered in the previous chapter (function, measure, matrix-valued function). From the definition, expressed
through an ergodic formula, we will be able to prove most of the intuitive properties of the first chapter, and in
particular, we analyse the relations between different symbols describing the same spectral distribution, through
the concept of rearrangement. We also propose a new equivalent definition of symbol, proving that any symbol
can describe the asymptotic rates of eigenvalues for {4,}, contained in almost all balls of C. Eventually,
we notice that the same arguments hold for the singular values of {A,},, so we adapt the most important
definitions and results also for this setting.

In Chapter 3, we closely inspect how a perturbation of {A,}, reflects in its symbol. In particular, we
introduce the concept of approximating classes of sequences (a.c.s.) as a notion of convergence on the sequences,
and later we check that it is induced by a complete pseudometric. It will turn out to be the first formal link
between the space of matrix-sequences and the space of symbols represented by measurable functions, endowed
with the convergence in measure. The connection will be strengthened by closure results and an equivalence



relation identifying two sequences whenever their a.c.s. distance is zero. In the last paragraph, we point out
the differences between symbols referred to eigenvalues and symbols referred to singular values. In fact, in the
case where our sequences and perturbations are not Hermitian, we exhibit examples supporting that the a.c.s.
convergence is not enough for describing the behaviour of spectral symbols, and hence more careful results are
presented.

Chapter 4 investigates the spectral measures, that are measures on C representing a spectral symbol for some
sequence {A,},. It turns out that for every symbol there exists a finite measure representing it, with mass 1 or
less, thanks to Riesz representation theorem. Through the theory of standard spaces, we can link probability
measures and measurable functions, and by generalizing this connection we find for every sequence {A,}, a
function « : [0,1] = CU {0} acting as a symbol. When we specialize to probability measures, we can exploit
the vague or weak™ convergence to come up with a new metric on the space of sequences that identifies two
sequences if and only if they enjoy the same spectral symbol. In the last paragraph, we report some of the main
results of other chapters for which the use of spectral measures has been essential in the proof, thus affirming
the importance of measure theory for the actual research.

In Part 2, we analyse which kind of algebraic structures we can exploit to gain more information about the
symbols. This examination will eventually lead to the construction and analysis of the GLT spaces.

In Chapter 5, we start by considering the space .7 of pairs ({4, }n, ) where k is a symbol for {4, },. An
algebra or a group < inside . is a set of sequences and symbols where we can perform algebraic operations
simultaneously on both spaces. In such sets, we can compute the symbol for complex matrix sequences as a result
of sums, products and limits of known simpler pairs ({ A, }, k). We first build some simple instances of algebras,
such as the space of diagonal sampling sequences, and the circulant algebra, and we exhibit an example where
the algebraic and metric structure help in the determination of the spectral symbol. An additional discussion
about normal sequences is included, since it is a case where spectral information and singular values are strongly
connected. We later formulate the exact definitions of algebras and groups, and state the results we empirically
observed. We also endow the space of algebras with different concepts of preorder relations, and we investigate
necessary and sufficient conditions apt to identify maximal elements.

In Chapter 6, the GLT spaces are defined, analysed, and also applied for some classical problems. We sum-
marize the standard construction through LT sequences, that we couple with the analogous locally circulant
(LC) sequences. Both of them lead to the same space of GLT sequences, and we briefly discuss the pros and cons
of the two methodologies. We then proceed to apply the results presented in the previous chapters, obtaining a
list of basic properties, that we group in a list of “GLT axioms”. After reviewing the principal properties helping
us in deriving the spectral symbol of sequences, we show how it can be applied to banded Toeplitz matrices
with both theory and examples. Similar arguments and construction can be repeated to build the other GLT
spaces, in particular the Multilevel GLT space, that let us face multidimensional problems, and the Block GLT
space, that let us tackle for example systems of DEs and higher order FE discretizations. Lastly, we introduce
for the first time the space of Reduced GLT sequences, with the aim of analysing DE discretizations DEs on
irregular domains. All the principal results are reported in the section, and proved in the appendix, and some
applications are reported in the succeeding part.

In Part 3, we present some recent applications of the developed theory, with a focus on reduced GLT sequences,
fractional PDE and g-Toeplitz matrices.

In Chapter 7, we discuss about the convection-diffusion-reaction differential equations defined on a Peano-
Jordan measurable set () contained in [0, 1]¢. We analyse the modified FD scheme adopted in the Shortley-Weller
approximation, coming up with the spectral symbol of the discretization matrix-sequence through the use of
reduced GLT theory. If we specialize to d = 2, we can also apply a FE scheme through the P; method.
Therefore, with the same tools, we examine the cases with square domain, Peano-Jordan measurable sets, and
lastly we also consider the case of an irregular grid generated by a regular map.

Chapter 8 deals with fractional and time-dependent PDEs, both in the unidimensional and multidimensional
settings. In both cases, we use the shifted Griinwald definition of fractional derivatives in space, and an implicit
Euler method in time. In the multidimensional case, we work first on [0,1]? in space, and then we switch to
a more general Peano-Jordan measurable set Q C [0,1]2. Again, the Reduced GLT theory will prove to be
essential for obtaining a spectral symbol for the discretization sequences.

In Chapter 9, we deal with particular structured matrices called g-Toeplitz matrices. In the past, their
symbols have already been derived and studied, but now the Block GLT theory opens a new point of view
on the question, leading to an elegant proof of the same results. The same argument is also applicable to the
multidimensional case.



Lastly, Chapter 10 presents an overview of possible future works, by recalling some of the open questions
introduced throughout the document and by proposing also new and still unexplored ideas.
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Chapter 1

The Idea Behind

Before giving a formal definition of symbol, let us show some example first, to give an informal idea about the
main concepts behind the formulae. At the end of this chapter, we sum up the observations and provide an
intuitive definition of symbol.

1.1 Examples in Graph Theory

When dealing with graphs and their associated matrices, the knowledge of their spectra is fundamental to derive
several combinatorial properties [61], and is useful for various applications, ranging from random walks [80],
error correcting codes [82] to network flows [46] and random graphs [91].

1.1.1 Generalized Petersen Graphs

A famous class of graphs are the generalized Petersen graphs GPG(n, k). They are well-studied in graph theory
since they have a lot of interesting properties regarding transitivity of edges, nodes, and are useful structures to
keep in mind when looking for counterexamples. More specifically, GPG(n, k) is an undirected 3-regular graph
with 2n nodes named uy, ug, . .., Uy, V1, V2, ..., Uy, and it is defined for k < n/2 and n > 2. Every u; is connected
to u;—1, u;4+1 and the corresponding node v;, whereas v; is connected to u;, v;x and v;_j, where all the indices
are to be considered cyclically over n. When we fix k, we thus obtain a sequence of graphs {GPG(n, k)},, where
n ranges over all the natural numbers greater than 2k. In Figure three elements of the sequence with k = 2
are shown, where the first one is the original Petersen graph.

(a) GPG(5,2) (b) GPG(10,2) (c) GPG(15,2)

Figure 1.1: generalized Petersen graphs GPG(n,k) for k =2 and n = 5,10, 15.

Each graph GPG(n, k) is naturally associated with an adjacency matrix A, of size 2n x 2n. The matrix A,
is symmetric, sparse and highly structured, and it is easy to compute all its eigenvalues. When we fix k, it is
possible to see that all the eigenvalues A(4,,) = {Aﬁ”), ce /\g?} follow a certain pattern, that gets more evident
as n rises. A way to visually show what is happening is to choose a sequence of growing values n, and for each
n, plot the eigenvalues of A4,, on a regular grid over the interval [0, 1]. In particular, for every n in the sequence,

i— (n)
2n—11 ’ )\Z

we plot a piecewise linear functions connecting the points ( fori =1,...,2n, where the spectrum is

sorted as in
A <A <<

n

13



14 CHAPTER 1. THE IDEA BEHIND

The plot (a) in [Figure 1.2 shows these function for n = 5,20, 80,320,1280, k¥ = 2, and one can notice that,
except for the first 3 values of n, the plots coincide with a limit function x(z), whose plot is shown in (b).

We will study in [paragraph 1.3.3| what x(z) is in this case, and that it is actually more interesting to plot the
eigenvalues following a different sorting.

3 3
0 0
-3 -3
0 1 0 1
(a) Plot of the eigenvalues of An. (b) Asymptotic spectral distribution k(x).

Figure 1.2: Comparison between the eigenvalue plot of A, for n = 5,20,80,320,1280 and its limit spectral distribution,
where Ay, is the adjacency matriz of GPG(n,2).

When this phenomenon happens, we say that the sequence of matrix {A, }, enjoys an asymptotic spectral
distribution, and the function x(x) is called the spectral symbol associated to {A,},. It is common to several
kind of sequences {4, }, coming from very different branch of mathematics and physics. In general, whenever
we have a set of rules to build A,, for every n, its spectrum is expected to have an asymptotic behaviour.

Let us see one more example of this phenomenon in graph theory.

1.1.2 Deterministic Growing Graph

Let us define a deterministic growing graph with a simple building rule, as shown in [41I]. Let G; be a triangle
graph, or also said, the 3-complete graph. We want to build a sequence of graphs {G,}, by applying the
following rule: starting from G,,, we build G,,+1 by adding a new node for each edge in G,, and by connecting
it to the two ends of the edge. In it is possible to see the first 3 graphs in the sequence.

ANIAT R,

(b) G2 (¢) Gs

Figure 1.3: Deterministic growing graphs G, forn =1,2,3.

The number of nodes and edges in G,, grows exponentially, and it is an example, in the limit of large n, of

"scale-free" graph with the distribution of degrees following a power rule. The adjacency matrix A, of G, is
n—1 n—1

a symmetric matrix with size 32—+ x 33=—*+L_ It is hard to compute the eigenvalues exactly, but when we

look at its eigenvalues, we discover again that they seem to converge, as shown in Here we plotted
again the sorted eigenvalues of A,, on a regular grid over [0,1] for n = 2,3,...,9. Notice that the limit function

does not seem to be continuous and maybe not even limited, but nonetheless the plots converge.
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Figure 1.4: Figenvalue plot of the adjacency matriz for G, with n =2,3,...,9.

1.2 Ordering and Perturbation

From the preceding examples, we have seen that, given a sequence of matrices {A,},, where A, € C*»**» and
Sp is an increasing sequence, there may happen that the spectra of the matrices converge in some sense to a
function (z), that we call spectral symbol of the sequence, or asymptotic spectral distribution. To symbolize
this kind of dependence between a sequence and a function, we write as follows:

{An}n ~y ().
In this section we address the following questions: do we always have to sort the eigenvalues increasingly? What
kind of convergence are we requiring on the plots of the eigenvalues?

1.2.1 Laplacian Discretization

Consider the second-order differential equation with Dirichlet boundary conditions

{“’%w) = f(), € (0,1), (L1)

w(0) =a, (1) =5,

where f(x) is a continuous function. We employ central second-order finite differences for approximating the
given equation. We define the step-size h = % and the points xy = kh for k belonging to the interval [0, n+1].

+1
Notice that the points zj form a regular grid on [0,1]. For every j =1,...,n we have
(Do, _u/(xj+%) - u'(%‘f%) o u(a:j+12;u(wj) _ u(xj)*;:(mj—l) _ —u(zj41) + 2u(z;) — u(z;_1)
r=x; L h h2 ’
so we compute approximations u; of the values u(x;) for j = 1,...,n by solving the following linear system
Uy i+ =a
Uz )
An = h’2 . ’
Un—1 fnfl
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where f; := f(z;) and

The accuracy of the approximation depends on the refinement parameter n, so that finer grids and larger n
are associated to better solutions. The velocity of convergence for several linear solving algorithms (Krylov
subspaces methods, iterative methods, etc.) depends on the spectrum of the matrix A,,, so prior knowledge on
the asymptotic distribution of the eigenvalues leads to an estimate on the speed of the method.

In this instance, the eigenvalues of A,, are perfectly known, thanks to the tridiagonal and Toeplitz structure
of the matrix.

)\j(An):2—QCos<jn_T_1>, j=1,...,n.

Here it is evident that \;(A,) =2 — 2cos(nz;) where z; = j/(n+1) and {zo,...,zn41 } is a regular grid over
[0, 1], so the function x(x) = 2 — 2 cos(nx) is a spectral symbol for {A,},. The eigenvalues are already sorted
in an increasing way, but what happens if we take another order? For example, consider

A2, A, A6y -y A2 ny2)s A2fn 2] —15 A2[n/2]—35 - - -5 A3, Al

where we choose first the even numbered ); in increasing order, and then the odd numbered ); in decreasing
order. We can denote this ordering as {\;};, where

X(A )= A2 (An), 25 <mn,
e Aony1-2j(An), 25 >n.

When we plot Xj (A,,) we can see that they are approximatively a sampling of the function k(z) = 2 —2 cos(27z)

over [0,1] and when n goes to infinite, the plot of the eigenvalues gets closer and closer to the plot of k(x).
In [Figure 1.5| we can see that when n = 15 the values \;(A15) are already very close to K(z), whilst A\;(A1s)
coincide perfectly to the sampling of k(z).

4T 4 .
2 2 4 ° \
0 | 0 1

(a) Xj(A1s) and k(z) = 2 — 2 cos(rz). (b) X;(Ars) and 7(x) = 2 — 2 cos(2r).

Figure 1.5: Different orderings for the eigenvalues of Ais. Depending on the choice of the sorting, we obtain different
spectral symbols.

We can thus say that k(z) = 2—2cos(2mx) is also a spectral symbol for {4, },. In this case, it is also possible
to find specific orderings for the spectrum of A,, so that the eigenvalue plots converge to 2 — 2 cos(smz) with s
being any non-zero integer.

At the same time, not every ordering of the eigenvalues leads to a spectral symbol, since the plots may wildly
oscillate, or in general they may not follow any pattern. Simple examples may be the following orderings:

5y As(An), J=2s, 5N Aj(Ay), n even,
)‘j(An) = . )‘j(An) = !
/\n—s(An)v J = 25+ 17 )‘n—j (An)a n odd.
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(a) Plot of X;(An). (b) Plot of X;(An).

Figure 1.6: Plot of the eigenvalues of A, following the orderings dictated by \;(A») and /A\j (Ay). in (a) we considered
n = 10, 20, 30, 40, 50, whereas in (b) we considered n = 10,21, 32,43, 54.

In we have plotted the eigenvalues Xj and Xj for some values of n, and we clearly see that in both
cases, for different reasons, we can never achieve convergence.

With this example, we showed that a single sequence may admit multiple (actually, infinite) spectral symbols,
depending on the ordering chosen on the eigenvalues of the matrices, but also that not every ordering brings to
a spectral symbol.

The argument here may seem a bit nebulous, but will become more clear when we will provide the formal
definition of spectral symbol, and it will be easier to explain this property formally and with more details.
We will also show that the ordering of the eigenvalues is a fundamental feat to consider when we want to add
algebraic structures to specific sets of sequences.

1.2.2 Plot Convergence

In [paragraph 1.2.1) we showed an example of matrix-sequence {4, }, present eigenvalues that are exactly a
sampling of the function 2 — 2 cos(mz) over an uniform grid on [0, 1]. We can ask how much we can perturb the

sequence {A,}, without losing or changing its spectral distribution.
Notice that the addition of the identity matrices I, to A, uniformly shift all the eigenvalues by one, so

{Antn ~a k() = {An+ Infn ~x k(z) + 1.

Similar results hold for every multiple €I, with arbitrarily small €. As a consequence, we need a perturbation

sequence {N,}, that has no subsequence with spectral norm bounded below by a constant ¢ > 0. In other

words, we require that || N,|| 272 0. For example, we choose a skew-symmetric tridiagonal Toeplitz sequence

{N,}, defined by

with spectral norm proportional to 1/log(n). The inverse logarithmic spectral converges slowly to zero, so the

effect of the perturbation on the spectrum will be noticeable even for large n. The structure of N, is also

recurring in the discretization of PDE, since it represents a first order formula for the first order derivatives.
A full rank perturbation must have small norm to asymptotically conserve the spectral structure of the

sequence, but the same is not true for low-rank symmetric perturbation. Let e(™ & R™ be the all-ones n-
(

dimensional vector, let ein) € R™ be the canonical basis n-dimensional vectors, denote g(n) = |y/n| and define

the matrices R,, as

g(n)

R, =2 (e —e")(e™ — )"

i=1
Note that every R, is symmetric, has rank at most g(n) that is negligible when compared to the matrix size
for large values of n, and that the multiplicative constant 2™ is chosen large enough to better show the effect of
the perturbation on the spectrum.

Call B, = A, + N,, + R,, the perturbed matrices. In we show the effects of the perturbation

on the spectrum of A, for n = 20, 40,80, 160. First of all, due to the non-Hermitianity of the matrix N,,, we
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have complex eigenvalues. We plot separately the real part and the imaginary part of the eigenvalues, and we
compare them with the plot of the symbol k(z) = 2 — 2cos(rz) of {A,}n. As we have previously seen, the
eigenvalues of {A4,}, fit perfectly x(z), whereas we note a general loss of accuracy of the eigenvalues of B,
caused by IV,, and the explosion of a portion of the spectrum given by R,,. Nonetheless, the imaginary part
of the eigenvalues have small intensity when compared with the real part, and they will converge to zero for
n — 0o. The plots of the real parts also converge almost everywhere to the symbol plot, since the number of
huge eigenvalues tends to be negligible when compared with the size of the matrix.

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) n =20 (b) n =40

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(c) n=280 (d) n =160

Figure 1.7: Comparison between real part (blue dotted line), imaginary part (black dashed line) of the eigenvalues of By,
and the plot of the spectral symbol k(x) = 2 — 2cos(mzx) (red continuous line) for n = 20, 40, 80, 160.

From the graph we can again conclude that {B, }, admits a spectral symbol, and x(x) fits the role. We can
deduce that, by considering a weak enough convergence for the plots, the spectral symbol is conserved under
vanishing norm and negligible ranked perturbations. But what kind of "weak convergence" do we need?

Note that in both the real and the imaginary part of the eigenvalues are sorted incrementally,
but if we write down the actual eigenvalues, great real parts are not generally associated with great imaginary
parts and vice versa. If we consider the actual eigenvalues and we order them according their real parts, then

we find that the (complex-valued) piecewise linear functions k,(z) interpolating the points (ﬁb;_ll, Aj (Bn)) do
not converge to k(x) punctually almost everywhere. Instead, for every & > 0,

n— oo

0 {x €]0,1] ]| |kn(z) — k(z)]| >} ——0

where ¢, is the unidimensional Lebesgue measure. In other words, we have that x,, — k in measure.

Using all the ideas accumulated from these examples, we are now able to give an intuitive notion of spectral
symbol.
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1.3 An Informal Definition

In all the previous example we have based our intuition of what is a spectral symbol on the behaviour of the
spectral plots for a sequence {A,},. Let us wrap up the pieces of information we have to finally come up with
a definition.

1.3.1 The Intuitive Definition

Definition 1.3.1. Let {A,}, be a sequence of matrices, where A, € C»**n and s, is a sequence of natural
numbers that diverges. For every n, let hy, = s,;! and call k,(x) the continuous function that is linear on every
interval [(j — 1)hn, jhy] for 5 =1,..., s, and such that

kn(0) =0, En(Ghn) = Xj(4) Vi=1,...,8n,

where \;j(Ay) are the eigenvalues of A, considered with their algebraic multiplicity. Let k : [0,1] — C be a
measurable function. We say that { Ay}, admits k() as a spectral symbol, and we write

{An}n ~A "i(x)7

when there exists an ordering of the eigenvalues A(Ayp) = {M(An),...,Xs, (An)} for every n such that the
sequence {kn(x)}, converges in measure to x(x). In this case, we simply say that the eigenvalues of {An}n
converge to K.

The above definition can be found in [6] under the name of "piecewise convergence", but the idea was already
present in [33]. From the definition, we can state some evident properties.

e The spectral symbol depends exclusively on the spectra of the matrices A,,, so any sequence of invertible
matrices { M, },, of the appropriate size, produces an other sequence with the same symbol by base change.
In formula,

{A Y, ~x k(z) = {M A, M '}, ~y k(2).

e If the plots of a sequence {A,},, converge, then any subsequence has the same limit, so

{An}n ~A “(x) = {Ank }k ~A “(33)

e If we modify a finite number of matrices A,, in the sequence, the limit does not change.

e If k(x) is continuous, an uniform sampling of s,, points on k(z) give an approximation for the eigenvalues
of A,, that gets better as n — co.

An other consideration is that when we plot the eigenvalues, we can exchange the grid (;:11) ‘ over [0, 1]
i=1,...,n

with any other regular grid without changing the asymptotic spectral distribution, since in the limit for n — oo
the plots will result all identical. In particular, we can also choose (%)Zzln or (ni1>i:1 .

is a natural follow up of the examples showed before, but it comes short in term of usefulness
and manageability. In fact, all the different results regarding the spectral symbol become quite technical to
prove, differently from the less intuitive but more abstract framework we will be working with, starting from

Sadly, there are cases in which an asymptotic spectral distribution exists, but it is hard (and sometimes nearly
impossible) to find a proper ordering on the eigenvalues to make the piecewise linear interpolation functions
converge to a function on [0,1]. In these cases, a suitable spectral symbol may be represented by a function
on a different domain than [0, 1], or by a matrix valued function, or even by a finite positive measure on the
complex space.

In such cases, we can adopt a more ’'philosophical’ definition than and say that a spectral
symbol is a compact way to globally describe the overall spectral distribution of a matrix-sequence,
and it can be expressed in several different forms. A symbol, in fact, can be a measurable function, a finite
measure on an euclidean space, a functional on C.(C), or much more.

In the following paragraphs we report some ’artificial’ examples, and in the next chapters we will see how it
is possible to formalize such different types of symbols.
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1.3.2 Spectral Distribution on a Disk

Let C), be the most simple circulant matrix of size n X n, defined as

1
1, i—j=1 d !
[Cn]z,j _ {07 11— :. (mO n)) — Cn _ 1
, otherwise
1
Let F,, the the Fourier matrix of size n x n,
1 o
Fn — 7(6_271-1(]_1)(1_1)/”)2]»:1

NG

that is an unitary symmetric matrix diagonalising C,

62771/71

FHC,F, = e

n

2x27i/n

e(n—l)*27'ri/n

Let also S, be the following diagonal matrix

2

The sequence we want to analyse is 4,, = S, ® C,, where A,, has size n? x n? and it is a block diagonal matrix

with circulant block. In particular it is defined as

k1
Anlnisimsss = st N [Culiy  Vhis=0,...,n—1, Yij=1,....n.
n

We can compute exactly its eigenvalues through the diagonalizing unitary base change I,, ® Fi,.

)\aﬂbzgezb”i/", YVa=1,...,n, Vb=0,...,n—1.
n

In [Figure 1.8 (a), we have plotted the complex eigenvalues of Asy. From the plot, it is clear that the sequence
{A, }» enjoys a spectral asymptotic distribution, but it is unclear which ordering can lead to a spectral symbol

as in A piecewise linear plot would not be useful, since any reasonable ordering of \,;, would
make the graph oscillate too much, leading to a non-converging sequence of functions.

Therefore, we start from the analytical formulation for A, to deduce a symbol. In fact it is immediate to
notice that the eigenvalues fit perfectly an uniform sampling of the function

K(x,0) = el z€10,1], 6¢€]0,2n].

It is evident that x(x,0) has the right ’distributional properties’ to represent the asymptotic behaviour of the
matrices spectra, but due to the change of domain, x is not a spectral symbol according to
Actually, we can say that the graph of x(x, 8) is the limit of a sequence of surfaces interpolating the eigenvalues
Aap In & specific order (namely, the lexicographical order on the couples (a,b)), so in a sense we can say that it
is a proper spectral symbol of the sequence {4, },.
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-1 0.5 0 0.5 1 T 0.5 0 0.5 1
(a) Eigenvalues of A, for n = 30. (b) Colourmap for f(z).

Figure 1.8: On the left, the plot of the eigenvalues of Aso. On the right, the density f(xz) associated to the absolutely
continuous spectral measure p representing the spectral asymptotic distribution for {Ay,}n.

This is the first case we encounter where it may be also convenient to represent the spectral distribution by
a positive measure p on the complex plane C.

In fact, from the plot (a) in we note that the eigenvalues span the unitary disk B(0,1) =
{z€C||z| €1}, and the union of the eigenvalues of A,, for all different n produce a dense set over B(0,1). The
distribution, though, is not uniform, since a lot of small eigenvalues are concentrated near the origin, whereas
fewer eigenvalues are near the boundary of B(0,1). Since we expect a radial density of the eigenvalues, it is
enough to compute the rate of eigenvalues lying inside B(0,r) for every n and 0 < r < 1. A simple calculation
shows that the rates of eigenvalues inside B(0,r) converge to r, so we can easily infer a radial asymptotically
density function f(z) = g(|z]) for the spectra of A,,.

" or 1 1
1= [ SO =2m [ gamde = amgwe = 51 o) = g = 1) = 5
In [Figure 1.8| (b) we can see a map for the density f(z) over the complex disk B(0,1), where it is clear that
higher density of eigenvalues are found near the centre. Notice that the mass of f(x) over B(0,1) is unitary,
thus making it a probability measure p that is absolutely continuous with respect to the 2-dimensional Lebesgue
measure 5. From the construction of f(z), it is possible to prove that for any open set U C C, we have

mm=éﬂwk

meaning that p(U) is the asymptotic rate of eigenvalues in A,, that lie inside U. Note moreover that even in
this instance, a sampling of s, points over B(0,1) weighted by the measure u gives an approximation of the
eigenvalues of A,,, that gets better when n goes to infinity. It is thus clear that u can be considered a symbol
for the sequence { A, },, since it describes in a compact way the spectral distribution of the sequence. Later on,
we will call u a spectral measure for the sequence {4, },, and we will provide a formal definition.

1.3.3 A Matrix-Valued Symbol

For our last example, we analyse more carefully the adjacency matrices of the generalized Petersen graphs
(GPG) introduced in Recall that GPG(n, k) is a graph with 2n nodes named wuy,us, .. ., Uy,
v1,V2,...,U,, Where every u; is connected according to the regular polygon to u;_; and u;y; and the corre-
sponding node v;, whereas v; is connected to v;yx and v;_j, where all the indices are to be considered cyclically
over n. In term of adjacency matrix, it means that we have a 2 x 2 block structure

Cn+CF I, )

A, = A(GPG(n, k)) = < I, Ck+(CHT

where C,, is the circulant matrix defined in Note that the Fourier matrix F;, diagonalizes C,,
and it is symmetric, so it is also a diagonalizing base change for C* and (C¥)T. A simple computation shows

that
FH C,+CT I, F, B
FH I, Ck 4+ (CHT F,)



22 CHAPTER 1. THE IDEA BEHIND

2 cos(0) 1
2 cos(2m/n) 1

2cos((n —1)27/n) . 1
1 2 cos(0)
1 2 cos(2mk/n)

1 2cos((n — 1)27k/n)

and an opportune permutation of rows and columns leads to a block diagonal matrix with 2 x 2 blocks, that we
call B,,.

2 cos(0) 1
1 2 cos(0)

2 cos(2m/n) 1
1 2 cos(2mk/n)

2cos((n —1)27/n) 1
1 2cos((n — 1)27k/n)

Up until now we have operated only (unitary) base changes, so the set of eigenvalues has not changed, and also
the spectral symbol is the same. In other words, k is a spectral symbol for {4, }, if and only if it is a spectral
symbol for {B,,},.

Notice that the eigenvalues of B, are simple to compute, since its spectrum is the union of the spectra
of 2 x 2 matrices. Moreover, we can enumerate the blocks and call them X, ; with ¢ = 1,...,n so that
B,, = diag (Xm)?:l. The X, ; are easily written as

_ (2cos((i — 1)27/n) 1
X = < 1 2 cos((1 — 1)27rk/n))

with eigenvalues

An,i1 = cos((i — 1)27/n) 4 cos((i — 1)27k/n) + V[cos((i — 1)27/n) — cos((i — 1)2rk/n)]2 + 1,
Ania = cos((i — 1)2m/n) + cos((i — 1)2mk/n) — v/[cos((i — 1)27/n) — cos((i — 1)2rk/n)]2 + 1.

Let us now define a matrix-valued function Y : [0, 1] — C2*2, that can also be seen as a 2 x 2 matrix of functions
T, ; :[0,1] — C, as follows
_ (2cos(2mx) 1
T(z) = ( 1 2005(27rkx)> ’

For every z, we can write the two eigenvalues of Y(x), but they change continuously with respect to x, so we
actually obtain two eigenvalue functions A; : [0,1] — C, As : [0,1] — C with expressions

A1 ()
A2 ()

cos(2mz) + cos(2mkx) 4+ \/[cos(2mx) — cos(2mkx)]2 + 1,
\/

cos(2mx) + cos(2mwkx) — +/[cos(2mx) — cos(2wkx)]? + 1.

It is now straightforward to see that X, ; are actually an uniform sampling of the function Y (z), and consequently
even A, ;1 and A, ;2 are an exact uniform sampling of A;(x) and Az(z). In particular,

,— 1 ,— 1 0 — 1
Xn,i:’r<l ) = i1 =M1 <Z >, Ani2 = A2 (Z >7
n n n

as we can also see from [Figure 1.9| (a), where we assumed k = 2.
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(a) Eigenvalues of Bso plotted over Ai(x) and A2(x). (b) FEigenvalues of Bso plotted over kK(x).

Figure 1.9: Scatter plot of the eigenvalues X\, ;1/2 of Bn when k =2, compared with the plots of Ay j2(x) and of K(x).

This time, we have split the eigenvalues into two sets, converging respectively to Aj(x) and Ay(z), but
singularly they are not spectral symbols for {A,}, (and {B,},). A possible solution is to order the eigenvalues
as follows

)\1,n,17 )\Z,n,l» LR )\n,n,la )\1,n,2; )\2,71,2» ceey )\n,n,Q

in order to converge to a spectral symbol K(x) obtained by joining A;(x) and A2(x), as shown in [Figure 1.9| (b).

o) = A1 (2x), z€[0,1/2),
T Ne - 1), ze1/21)

k(x) is thus a spectral symbol for {4, },, and if we take the increasing rearrangement (that we will define in
paragraph 2.2.1) of K(z) we obtain the function k(z) plotted in (b), that automatically becomes a
spectral symbol for {A,,},, since it has the same distribution of K(x).

As a consequence, we have found two spectral symbols for the same sequence, but x(x) is actually hard
to compute exactly, and K(x) is a discontinuous function. A possibility in such cases is to work with the two
functions Ay /o(x), for which we have explicit formulas, but we will see that a good choice is to consider as
spectral symbol the matrix-valued function Y (z). In fact, it is indeed a compact formulation that contains full
information about the asymptotic spectral distribution of {4, },, so we write

As a further parallel, we can also notice that the eigenvalues of A,, are actually the eigenvalues of an uniform
sampling of T(z) over [0, 1], thus supporting the fact that it is fit to be considered a spectral symbol.
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Chapter 2

A Rigorous Definition

Here we will define rigorously what a spectral symbol is, and then we try to link the definition to the intuitions
provided in the previous chapter.

2.1 Ergodic Formula

From now on, a matrix-sequence {4, }, is always a sequence of matrices A,, € C*"**» where s, is a sequence of
natural numbers that diverges to +oo. In the most classic settings, (as in[paragraph 1.2.1) we have s,, = n, but

we have already showed examples where s,, = 2n (paragraph 1.1.1), s,, = n? (paragraph 1.3.3) or s,, = 3%
(paragraph 1.1.2)). Obviously, a subsequence of {4, }, is still a matrix-sequence.

Definition 2.1.1. Given a matriz-sequence { A, }n, and a functional ¢ : C.(C) — R, we say that ¢ is a spectral
symbol for the sequence {A,}n if

i Ly e =e@,  veea) (2.1)

where \j(A,) are the eigenvalues of A,,. In this case, we write

is also referred to as the ergodic formula for the spectral symbol, and is the starting point to
understand what a symbol really is. Notice that ¢, when it exists, is univocally determined by {4, },, since

{An}n ~A ¢7 {An}n ~A Qsl - ¢(G) = ¢/(G) VG € Cc((c)7 - ¢ = ¢l'

2.1.1 From Functionals To Functions and Measures

To move on, we have to first reconnect to the intuitive spectral symbols presented in so measurable
functions k(z), matrix-valued functions Y(x) and measures p.

e Let D C R? be a measurable set with positive and finite d-Lebesgue measure, and let x : D — C be a
measurable function. Consider the functional ¢, : C.(C) — R defined as

1
La(D)

6 (G) = /D G(r(x))dx, VG € C.(C),

where ¢4 is the d-dimensional Lebesgue measure. In this case {A,}, ~x ¢, means

Sn 1

1
D> G((An) = m/Dc;(n(x)ij, VG e C.(C). (2.2)

lim —
n—o00 §,, 4
Jj=1

25
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e Let D C R? be a measurable set with positive and finite d-Lebesgue measure, and let T : D — C*** be a
measurable matrix-valued function. Consider the functional ¢y : C.(C) — R defined as

or(G) := ed(lp) /D Zi:lG(ji(T(x)))dx, VG € C,(C),

where ¢4 is the d-dimensional Lebesgue measure. In this case {A,}, ~x ¢y means

nlggoiicuj(fln)) = €d<1D) /D Z”:1Cz(jiof(x)))ci;c, VG e C.(C). (2.3)

e Let 4 be a positive measure on C of mass |u| < 1. Consider the functional ¢, : C.(C) — R defined as

$u(G) ::/CGdu, VG € C.(C).

In this case {A,}n ~» ¢, means

Sn

L D G((An) :/Gdu, VG e C,(C). (2.4)
C

lim —
Notice that ¢y, ¢y and ¢, are all well-defined since the conditions £4(D) < oo, |u| < 1 and G € C.(C) make
the right hand sides of [Equation 2.2 [Equation 2.3| and [Equation 2.4 dominated by |G| . In we will
conduct an analysis of the operators ¢,, that will require some concepts from measure theory. We can see that
is just a particular case of with s = 1, but higher values of s are interesting only
for practical purposes, so for now we put them aside and focus on ¢,. The first result we present links the
expressions {A, }, ~x ¢, and {A,}, ~x Kk, showing that under the right conditions, they are equivalent.

2.1.2 Link To The Intuition

In order to formally link the ergodic formula with the intuition provided in[chapter 1] we need several arguments
that we will introduce in the following chapters. In particular, here is a list of the most important tools we still
miss.

e A complete pseudometric structure on the space of sequences and symbols.

e Algebraic structures on particular subspaces of sequences and symbols, and how they are linked to the
ordering of eigenvalues.

e An analysis of the space of spectral measures.

Using all the listed arguments, we can come up with the following theorem.

Theorem 2.1.2 ([7]). Let {A,}n be a matriz-sequence, and let & be a complez-valued measurable function on
[0,1].
{An}n ~X ¢/§ — {An}n ~\ K.

In [6], a similar result appears, but considers only real-valued symbol. It is important, though, because its proof
does not involve measure theory, and stress the importance of the increasing rearrangement of functions that
we introduce in the next section.

draws a closure for the argument ’spectral symbol’, letting us enunciate a general definition.

Definition 2.1.3. Given a matriz-sequence {A,}, and a measurable function k : D — C on D C R% where
0 < £4(D) < o0, we say that k is a spectral symbol for {A,}n if {An}n ~x ¢w, and in this case we write

{An}n ~\ K.

Notice that when D = [0, 1], |[Definition 2.1.3|and |[Definition 1.3.1f coincide thanks to For this
reason, from now on we will use mostly the simple notation {A,}, ~x « instead of {4, }, ~x dx.

In the next paragraphs and sections we analyse leading to an other equivalent characterization
of spectral symbol.
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2.1.3 Asymptotic Rates of Eigenvalues

Set x to be a measurable function over D C R? with 0 < £4(D) < oo. From the definition, we know that

{Au}a ~x & when holds,

< 1

1
lim — / G(k(x))dx, VG e C.(C).
Let us now consider a complex disk B = B(zp,7) :={z € C| |z — 29| <7} and take G € C.(C) close to X so
that

XB(zo,rfe)(Z) < G(Z) < XB(zg,rJre)(Z) VzeC

for a small enough € > 0. Analysing both sizes of the ergodic formula, we can see that the left side is almost
the asymptotic rate of eigenvalues of A,, lying inside B

Sn

1
lim —
n—o0 Sy, n—00 Sn

GO\ (An)) ~ nli_)ngosiiXB()\j(An)) A FALVICTASE S §

j=
whereas the right hand side value is roughly the measure of the set k= (B), divided by £4(D)

1 1 (x xzﬁd{xeDM;(x)eB}
fd<D>/,3G<“<X))dX 7a(D) /DXB( () 7a(D) |

In other words, the ergodic formula is telling us that the rates of eigenvalues lying in a disk B (or in an interval
in case of real eigenvalues) converge approximatively to the normalized measure of the set where x(z) takes
values in B. It is evident when \;(A4,) form an exact sampling of the symbol, like in (a), and in
general, it holds for almost every disk (or interval). Sadly, there are cases when this correspondence is not
perfect, and for some disk the limit

L # L A(A) € B)

n—00 Sn

may not even exists. What can be proved is just that

lg{xeD|k(x)e B} ;(;é{j|>\j(An)eB}S

<liminf
Ed(D) - 17{1_1>1£ Sp,
§limsup#{j | \j(A,) € B} < Li{x € D] kK(x) EB}.
=00 Sn Lq(D)

Here we present a simple example of this behaviour, that is also our first example of spectral symbol according

to [Definition 2.T.11

Example 2.1.4

» Let A, = (1+ (=1)"1) I, and let x(z) = 1 be a measurable function on D = [0, 1]. Given any G € C.(C),
we have that

Sn

=603 =6 (14 (1) <= 6
1 1
) DG(/@(X))dX— AR o G(1)dx = G(1),

so {A,}n ~x k. Consider now the disk B = B(0,1) and let us compute the rate of eigenvalues inside B.

#{j | \i(An) € B} :{

Sn

1, n odd,

0, n even.

We can clearly see that the limit does not exists, but

#{iI\(A)€BY _ti{xeD|rx)eB} _

li 1
E Sn (D) ’
liminf#{j‘Aj(An)EB}:€1{X€D|R(X)EB}:0.

n—00 Sn £1(D)
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In this situation, X g does not satisfy the ergodic formula, but it is easy to prove that if 1 &€ 8B’, then the
ergodic formula holds for Xz/. In fact,

1 & 1 1, 1eB"°
lim — Y Xg\:i(4,) = —— | Xgp dx =<7 -,
oo sn]; & (A (4n)) El(D)/D p((x))dx {0, 1¢F.

Consequently, the only ’bad’ disks are the ones with the value 1 on the boundary.

In the example, the ergodic formula holds with Xz for almost any disk B, and in general, one can prove that
this property is a characterization of the spectral symbol. It can be seen as a corollary of and
[Lemma 4.7.6

Theorem 2.1.5. Let D C R? be a measurable set with positive and finite d-Lebesque measure, and let k : D — C
be a measurable function.

o If{A,}n ~x K, then the set

{r e R"| X B(z,r) does not satisfy }

contains at most numerable points for every zg € C.

e [f the set
E,, ={reR"| X B(z,r) does not satisfy }

has Lebesgue measure zero for every zg € C, then {Ap}, ~a K.

It is a fundamental property that we will explore in the sext section, since it is useful to tell when different
functions can be spectral symbols for the same sequence.

2.2 Rearrangement

In we have seen that different functions can represent the spectral distribution of the same
sequence. If we rely only on the spectral symbol is univocally determined by {4, }n, so ¢,
and ¢,/ are spectral symbols for the same sequence if and only if ¢, = ¢./. In such case, we say that k is a
rearrangement of k'.

Definition 2.2.1. Given two functions k : D — C and k' : D' — C where D C R*, D' C R are measurable
sets and have finite non-zero d or d' Lebesque measure, we say that k is a rearrangement of k' if for every

G € C.(C), we have
1 1

W/I)G(m(x))dx: W//G(ﬁ’(x))dm.

The ’rearrangement’ is an equivalence relation between functions, and in particular it is transitive. Moreover,
from the arguments in two different functions x and &', even on different domains D, D’,
produce the same distribution when ¢(k~1(B))/¢(D) = ¢(x'~1(B))/{(D") for almost every disk B C C, since
they are both equal to the asymptotic rate of eigenvalues of A,, inside B. This is not only intuitive, but can
be actually proved through some measure theory, and extended to include all disks in C. We can thus wrap up
the information we have in the following result.

Lemma 2.2.2. Let k : D — C and ' : D' — C be two measurable functions where D C R?, D' C R are
measurable sets and 0 < £4(D) < 00, 0 < £y (D) < co. Let moreover B be the set of all closed disks in C. The
following propositions are equivalent:

1. {An}n ~y R = {An}n ~A 'k‘./lf
2. (bn = ¢I€/7

3. K 1s a rearrangement of /',
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4' Zd{zlJ:((g))EU} _ Z,i/{zr(ll:@('(D:lc/))EU}7 VU € B.

Proof. (1. = 2.) It comes from the unicity of spectral symbol ¢.
(2. = 1.) Obvious

(2. <= 3.) It is evident from [Definition 2.2.1]
(4. = 1.) It follows from [Theorem 2.1.5

(1. = 4. If G, € C,(C) are nonnegative functions that converge punctually to Xy and are all bounded
by an L' function, then

1 1 1 / ) ,
4(D) _/DGm(fi(m)) - W/DXU(FE(I')); o | G (K (2)) — Ed/(D’)/,XU(K ().
Since .
nlLIIgo;;Gm(Ai(An)) = Kd(lD) /DGm(lﬁZ(:C)) = ﬁ/,am(“/(x)) Vim

we conclude that

lfx|k(z) €U 1 1 ) = Ly{z|k' (z) e U}
P = | Xt = s [ v = SRS,

Example 2.2.3

» An example of function rearrangement has already been shown in [paragraph 1.2.1) where ki (z) := 2 —
2 cos(kma) where all spectral symbols for the same sequence, and it can be proved that they are all

rearrangements of k1 (z) = 2 — 2 cos(nx). Inwe can see that the function k9 is a rearrangement
of k1, since for every interval [a,b], the set #, '[a,b] (in green) has the same measure of x5 '[a,b] (in
orange), and their measure is the asymptotic rate of eigenvalues inside [a, b], that does not change after a
reordering.

» Another example is provided by [Figure 1.2| (b), that is the a rearrangement of the function showed in
Figure 1.9 (b). This is also a case in which a matrix-valued symbol T can be analysed through a scalar
symbol x, and in a sense we can say k is a rearranged version of Y, since ¢y = ¢,

o ® °®
L] ° L] °
LN
B ° . °
aT ° . ¢
L] L]
° L] ° L]
g ° PN
0 1
(a) Eigenvalues of Ais according two different sorting. (b) ki(x) and Ka2(x) .

Figure 2.1: Plot of the spectrum of Ais according to the orderings that converge to k1 and k2. Given the interval [a, b]
on the abscissae, the sets k] [a,b], Ky *[a,b] and the eigenvalues inside [a,b] are also indicated.

Recall that refers only to symbols on the domain [0, 1]. Later we defined the spectral symbol
for more general measurable functions, but in [7] we showed that any function x : D — C admits a rearrangement
& on [0, 1], even though & is complex-valued. Thanks to|[Lemma 2.2.2| and [Theorem 2.1.2) we can thus conclude
that id {A,}, ~x &, then it admits also a spectral symbol on [0, 1], so [Definition 1.3.1|is able to identify all the
sequences with a symbol represented by a measurable function.

Lemma 2.2.4 ([7]). {A,}n enjoys a spectral symbol k if and only if the eigenvalues of {A,}n converge to a
function & on [0,1], and in this case, & is a rearrangement for k.
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In particular, it means that for any sequence with a symbol, we can find an ordering of the eigenvalues that

converge to a measurable function in [0, 1], even when it seems impossible, like in |paragraph 1.3.2] In particular,
in the next paragraph, we show that in case the eigenvalues are real, they always converge in increasing order.

2.2.1 Increasing Rearrangement

In this paragraph, we focus on real-valued functions k, since we will use the natural ordering provided by R.
For any measurable function & : D — R over a measurable set with finite non-zero d-Lebesgue measure D C R?,
define the monotone increasing function & : [0,1] — R as

_Ed{x:/f(x)<z}> }
A Sl et NSV O

&(y) = inf {Z : 7a(D) (2.5)

Some of the properties of £ are contained in the following result.

Lemma 2.2.5 ([57]). If £ is defined as in[Equation 2.5, then

e £ is increasing, left continuous and its essential range coincides with the essential range of k,
e £ is a rearrangement of K,

e if ¢’ is an increasing rearrangement of £ on [0,1], then & = & except for at most numerable points, and
they are all discontinuity points for &,

o & is the only left continuous increasing rearrangement of k on [0, 1].

We have thus a characterization of &, that we call increasing rearrangement of k. Notice that if the essential
range of k is an interval, then its increasing rearrangement is continuous, even if x is discontinuous. We already
showed an example in (b), that is the increasing rearrangement of the discontinuous function showed
i ().

A consequence of and the transitivity of the 'rearrangement’ relation, is that, given a couple of
real valued functions k and «’, even on different domains, x is a rearrangement for ' if and only if their increasing
rearrangement coincide. Another way to put it is that every equivalence class of real-valued measurable functions
under the 'rearrangement’ relation admits an unique left continuous increasing representative. Combining it

with we obtain the following result.

Lemma 2.2.6. Letx : D — C and k' : D' — C be two measurable real-valued functions where D C R, D' C RY
are measurable sets and 0 < £g(D) < 00, 0 < Ly(D’) < oo. Let & and &' be the increasing rearrangement of K
and k' respectively. The following propositions are equivalent:

1. {An}n ~y R < {An}n ~A KI;

2. £=¢.

Going back to the increasing rearrangement plays an important role, since it is often the only
symbol for which we know what ordering we must impose on the eigenvalues in order to achieve convergence.

Lemma 2.2.7 ([6]). Given a sequence {A,}, where every A, has only real eigenvalues, and a real-valued
measurable function k : [0,1] — R, consider £ : [0,1] — R the increasing rearrangement of k. The following
holds:

{An}n ~y K {An}n ~X 57
and moreover, the increasing ordering on the eigenvalues of A,, makes the sequence converge to & according to

[Definition 1.3.1

In other words, if we have only real eigenvalues, then the sequence {4, }, admits a spectral symbols if and only
if its increasingly sorted eigenvalues converge to a measurable function. This result was also hinted by the work
[22].
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2.3 Singular Value Symbol

Up until now, we have worked with the eigenvalues of matrices A,,. We could do so, because in all our examples
our matrices where Hermitian (paragraph 1.2.1} paragraph 1.1.2} [paragraph 1.1.1)), or normal
or small perturbation of the above (paragraph 1.2.2)). When the sequences do not belong to
any of those classes, the eigenvalues may behave in unpredictable ways, and thus it becomes more useful to
study the singular values of the matrices.

Recall that any matrix A € C"*" admits a decomposition A = UXV where U,V are unitary matrices, and
> is a diagonal, real and entry-wise nonnegative matrix. The diagonal entries of ¥ do not depend on the
decomposition, they are nonnegative real numbers, and they are called singular values of A, that we will denote
as 01(A),...,0,(A). When the singular values of the matrices A,, tend to a distribution for n — oo, we say
that the sequence enjoys a spectral value symbol. Its general definition makes again use of functionals.

Definition 2.3.1. Given a matriz-sequence { Ay}, and given a functional ¢ : C.(R) = R, we say that ¢ is a
singular value symbol for the sequence {A,}n if

lim Si S Gloj(A) = 6(G), VG € Cu(R), (2.6)

where 0j(Ay,) are the singular values of A,,. In this case, we write

{An}n ~o ¢

When ¢ = ¢, we can repeat all the arguments of the precedent sections, and come up with analogous results,
with the only difference that this time we want information about the asymptotic distribution of the singular
values for a sequence {A,},. In particular, we can always increasingly order the singular values, since they are
real numbers, and check if their plot on [0, 1] converge to an increasing function  : [0, 1] — R*. In short, both
the plot convergence argument and the ergodic formula can be adapted, obtaining two equivalent conditions
for a function x : D — R to be a symbol for {A,,},, where the range must be in R* since o; are all real and
nonnegative.

Here, though, we want to add another degree of freedom on the choice of the symbol. In particular we want
a meaningful condition that can be checked on any measurable function x : D — C, so we define the singular
value symbol for a sequence as follows.

Definition 2.3.2. Given a matriz-sequence {Ap}n, and a measurable function x : D — C on D C R%, where
0 < £4(D) < o0, we say that k is a singular value symbol for {A,}, if

dX = ¢|n\( ) VG e CC(R) (27)

nlgr;O;ZG 0j(An)) =

In this case, we write

{An}n ~o K.

From the definition, we can make the following observations.

e A singular value symbol for a sequence {A,},, depends only on the singular values of the matrices, so it
does not change when we multiply the matrices A,, by unitary matrices on any side.

e The ergodic formula has to be checked only on C.(R), opposed to the usual C.(C) space, since |k(x)| € R.

e If k is a singular value symbol for {A, },, automatically even || is a singular value symbol for the same
sequence.

e Differently from the spectral symbol, k is a complex-valued function, so usually it is not a rearrangement
of the real-valued function |k|. As a consequence, the rearrangement result does not hold for the singular
value symbols.

Here we list the results of the preceding sections adapted to the case of singular value symbols.
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Theorem 2.3.3. Let D C R? be a measurable set with positive and finite d-Lebesgue measure, and let k : D — C
be a measurable function.

o If {A,}n ~o K, then the set

{r eR"| XB(z,,r) does not satisfy }
contains at most numerable points for every xy € R.

o If the set
By = (r € B | Xiey ) docs mot sutisfy (7))

has Lebesgue measure zero for every zg € C, then {A,}n ~o K.

Lemma 2.3.4. Let k : D — C and k' : D' — C be two measurable functions where D C R?, D' C R¥ are
measurable sets and 0 < £4(D) < 0o, 0 < £y (D) < co. Let moreover A be the set of all closed intervals in R.
The following propositions are equivalent:

L {An}n ~No K {An}n ~o K/;
b ¢\f~c| = ¢|n’\:
e |x| is a rearrangement of |K/|,

tafelln(@)|eU} _ ty{allw' ()€U}
* L) - oy o UER

Theorem 2.3.5. Given a measurable function k : D — C on D C R?, where 0 < £4(D) < oo, let & be the
increasing rearrangement of |k|. Let {A,},, be a sequence of matrices, where A,, € C»*n and s,, is a sequence
of natural numbers that diverges. For every n, let h, = s,;1 and call &,(x) the function that is linear on every
interval [(j — 1)hn, jhy] for 5 =1,..., s, and such that

5”(0) :07 fn(]hn) :Uj(An) V]: 17~'~vsna
where 0j(Ay,) are the singular values of A, considered in non-decreasing order
O’l(An) S UQ(An) S S Usn(An)~

In this case, K is a singular value symbol for { A}, if and only if {&,(x)}n converges in measure to &(x).
Moreover, for every &' rearrangement on [0, 1] of |k|, there exists an ordering of the singular values for which
{&.(2)}y, converges in measure to &' (x).

The reason for this choice is not easy to explain, but is linked to the fact that for a normal matrix A, we have
0;(A) = |\ (A)], so for every normal sequence {A,},, it is easy to check from the ergodic formula that

{Ap}n ~a 6 = {An}tn ~o K.

We will see better how spectral symbol and singular value symbols are connected in



Chapter 3

Perturbation

In the previous sections, we have defined what is a symbol (spectral or referred to singular values) of a matrix-
sequence {A,},. In particular, we also gave an intuitive notion of symbol, in the case it is represented by a
measurable function & over [0,1]. Here we want to examine how a perturbation of the matrices A, affects the
symbol of the sequence.

We have already seen some modifications of the sequence that does not change the symbol. In particular, if
{A,}n ~x & (or {A,}n ~o k), then the symbol stays unchanged if

e we extract a subsequence from {4, },,
e we modify a finite number of elements in {4, },,

e we operate a base change on every 4, (or, in the case of singular values, multiply orthogonal matrices to
every A,).

From we have also seen that a perturbation of low norm or low rank seems to not affect the
symbol, and in the present section we are going to explain formally why.

In order to analyse the perturbation, though, we first need to specify the space we are working on, and fix some
notation. After fixing a diverging sequence of positive integers {s, },, we denote the space of matrix-sequences
as

& = {{An}n | Ap € Cn ¥ }

and the space of Hermitian matrix-sequences as
&= {{An}n | Ap € C¥n A, = A wn}.

A sequence of elements in & or &y will always be indexed by m, and denoted as { By, i }n,m where it is intended
that By, ., € C*»** for every m.

On the other side, we also need to denote the space of symbols we consider. We always work with complex-
valued functions on D C R? that are measurable according to the d-Lebesgue measure £4, where 0 < £4(D) < oo.
We denote this space as

Mp ={k:D —C {4measurable }/ ~,

where we identify two functions x and «’ through the relation ~ if they are equal £;4 almost everywhere.

3.1 Approximating Classes of Sequences

let us return to where we defined the spectral symbol through the convergence of the plot of
eigenvalues to a limit function in measure. Note that if for every matrix A, we change few eigenvalues, even
with a huge gap, or if we globally perturb the eigenvalues by a quantity e, MmN 0, the convergence in measure
of the eigenvalues plot still holds.

On practical terms, though, a perturbation of the matrices A,, is always additive, meaning that the perturbed
sequence will be of the form {A,,+ E, },. It is not easy in general to analyse the eigenvalues of a sum of matrices,
but there are classical results in linear algebra that can help us.

33
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3.1.1 Definition and Properties

From now on, when we write the eigenvalues of an Hermitian matrix X € C™*™ as \;(X), or the singular
values of a generic matrix X € C™*™ as ¢,;(X), we always suppose that they are ordered in a non-increasing
way, meaning that

01(X) > ... > on(X), M(X) > o> (X)),

and by convention, we impose that when we have o; or A\; with j ¢ [1,m], then

‘<]—7 ’ .<]-7
Aj<X>—{+°O’ y oj<X>—{0+°° ’
—00, j >m, , j>m.

In what follows, the notation ||X|| stands for the 2-norm or spectral norm of the matrix X, that is namely the
biggest singular value of X, and, in case X is normal, it is also the spectral radius of X.
Moreover, the notation || X ||, stand for the p-Schatten norm of the matrix A, defined as

1Al = (1(A)P + - + on(A)P)/P
for any p € [1, 00), and
[Alloo := a1(A) = || A]l.

In particular, the 2-Schatten norm coincides with the Frobenius norm.

AN = 01(A)? + -+ + 0(A4)* = (AT A) = Y Jai|* = | A3

ij=1

Using these notations, we can formulate the Interlacing Theorems and some consequences of Weyl Inequalities
for eigenvalues and singular values of matrices.

3.1.1.1 Interlacing Theorems and Weyl’s Inequalities

Theorem 3.1.1 (interlacing theorem for singular values, [20, Exercise 111.2.4]). Let Y = X + E, where
X,E € C™*™ and rk(E) = k. Then

0j—k(X) > 0;(Y) > 0j11(X), ji=1...,m.

Theorem 3.1.2 (interlacing theorem for eigenvalues, [20, Problem I11.6.4] ). Let Y = X + E, where
X, E € C™*™ qre Hermitian and tk(E) = k. Then

Nop(X) = N0 = Aar(X), G=1,.,m.

These results have to be interpreted keeping in mind the informal definition for symbol. In fact, if {A,}, ~x Kk
and A,, are Hermitian matrices, then the eigenvalues of A,, tend to converge to the increasing rearrangement &
of k on [0,1]. Remembering that the plot of the eigenvalues associates A;(A,) to the ordinate j/n, it is easy to
show that given a number z € [0,1] and a function f(n) = o(n),

ALan)— ) (An) = Man 1 fn)(An) == 0
for almost every x, since they both tend to the value £(x). It means that if f(n) = rk(E,) = o(n), then the
equation

Aj—pn)(An) 2 Aj(An + En) = Ajyp(n) (An)

shows that almost all the eigenvalues of the perturbed sequence are approximated well by the eigenvalues of A,,,
except for the first f(n) and the last f(n). In other words, a perturbation {F,}, with rk(E,) = o(n) changes
significantly only o(n) eigenvalues for every n, and it is not enough to disrupt the convergence in measure of
the eigenvalues plot, and thus the overall spectral symbol. The same argument can be adapted to the case of
singular values.

Theorem 3.1.3 (perturbation theorem for singular values, [20, Problem 111.6.5]). Let Y = X + E,
where X, FE € C™*™ . Then
|Uj(X)_O—j(Y)|§HEH7 J=1...,m.
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Theorem 3.1.4 (perturbation theorem for eigenvalues, [20, Corollary 111.2.6]). Let Y = X + E, where
X, E € C™™ are Hermitian. Then

A (X) =N <E[, j=1....m.

These results show that the perturbation E globally affects the eigenvalues and singular values proportionately
to its norm || E||, so a sequence {E, }, with ||E,| = o(1) cannot change the symbol of {4, },, ~x, k. Following
this lead, one can define a notion of convergence on & due to Serra-Capizzano [73], but that was actually inspired
by Tilli’s pioneering paper on LT sequences [84].

3.1.1.2 Definition

Definition 3.1.5. Given a sequence of matriz-sequences { By m }n.m, it is said to be an approximating class
of sequences (in short a.c.s.) for {Ay,}, if there exist {Ny mtn,m and {Ry m}n.m such that for every m there
exists n,, with

An = Bn,m + Nn,m + Rn,ma ||Nn7m|| S W(m)a rk(Rn,m) S snc(m)
for every n > n,,, and
w(m) =2 0, c(m) =25 0.

In this case, we say that { By, tn.m is a.c.s. convergent to {A,},, and we use the notation {By, m}nm ——

{An}n.

In other words, { By, m }n,m converges to { A, }, if the difference { A,,— By, m }» can be decomposed into { Ny, . }r.m
of ’small norm’ and {R,, y }n,m of ’small rank’, according to the intuition given by the classical results in linear
algebra.

Example 3.1.6

» Let us modify the sequences in In particular, define
0 -1
1 1 0 -1 [ln/m]
= | Run=2 Y e e el
1 0 -1 i=1
1 0
and
2 -1
-1 2 -1
An: ) Bn,m:An+Nn,m+Rn,77u
-1 2 -1
-1 2

where By, 1, Any Npm, Rn,m are all n x n matrices. We have thus built an example of sequences of matrix-
sequences where

m—r o0

0 tk(Ry, m)

Nnm §7—>
1N log(m) n

IN

E{EJSLWH_OO)O.
nLtm m

and consequently { By m bn.m —— {An}n-

Here we report a result often used in practice when checking for a.c.s. convergence, even if it does not work
well with high-norm low-rank perturbations, like in

Theorem 3.1.7 (|52 Corollary 5.3]). For every p € [1,00], if
lim limsup (s,)”"?||A, — Bpml, =0,

m—00 noo

then {Bp.m ynm —% {Ap}n. Here we are using the notation 1/oo = 0, and || - ||, stands for the p-Schatten

norm introduced at the start of [paragraph 3.1.1]
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Notice that the a.c.s. convergence is defined for all sequences, but in [Theorem 3.1.4] and [Theorem 3.1.2] we
need Hermitian sequences in order to work with the eigenvalues. In fact, when we deal with general sequences
and perturbation, the eigenvalues may behave in a very erratic way. The only cases we are able to spectrally
analyse are non-Hermitian perturbations of Hermitian or normal sequences, but the a.c.s. convergence is not

enough, and we need more specific results. We will cover the argument in

3.1.1.3 Sparsely Unbounded Sequences

To conclude the present paragraph, we provide a result about the algebraic properties of the a.c.s. convergence
on sequences, but first we need an additional definition.

Definition 3.1.8. Let {A,}, be a matriz-sequence. We say that {A,}n is sparsely unbounded (s.u.) if for
every M > 0 there exists np; such that, for n > nyy,

#{ie{l,...,s,}: 0i(Ap) > M} <r

Sn

(M),

where limps 00 (M) = 0.
Moreover, we say that {A,}, is spectrally sparsely unbounded (s.s.u.) if for every M > 0 there exists nps
such that, for n > nyy,

#{ie{l,...,sn}: |Ni(An)| > M} <

Sn

(M),
where limps 0o r(M) = 0.
A sequence {A,}, is sparsely unbounded when for every e > 0 we can find a constant M such that the rate of
singular values grater then M is definitively less then e. In particular, if {A,}, ~s &, then {A,}, is s.u., since
the rate of the singular values grater than M correspond to the measure of the set {x € D | |k| > M } and it
converges to the empty set for M — oo ([562, Proposition 5.4]). A similar argument shows us that the same
holds for the spectral symbols.

Being s.u. or s.s.u. is thus a property shared by all sequences admitting a symbol x, but the same cannot be

said for sequences admitting symbol ¢ in general. Actually, it turns out that for sequences admitting symbol
¢, s.u. and s.s.u. are sufficient conditions for the existence of a function x such that ¢ = ¢,. Since the proof of

the next result is quite technical, we will report it in

Lemma 3.1.9. Let D C R? be any measurable set with 0 < £4(D) < co. Given a sequence {Ap}n ~x ¢ for
some functional ¢ : Cc(C) — R, then

{An}n 880, <= Ik E€ Mp:d= .
Given a sequence {A,}n ~o ¢ for some functional ¢ : Cc(R) — R, then
{Ap}n su. <= IKE Mp:d= .

Going back to the a.c.s. convergence, the s.u. property comes into play when dealing with multiplication of
sequences, as shown by the next result.

Theorem 3.1.10 (54, Theorem 2.3]). If {By.mnm —— {An}n and {1B.m}nm L83 LAY, then
o (B, um = {A ),
o {aBnm + BB}, tnm —— {aAn + BA Y,
® {BnmB,, mtnm L5 LALAL Y, whenever {Ay )}, and {AL)Y, are s.u.,

o {BymCnlnm L LA,Ch )}y whenever {Cp )y, is s.u.
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3.1.2 Complete Pseudometric

The concept of a.c.s. convergence on the space of matrix-sequences & is actually induced by a pseudometric
d:& x & — RT, that is a symmetric function for which the triangular inequality holds, and the only reason it
is not a real distance, is that it may assume the value zero even when evaluated on pairs of distinct elements.

Definition 3.1.11. Given a matriz A € C*~**n we define the function

P (4) = min { ! +o—i<A>}.

i=1,...,5n+1 Sn
Given now a sequence {A,}n € &, we can denote

Pa.c.s. {An}n) = lim Susz(;jg‘)s.(An)v

n—oo

that lets us to introduce the a.c.s. distance d, ., on &:

da.c.s. ({An}na {Bn}n) = Pa.c.s. ({An - Bn}n) .

The intuition behind this definition is quite straightforward. By [Definition 3.1.5] we know that two sequences
{A,}» and {B,}, are close according to the a.c.s. convergence when their difference {4,, — B, }, can be written
as a sum of a low norm sequence and a low rank sequence. We want thus to choose the decomposition

that minimizes the quantity || Ny|| + rk(R,)/s, for every n. The answer to this problem is provided by the
singular value decomposition (SVD) of A,, — B,, = UXV. In fact, if we split the diagonal matrix ¥ into Y+
where

o1 o1 0
g2

Os,,—1

n n

N
oD

and we call RY = US,V, N\ = US,;V, we have that

It can be proved that the decomposition minimizing rk(R,,)/sy + || N, || is necessarily one of the pairs (Rgf ), N,(Li))
for some 4, so that

p— 1
inf {rk(R,)/sn + || Nn ||}* min H{Z +O’¢} = Pa.cs.(An — Bn).

,,,,,

Consequently, we conclude that the a.c.s. convergence is induced by dg ¢ 5.

Theorem 3.1.12 (|52, Theorem 5.1]). The function d, ..s. induces the a.c.s. convergence on &, meaning that
for every sequences { By m tn,m and {A,}, we have

oo

{Bn,m}n,m u) {An}n — da.c.sA ({Bn,m}na {An}n) &) 0.

Let us now analyse the functions ps.c.s., Pa.c.s. and dg . s.. Notice that, by convention, o, 11(4,) =0, so

pgzsg)s(An) = min {Z —! +0i(An)} < on =1 vn

Sn
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and consequently
Pa.c.s. {Anktn) = limsupp((fgl‘(An) <1,

n—00

da.c.s. ({An}na {BTL}TL) = pa.cs. ({A’!L - Bn}n) S 1'

If we analyse the function p{2)., we can prove that (52, Lemma 5.1])

e 0 < pgg;’)s(A) <1 for every A € C»**n and every n,

° p((f’c’)s,(OSn) = 0 for every n, where O, is the s, X s, zero matrix,

e pucs(A) = pff,g_)s,(—A) for every A € C*»**» and every n,

. p,(f,g_)s,(A +B) < p((ISZ)S(A) —l—p,(fg,)s_(B) for every A, B € C*»*%» and every n,

and consequently

dr(zsp)s (Aa B) = pgSZ‘L)Q(A - B)
is a pseudometric on the space of s,, X s, complex matrices. The function d, . s. is the limit of df;?’g)s., and we
can prove that it is a complete pseudometric.

Theorem 3.1.13 ([B [, I1]). Let d,, be pseudometrics on the space of matrices C"*™ bounded by the same
constant L > 0 for every n. Then the function

d({An}n, {Bn}n) = limsupds, (4., By)
n—oo

is a complete pseudometric on the space of matriz-sequences &. In particular, given {Bp mnm @ Cauchy
sequence with respect to the pseudometric d, there exists an increasing map m : N — N with lim,,_, o, m(n) = co
such that for every increasing map m’' : N — N that respects

e m'(n) <m(n) Vn
e lim, ,oo m'(n) = o0

we get
d
{Bn,m}n,m — {Bn,m’(n)}n

The last result holds for every limit of pseudometrics, so d, ... is indeed a complete pseudometric on &. More-
over, it shows that every a.c.s. convergent sequence {By, y }n.m admits an a.c.s. limit that is a sequence built
using only matrices chosen among the B, ,, themselves.

dg.c.s. 18 not the only complete pseudometric inducing the a.c.s. convergence. Actually, we can give infinite
examples of such distances, one for every concave function with some properties.

Definition 3.1.14. Let ¢ : [0,00) — [0,00) be a concave bounded continuous function such that ¢(0) =0 and
@ >0 on (0,00). Given a matriz A € C»**n_we can define the function

PP (A) = -3 ploi(A).
"i=1

Given now a sequence {Ap}n € &, we can denote the ¢ distance as

p?({An}n) = limsup p**"(A,),

n—roo

d?({An}ns {Bn}n) = p*({An — Bn}n).

In [IT], it has been shown that [Theorem 3.1.13|still apply with similar arguments, and we can conclude that
d¥ is again a complete pseudometric on &, and it also induces the a.c.s. convergence, thus providing us infinite
possibilities to check the a.c.s. convergence for sequences.
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Theorem 3.1.15 (|I1]). Let ¢ : [0,00) — [0,00) be a concave bounded continuous function such that ¢(0) =0
and ¢ >0 on (0,00). Then, the function d¥ is a complete pseudometric on & inducing the a.c.s. convergence.

The perk of using a concave function induced pseudometric, is that it requires different knowledge about the
singular values of the matrices from the ones needed in the computation of d, . ..
Example 3.1.16

»
¢1(z) = min{z, 1}

leads to the distance

d?*({An}n, {Bn}n) = limsup si zn: min{o; (4, — B,), 1}.

[ 2
X
pa2(x) = T+ 1

leads to the distance

on Ui(An - Bn)

1 Z
<p2 = 1
d ({AH}TH {Bn}n) hrrLILSol:;p Sn i—1 Ui(An - Bn) +1

Now that we have defined the a.c.s. convergence and pseudometric, it is time to see how it affects the symbols
of the sequences.

3.1.3 Metric on Measurable Functions

First of all, let us fix a metric on the space of measurable functions .Zp.

Definition 3.1.17. On the space .#p with D C R?, we can define the function

_ . Jla{zeD]|f|>L}
DPmeal(f) = mf{ 72(D) +L}.

This function induces the distance
dmea(fu g) = pmea(f - g)

The distance d,,e, induces the convergence in measure on .Zp and it is a complete metric. Here we report the
definition of pé"c)s
. i—1
el )= _in 2o

i=1,...,n+1 n
It is immediate to notice that p,,e., and pflnc)s have explicit similarities. In fact they are both infimum of a

sum with two addends. In p((fc)_s,, we have o; and the rate of singular values greater then ;. In p,,cq, we have
L and the rate of the domain where f takes value greater then L. Remembering we see that if
{A,}n ~o f and o; = L, then a limit operation brings one quantity into the other, as seen in [Figure 3.1

Moreover, peq aims to minimize, over all possible partitions of the domain D into two sets

D={zeD|f(x)<L}, D={xeD|flx)>L},

the sum of the supremum of | f| over D and the normalized measure of ﬁ, that mimics exactly the decomposition
Y =3; + X, seen in [paragraph 3.1.2| that minimizes | N,| + rk(R,)/sn.
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°
°o o
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+eeeee® — ®o0000—
(a) Partition of the domain D into { f < L'} (in blue) (b) Partition of the singular values into { o < oy } (in
and { f > L} (in red). blue) and { o > o; } (in red).

Figure 3.1: Plot of f and the singular values of A, with {An}n ~o f. The rate of eigenvalues greater than L = o;
converges to the normalized measure of { f > L }.

It is thus not surprising that we can find a very close relation between the two metrics, expressed by the
following result.

Theorem 3.1.18 ([5]). Given {A,}, € & and k € M p, then

{An}n ~No K = paﬂs({An}n) = pmea('y‘:)-

Moreover, for every convex function ¢ we have induced a distance on &, so it is natural to think that there may
exist corresponding measures on .#p. That is indeed true, as established by the following definition and result.

Definition 3.1.19. Let ¢ : [0,00) — [0,00) be a concave bounded continuous function such that ¢(0) =0 and
© >0 on (0,00). Let

1
Pheall) = 55 [ o1
df@ea(fvg) :pvf@ea(f _9)7

forany f,g € Mp.

Theorem 3.1.20 ([I1]). Let ¢ : [0,00) — [0,00) be a bounded continuous function such that (0) = 0. Then,
for every {Ap}n € & and k € Mp,

{An}n ~o K - pw({A7l}n) = prfzea(’{)'

Notice that in|[Theorem 3.1.20} ¢ is not necessarily a concave function, and from the proof in [I1] we can see that

we could weaken the hypothesis. The concavity is essential when proving that d¥, ., and d¥ are distances inducing

the convergence in measure on .#Zp and the a.c.s. convergence on & respectively, as showed in [Theorem 3.1.15

3.2 Invariance and Convergence of Symbols

3.2.1 Closure Results

Like we anticipated, the a.c.s. convergence was formulated in order to link the convergence of the sequences to
the convergence of their symbol. We have already seen that the similarities between d, ..s. and d,eq, Or between
d? .. and df,.,, brought to[Theorem 3.1.18 and [Theorem 3.1.20, showing that

{An}n ~o K = pw({An}n) - pﬁbea(n)a pa.c.s.({An}n) = pmea(ﬁ)'

The link between the two spaces is actually much stronger than that. In fact, one can prove that the a.c.s.
convergence on the spaces & and &y is connected to the pointwise convergence on the space of functional
symbols C.(R)" or C.(R)’ respectively.
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Theorem 3.2.1 ([52, Theorem 5.4]). Let {An}n, {Bnm}nm € & and let
@, ¢m € CL(R). Suppose that

1. {Bn.m}n.m ~o &m for every m, Om 10}

2. {Bmm}n,m ﬂ) {An}n;

~

3. ¢m — ¢ pointwise.

Then {Ap}n ~o é.

Theorem 3.2.2 ([52] Theorem 5.6]). Let {An}n, {Bn,mtn,m € Ea and let ¢, ¢, € CL(R). Suppose that
1. {Bpm}tn,m ~x ¢m for every m,
2. {Bpmtnm =25 {A b,
3. Om — ¢ pointwise.

Then {Ap}n ~x ¢.

Suppose now that ¢, = ¢, and ¢ = ¢, for some measurable functions x,,,x on the same domain. If
Km — K In measure, it is easy to see that ¢,, — ¢ punctually, so we can state some immediate corollaries of
the last theorems.

Corollary 3.2.3 ([52, Corollary 5.1]). Let {A,}n, {Bn.m}n.m € & and let k, ki, : D C RE — C be measurable
functions defined on a set D with 0 < {;(D) < co. Suppose that

1. {Bnmtnm ~o Km for every m,
2. {Bn,m}n,m % {An}n;
3. Km — K pointwise.

Then {An}n ~o K.

Corollary 3.2.4 ([52, Corollary 5.2]). Let {A,}n, {Bn.m}n.m € Eu and let K, Ky, : D CR* — R be measurable
functions defined on a set D with 0 < {y(D) < co. Suppose that

1. {Bpm}tn,m ~a km for every m,
2. {Bn,m}n,m u) {An}n;
3. Km — Kk potntwise.

Then {Ap}tn ~x K.

On the practical side, the corollaries gives a way to find the symbol of a sequence {A,},. In fact, if we can
find a convergent sequence {Bj, n }n,m of simpler matrices for which we already know the symbol, we automat-
ically produce a candidate for the symbol of {4, },.

On a theoretical point of view, the last results prove that the set of couples ({4, }n, k) € & X #p such that
{An}n ~ox K the metric is closed with respect to dg.c.s. X dmeq. Later on, we will use this property to generate
a space of sequences by the operation of closure with respect to dy.c.s. X dmea-

Actually, the a.c.s. convergence is much stronger and binding on the singular values than one can think. In
fact it is possible to prove that the set . C & of sequences admitting a measurable function as a singular value
symbol (or the set Sy C &y of Hermitian sequences admitting a measurable function as spectral symbol) is
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closed with respect to the a.c.s. convergence. Note that . depends on the domain D of the measurable functions,
but if we denote .(D) the space od sequences admitting a singular value symbol on D, then |[Lemma 3.1.9[shows
that for every couple of domains D, D’,

dk € Mp : {An}n ~o k = {Aptnsu. < 3Ix’' € Mp : {An}n ~o K
and as a consequence, .¥ (D) = .#(D’) (respectively, .7y (D) = S (D’)). All the spaces .7 (D) thus coincide

and there is thus no need to specify the domain.

{Bn,m}n,m & {An}n

| Theorem 3.2.5. Let {A,}n, {Bum}nm € & and let kp, : Dy, C RFm —
C be measurable functions defined on sets Dy, with 0 < £, (Dp,) < 00.
Suppose that

|

|

|

|

+
Km K 1. {Bnm}tnm ~o km for every m,
2. {Bn,m}n,m u) {An}n

Then there exists a measurable function k : [0,1] — C that is a singular value symbol for {An}n.

Theorem 3.2.6. Let {A,}n, {Bn.m}nm € &g and let Ky, : Dy, € RF» — R be measurable functions defined
on sets Dy, with 0 < £y, (D) < 0o. Suppose that

1. {Bpm}tn,m ~a km for every m,
2. {Bnm}nm —=3 {An}n.

Then there exists a measurable function k : [0,1] — R that is a spectral symbol for {A,},.

The proof of is long and technical, so it is reported in [Appendix C| and [Theorem 3.2.6]is proved
following the same steps.

The results in this paragraph link the a.c.s. convergence with the convergence in measure, and we know
that they are induced, respectively, by d,.c.s. and dyeq- A difference between dy,eq and dg 5., or any pair of
distances induced by convex functions, is that di,e, is a distance on .#p, since two functions f, g that coincide
L4-almost everywhere are identified, whereas d, . s. induces only a pseudometric on &. In the next paragraph
we will study this particular behaviour.

3.2.2 Zero-Distributed Sequences and A.C.S. Equivalence

The function d, . s. induces a pseudometric on &, meaning that if {A,},,{Bn}n € & and

da.c.s. ({An}nv {Bn}n) = pa.c.s.({An}n - {Bn}n) = 07

then it may be not true that {4,}, = {Bn},. Equivalently, there exist non-zero sequences {Z,}, € & such
that

da.c.s. ({Zn}m {On}n) = Pa.c.SA({Zn}n) =0.

We call them zero-distributed sequences.

Definition 3.2.7. Any sequence {Z, }n, € & such that pg.c.s.({Zn}n) = 0 is called a zero-distributed sequence.
Moreover, we denote as

Z ={{Zn}n €& | pac.s.({Zn}n) =0}

the space of zero-distributed sequences, and with

P ={{Zn}n € &1 | pacs.({Zn}n) =0}

the space of Hermitian and zero-distributed sequences.
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Before going into the details, here are two examples of zero-distributed sequences.
Example 3.2.8

» Consider the matrices

nn—l
n—1
—1
= n
n—1
of size n x n. We can split them into NN, + R, where
0 nn—l
n-1 0
—1
N, = n R, = 0
n1 0

so that || N,|| < n~! and rk(R,) = 1. Notice that all the singular values of N,, are less than 1/n, and by

Theorem 3.1.1} also all the singular values of Z,,, except for the biggest, are still bounded by 1/n. As a
consequence,

n—oo t=L,...,n+1 n—oo T

) 1 1
Pa.cs.({Zn}tn) =limsup min { - + cr,-(Zn)} <limsup — + o= 0.

By definition, {Z,}, is a zero-distributed sequence.

» Consider the Hermitian matrices

so that p(N,,) = n~! and rk(R,,) = 2. Notice that all the eigenvalues of N,, are 1/n, and by [Theorem 3.1.2
all the eigenvalues of Z,,, except for the biggest and the smallest, are still 1/n. Since Z,, is a normal matrix,

the singular values are the absolute values of the eigenvalues and so

] 2 1
pecs({Zn}n) = limsup _ min {Zn n cn-(Zn)} <tmsup 2 L =0

neoo i=1,...n+1 nooo TN
By definition, {Z,}, is a Hermitian zero-distributed sequence.
The pseudometric induced by d, .s. identifies sequences that differ by a zero-distributed sequence. It naturally

induces an equivalence relation on &, that we call the a.c.s. equivalence.

Definition 3.2.9. We define the a.c.s. equivalence ~,..s on & as

{An}n ~a.c.s. {Bn}n — {An - Bn}n e
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Notice that if {A,},,{Bn}n € &, then also their difference belong to &. The a.c.s. equivalence on &y is thus
the restriction of the a.c.s. equivalence on &, since

{An}na {Bn}n S gH, {An}n ~a.c.s. {Bn}n — {An - Bn}n S D@fH

Using this notation, the zero-distributed sequences are exactly the equivalence class of the zero sequence {0y, }.

From the definition, for every zero-distributed sequence {Z,},, we have

otz = s (=L iz)

n—oo1=1,..., sp+1
and consequently, if we call 7,, the index that realizes the minimum for n, then

‘n -1 .
lim =0, lim o, (Z,) =0.

n—oo Sy, n— 00

In other words, all but a portion of singular values given by i’;:l — 0, are uniformly converging to zero. If we
plot the singular values of Z,, in increasing order, it is immediate to check that they are converging to zero, and

since

{Zn}n ~No K = pa.c.s‘({Zn}n) = pmea(‘%)

we can conclude that {Z,},, is zero-distributed if and only if {Z,}, ~, 0. The next result wraps up all the
observations made.

Theorem 3.2.10 (|52, Theorem 3.2, 5.2.]). Given a sequence {Z,},, € &, the following statements are equiva-
lent.

1. {Z,}n is zero-distributed.
2. {Zn}n ~a.c.s. {On}n-
3. For every n there exists a decomposition Z, = N, + R, such that

k(R
I+ ) g

lim
n— oo n

4. {Zx}n ~5 0.

If furthermore {Z,},, € &u, then the statements are also equivalent to

5. For every n there exists a decomposition Z, = N,, + R, such that N,, and R,, are Hermitian matrices and
rk(R
lim ||N,| + thiRn) _ 0.
n—o00 Sn,
6. {Zn}n ~x0.

Notice that we could deduce statement 4. using and

a.c.s.

noticing that if By, ,, = 0,, then {By, m}n.m —— {Z,}n. In the same
way, given any sequence {A,}, ~, k, we can add a zero-distributed
sequence and discover that the symbol does not change. In fact,

da.c.s. ({An}na {An}n + {Zn}n) = pa.c.s.({Zn}n> = 07

4
K k and by [Theorem 3.1.12{ we know that {4, },, == {A, } +{Z0}n. If we
set By, = A,, then we can apply again obtaining that

{A}n + {Z0}n ~o K, and if all the matrices were Hermitian, we could
say the same about the spectral symbol.

{An}n e, {An + Zn}n

~ ~
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The reason behind this behaviour can be deduced from Statement 3. and 5. of since for any
{An}n € &, and {Z,,},, € &, we can write their sum as

{An}n + {Zn}n = {An}n + {Nn}n + {Rn}n

In other words, we are perturbing A, by a matrix NV,, with small norm and a matrix R, with small rank.
[Theorem 3.1.3[and [Theorem 3.1.1{show that we are changing all but 2rk(R,,) = o(n) singular values by at most
| N.|| = o(1), so the singular value symbol of {A,,},, is preserved. Since the difference of any a.c.s. equivalent
couple of sequences is a zero-distributed sequence, we conclude the following result.

Theorem 3.2.11 (|52, Corollary 5.1,5.2]). Given two a.c.s. equivalent sequences {An}n,{Bn}n € &,

{An}n ~o ¢ — {Bn}n ~o (b

Given two a.c.s. equivalent sequences {Ap}n,{Bntn € &,

To conclude the paragraph, we report a way to test if a sequence is zero-distributed, that will be useful in

the applications. From one can come up with the following result.

Lemma 3.2.12 (|52, Theorem 3.3]). For every p € [1,00], if

lim sup (sn)fl/p”Zan =0,

n—oo

then {Z,}, is zero-distributed. Here we are using the notation 1/oo =0, and || - ||, stands for the p-Schatten

norm introduced at the start of [paragraph 3.1.1]

Like we noticed when we first defined the a.c.s. convergence, all the results involving spectral symbols require
Hermitian sequences. In the next paragraph, we deal with general perturbations of sequences, and we see how
they affect the spectral symbol.

3.2.3 Invariance of Spectral Symbol

Up until now we observed that the a.c.s. convergence deals well with the singular values symbols of general
sequences, but when we turn to the eigenvalues, we have to restrict ourselves to the space of Hermitian sequences.
Here is an example showing that a.c.s. convergence behaves poorly with spectral symbols.

Example 3.2.13

» Consider the matrices )
e

In [Example 3.2.8| we showed that {Z,,},, is a zero-distributed sequence, so we can call B, ,,, = Z,, and

a.c.s.

notice that {By, m fn,m —— {0p}n since

do.c.s. ({Bn,m}n,ma {On}n) =dg.c.s. ({Zn}na {On}n) =0 vm.
At the same time, Z,, is similar to the circulant matrix C,, defined in since

n—n—i—l n—1
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The eigenvalues of Z,, are the same as the eigenvalues of C,,, that are e for k = 0,1,...,n—1. From this

one can deduce that {C,},, and {Z,}, have x(z) = €?™* as spectral symbol over the domain D = [0, 1].
As a consequence,

{Bnm}nm ~x k(x) Ym, {Bn.m}n.m Los, {04 }ns k(z) m=eo, k(z)

but it is false that {0y}, ~x k(2).

3.2.3.1 Perturbation of Hermitian Sequences

Example 3.2.13| shows that if we perturb an Hermitian sequence (in this instance, {0,}, ~x 0) with a non-
Hermitian zero-distributed sequence, then the spectral symbol is not preserved in general. Using Hoffman-

Wielandt Theorem (|20, Theorem VI.4.1]), one can compare the perturbation of the spectra with the sequence
perturbation in some norm. It enables us to formulate suitable hypothesis on the perturbation to ensure that
a Hermitian sequence retains its spectral symbol.

Theorem 3.2.14 ([12]). Let {X,}, € & with spectral symbol k : D C R? — R where 0 < £,(D) < oo. If
HYn||2 = 0(\/ﬁ>7 then {Xn + Yn}n ~\ K.

Corollary 3.2.15 ([12]). Let {X,}, € &u with spectral symbol k : D C RY — R where 0 < £4(D) < oo.
Suppose that any of the following conditions is met.

1. |Yallp = o(/n) for some 1 <p <2.
2. [|Yal =0(1).

Then { X, + Yo} n ~x K.

Corollary 3.2.16 ([12]). Let {X,}, € &u with spectral symbol k : D C RY — R where 0 < £4(D) < oo.
Suppose that both the following conditions are met.

1. |V, = o(n).
2. |Vl = O(1).

Then { X, + Yo} n ~x K.

is a direct generalization of [56, Theorem 3.4], that has been used in practice to compute
the spectral symbol for several sequences of linear systems arising from the discretization of PDE. Even though
these results are enough to analyse sequences of matrices arising from several applications, there is a much
stronger conjecture that is still an open question.

Conjecture 3.2.17. Let {X,,}, € &y with spectral symbol k : D C RY — R where 0 < {,(D) < oo. If
IYalli = o(n), then {X,, + Yo }n ~x K.

In [§] it is possible to find a partial analysis of the conjecture, with several equivalent statements. What
happens if we start with a non-Hermitian sequence {X,, }, admitting a spectral symbol?

3.2.3.2 Perturbation of Normal Sequences

When dealing with normal matrices instead of Hermitian matrices, we get different results.

Lemma 3.2.18 ([10, 8]). Let {X,}» € & be a normal sequence, with spectral symbol k : D C R? — R where
0 < £4(D) < 0. Consider the following statements:

1. {Y,} zero-distributed and X,, + Y, normal,
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2. |Yollp = o(1) where 1 <p <2,
3N Yall, = O(H%_l) where 2 < p < o0,

4o 1Yall = o)

If any of them holds, then

2. 3. and 4. are direct consequences of [20, Problem VI.8.11]. the statement 1. comes instead from a totally
different reasoning that can be found in [I0]. In few words, we used the fact that a normal sequence {A,}, has
a spectral symbol & if and only if {p(A,)}, ~» p ok for every complex polynomial p(z) € C[z] (Lemma 5.2.3).

When the starting sequence {X,}, is not even a normal sequence, we can say almost nothing about the
perturbations that preserve the spectral symbol, so we report just some observation.

3.2.3.3 Perturbation of General Sequences

[Example 3.2.13| and [Example 3.2.8| show that we have little hope to find a perturbation result that is valid
starting from any sequence. Here we can show that there are even worse examples.
Example 3.2.19

» Consider the matrices
k(n—1)

of size n x n. following the same steps of [Example 3.2.8] we find that we can split Z,, into N, + R,, where

0 nk(n—l)

nk 0

so that || N, || < n=* and rk(R,,) = 1. As a consequence, {Z, },, is zero-distributed, and at the same time,

from [Example 3.2.13|we can infer that Z,, is similar to the circulant matrix C,,, 80 {Z,, }» ~a K(2) = €277,

It is evident that all the eigenvalues of N,, and R,, are zero. It means that if we perturb {Z,}, with a
sequence {—N,},, with || N, || = O(n=F), we obtain

{Zn}n ~X 627ri17 {Zn}n - {Nn}n - {Rn}n ~X 0.

Since it works for any k > 0, we infer that we cannot an uniform bound ||N,| = o(n~*) that works for
all sequences. Moreover, if we perturb {Z,},, with a sequence {—R,}, of rank 1, then

{Zn}n ~A 62‘“17 {Zn}n - {Rn}n = {Nn}n ~x 0.

What we can prove, starting from the Bauer-Fike result and its generalization ([20, [79]), is that there is a
class of perturbation of {A,},, with norm bounded by a function ¢,, depending only on {4, },, that preserves
the symbol.

Theorem 3.2.20 ([8]). Let {A,}, € & with spectral symbol x : D C R? — R where 0 < £4(D) < oo. There
exists a sequence of €, > 0 such that

INL|| <en, Vn = {A,+ Nu}n ~ k.
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Chapter 4

Spectral Measure

Up until now we have studied the case when a functional ¢ can be expressed through a measurable function .

In the case that ¢ is a symbol for a sequence {4, },, [Lemma 3.1.9| tells us that ¢ = ¢, for some function & if
and only if {A4,}, is s.u. (or s.s.u. in case of spectral symbol). Even if {A,}, is not s.u., it can nonetheless
enjoy a symbol ¢, but we cannot express it through a measurable function.

Example 4.0.1

» Let A, be a 2n x 2n matrix such that

A - ((—1)(;%[” I(i)

where I,, is the n x n identity matrix. A,, has half of its eigenvalues equal to 1, and the other half equal
to (—=1)"n. If we define ¢ as

s@) =40,
then for any G € C.(C),
i g, D260 = fim FEEGER 2 G0 < o),

thus {A,}n ~x ¢. At the same time, {4, }, is not s.u. or s.s.u., since

Jimn sup #{ie{l,...,2n}: 0;(A,) > M} — lim sup #{ie{l,...,2n}: |N(Ap)| > M} S

1
n— o0 2n n—o0o 2n - 5

for every M > 0. Consequently, there does not exists a measurable function s such that ¢ = ¢,.

We can prove also prove it directly. In fact, if K =1 on any domain D, then for any G € C.(C) such that

G(1) #0,

lim 3 GO(An) = @ £G(1) = TZ) /D Gr(x))dx

n—oo 2N

and if x # 1, then there exists a G € C.(C) such that G(1) = 0 and

lim L ZG(Ai(An)) _ G _ 0# %D) /D G(k(x))dz.

n—oo 2N 4 2

On the contrary, we can prove that for any ¢ € C.(C) there exists a measure p on C such that ¢ = ¢,,.

49
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4.1 Radon Measures

From [Definition 2.1.1] we can immediately deduce that any symbol ¢ must be linear, and

(@) S R 11
lplloc = sup == = —— lim — G\j(A))| < 77— lim — |Gl = 1.
GeC.(C) Gl oo |Glloe n—00 55 ; ! [Glloe 00 sp Z

Jj=1

Moreover, it is easy to check that when we evaluate ¢ on any nonnegative function G € C.(C) we obtain a
nonnegative value ¢(G) > 0. We just proved that any spectral symbol ¢ is a linear and continuous positive
functional on C.(C) with norm at most 1. With these hypotheses, we can use the Riesz representation theorem.

Theorem 4.1.1 (Riesz, [2]). Let ¢ : C.(X) — R be a positive linear and continuous function, where X is an
Hausdorff and locally compact space. There exists an uniquely determined Radon measure p such that

5(G) = /X Gdp VG e Ou(X).

As a consequence, whenever {4, }, enjoys ¢ as a symbol, then there exists a Radon measure p that is also
a symbol for {A4,},. One can prove moreover that every measure y is finite with mass equal to ||@]lcc < 1.
Since all the finite measures over the Borel set are Radon, from now on we will simply say "measure" instead
of "Radon measure".

If {A,}n ~x ¢ and p is the only measure representing ¢ given by [Theorem 4.1.1} then we say that p is the
spectral measure associated to {4, },.

Definition 4.1.2. Given {A,}, € &, we say that it has a spectral measure p if

1L
Jm 360N = [ G

for every G € C.(C). In this case, we write
{An}n ~A M-

Example 4.1.3
» In|[Example 4.0.1] we showed that the sequence {A,}, where

A - ((—1)(;%1,1 I(i)

admits a symbol ¢(G) = G(1)/2 but it is not representable by a measurable function. It is evident, instead,
that ¢ = ¢, where p = %51 and d; is the atomic probability measure supported on the set {1} C C, since

QS(G):GS):/CGdu VG e C.(C).

If {An}n ~a p, one can exploit the ergodic formula (2.4), and repeat the same reasoning of [paragraph 2.1.3

In particular, for every ball B C C, the quantity p(B) represents the asymptotic rate of eigenvalues of A,, inside
B, and since the balls are a base for the euclidean topology, this property is actually an other characterization
for the spectral measures. We prove it in since the proof is long and technical.

Theorem 4.1.4. Let p be a positive finite measure on C.
Let D C R? be a measurable set with positive and finite d-Lebesque measure, and let  : D — C be a
measurable function.
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o If {A,}n ~x 1, then the set

E,, ={reR"| XB(zy,r) does not satisfy }
contains at most numerable points for every zy € C.

e Suppose that the set
R., :={r € RY | Xp(s, does not satisfy (2.9)}

has Lebesgue measure zero for every zo € C. In this case, {An}n ~x p.

4.1.1 Link with Measurable Functions

As previously shown, not every symbol ¢ is representable by measurable functions, but it is always induced by
a finite measure p. Notice moreover that p is uniquely determined by ¢ and vice versa.

Suppose now that ¢ = ¢, for some measurable function k. A simple computation shows that in such cases, u
must be a probability measure, and moreover every probability measure u satisfies ¢,, = ¢,, for some measurable
function k. We report the precise results in the following lemmas.

Lemma 4.1.5 ([7]). Let D C R™ be a measurable set with finite non-zero measure.
Then, for any k € M there exists an unique measure p such that ¢, = ¢., and it is a probability measure.
Vice versa, for every probability measure u, there exists a measurable function k € Mp such that ¢, = ¢..

Actually, by the result in the reference [7], we only know that for every probability measure u there exists

a measurable function on [0, 1] such that ¢, = ¢, but in [paragraph 3.2.1| we already showed that a sequence
admits a symbol on [0, 1] if and only if it admits a symbol on D for any D.

Lemma 4.1.6. Let D C R™ be a measurable set with finite non-zero measure. Given a sequence {A,}, € &
with spectral symbol ¢, the following are equivalent.

o {A,}, is s.s.u.,
e there exists k € Mp such that ¢ = ¢y,

o if § = ¢,, then u is a probability measure.

Notice that the last result is just the merge of [Lemma 4.1.5| and |[Lemma 3.1.9| and that it still holds if we
substitute "spectral symbol" with "singular value symbol" and "s.s.u." "

with "s.u.".

An interesting feat to explore here is the possibility to stretch the definition of measurable functions and
admit also functions that take value co. In fact, it is possible to prove that all sequence with a symbol ¢ admits
also such a function as symbol, even if not s.s.u. (or s.u.).

Lemma 4.1.7. Given a measure i on C with mass less than or equal to 1, there exists a measurable function
k:[0,1] = CU {0} such that

/ Gdp = / G(k(z))dx VG e C.(C)
C 0,1]

where by convention G(oo) = 0.

Proof. Consider the probability measure v := u/u(C). By [Lemma 4.1.5} there exists a function s’ € .#] 1) such
that ¢, = ¢, and we can produce our candidate « : [0,1] — C as

() = { (<) =<lole

00, z > [|¢]co-
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Given any G € C.(C) we have that
/Gdu = / Gdp = u((C)/ Gdv = u(C) G(k'(z))dz
C C C [0,1]

and if we operate a variable change z = y/||¢|| s, then

/CGd,u = 4(C) /[0’1] G(K'(z))dz = “(;E /[o,|¢|oo] G (/{’ <<;|/|oo)> dy = /[0’1] G (k(z))da.

Example 4.1.8

» In[Example 4.1.3| we showed that the sequence {4, }, where

_((=1)"nL, O
A"‘( 0o I,

admits a symbol p = +6; with u(C) = 3, but it is not representable by a standard measurable function.
If  : [0,1] — C takes value 1 on [0,1/2] and oo otherwise, then for every G € C.(C),

_ G _
G(k(z))dx = 5 = /(:Gdu.

[0,1]

This shows that, in a way, it is always possible to express the symbol in term of measurable functions. The
quantity ||¢||cc = p(C) is important, because gives us additional information on the eigenvalues. In fact, the
measure of the interval where the function x takes value 0o is 1 — ||¢||, and we can show that it is an estimation
of the rate of eigenvalues (or singular values) that goes to infinity in absolute value. It represents, in fact, a
measure of how much not-s.u. (or s.s.u.) is a sequence.

Lemma 4.1.9. If {A,}, ~» 1, then

#{ie{1,...,sn} | N(An)] > M} _

lim limsup 1—pu(C).
—00  n—00 Sn

If {An}n ~o [y then
i lim sup #{ie{l,...,sn}: 0i(An) > M} _ 1 (C).

M—00 pn—oo Sn

Proof. Let Gy € C.(C) such that Xp,ar) < Gmr < Xp(o,2ar) for every M > 0. We know that

#lie{l,...,sn}: |Ni(4n)] > M}

Sn

=1- si Zn:XB(o,M)(/\i(An)) > 1= - > Gu(Xi(An).

If we take the limits on both sides, then

n—o00 Sn C
SO N
) 1,... Y M
lim inf lim sup Al el ks PNilAn)| > M} >1— u(C).
M—© np—oo Sn
Moreover,

#{ie{l,...,sn} |Ni(4n)] > M} _

Sn

1 & 1 &n
1= 5 3 XaanOu(A4n) £ 1= -3 Gaai(An)
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If we take the limits on both sides, then
) 1,... : (A M
lim sup #li € {1, .80} [Ni(An)] > M}

n—00 Sn

<1- / Guradp <1 - pu(B(0, M/2))
C

and taking again the limits,

i 1,... s (A M
lim sup lim sup Al el oonb Ni(An)] > M} <1—u(C).
M—oco n—oo Sn

This is enough to prove the thesis.
The version for the singular values can be proved with analogous arguments. O

It may seems a far-fetched argument, but considering that every measurable function is a symbol for some
sequence in &, as we will show in it leads to the following result.

Lemma 4.1.10.
Each measure p1 on C with mass less than or equal to 1 is a spectral symbol for some sequence {An}n € &x.
FEach measure i on R" with mass less than or equal to 1 is a singular value symbol for some sequence {A,}, € &.

Proof. Given a measure p on C with mass less than or equal to 1, we know by that there exists a
measurable function « : [0,1] — C U {oc} such that takes finite values on [0, ||¢| o] and

/ Gyt = / Glr()de  YG € Cu(C).
c 0,[[¢llo0]

Consider a function &’ € .#[g 1] such that
K (2) = £ ([|9]lc) -

From the results in [5], we can deduce that there always exists a sequence of Hermitian matrices B,, of size
n x n such that {By}, ~x k’. Let us produce a Hermitian sequence {A,}, € &y by the following rule

_(nls, g, 0
A”( 0 Bgn>

where s, X s, is the size of A, and g, = |||}]|cosn|. Given any G € C.(C) we have that

. 1 g’!L
i 360 >>=n15205n(< () +2 GO )

i=1
—hmig G(\i(By,))

n—oo

16loc / G(n

and by a change of variables y = ||¢||oz we conclude that

1 &
lim —» G(\(A4y)) :/ G(k (y))dy:/Gdu.
"0 Sn Z (0,11l oo ] c

i=1

Consequentially, { A, },, € & is a sequence with spectral symbol p. The reasoning for the singular value symbol
is totally analogous. O

We have just shown that the measures with mass less than or equal to 1 are all the possible spectral measures,
and we denote this space with P<;. In the next paragraph, we see how to use the property of this space to come
up with information about the convergence of the symbols.

4.1.2 Vague Convergence

In we reported how the a.c.s. convergence on sequences links with the pointwise convergence
on the symbols ¢. Here we recall the theorems.



54 CHAPTER 4. SPECTRAL MEASURE

{Bn,m}n,m &) {An}n

Theorem Let {Ap}n, {Bnmtn,m € & and let ¢, ¢, € CL(R). Sup-
pose that

~

Pm ¢ 1. {Bnm}nm ~o G¢m for every m,

2- {Bn,m}n,m u) {An}n;
3. Om — ¢ pointwise.

Then {Ap}n ~o 6.

Theorem Let {An}n, {Bn.m}n,m € u and let ¢, ¢, € CL(R). Suppose that
1. {Bnm}n,m ~x Om for every m,
2. {ABumtnm === {An}n,
3. ¢m — ¢ pointwise.

Then {Ap}n ~x ¢.

Moreover, we can also add two analogous theorems showing even more connections between the two spaces.

{Bn,m}n,m % {An}n

Theorem 4.1.11 ([52, Theorem 5.5]). Let {An}n, {Bnminm € & and
let ¢, ¢ € CL(R). Suppose that

1. {Bnm}tn,m ~o Om for every m,
2. {Bn,m}n,m u} {An}n,
3. {An}n ~o ¢

Then ¢, — ¢ pointwise.

Theorem 4.1.12. Let {A,}n, {Bnm}nm € Eu and let ¢, ¢, € CL(R). Suppose that
1. {Bnm}tnm ~x &m for every m,
2. {Bnm}nm =25 { A},
3. {Ap}n ~a @

Then ¢ — ¢ pointwise.

Pointwise limit of positive functionals ¢,, is still a positive functional ¢. By we know there
exist ., and p Radon measures that represents ¢,, and ¢ respectively, and since ¢,, are symbols, we also know
that u,, are finite measures, with mass bounded by 1. Notice that

bm = ¢ == dm(G) = $(G) VG € Cu(C) < /CGdum — /CGdu VG e C.(C).

It means that the pointwise convergence of ¢,, coincides with the vague (or weak*) convergence of finite
measures. In particular, since |p,,| < 1 for every m, it is possible to prove that |u| < 1.

If we denote the vague convergence simply as p,, — p, then we can rewrite the previous results with the
notation of measures as follows.
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Theorem 4.1.13. Let {A,}n, {Bnmtn,m € & and let pi, po, € P<1. Sup-

pose that - i b
1. {Bn,m}n,m ~o HUm fO’f‘ every m, Mm ,,,,,,,,,,,,, R /jL
2. {Bn,m}n,m R {An}n

Then

{An}n ~No b= m — U

Theorem 4.1.14. Let {A,}n, {Bnm}nm € Eu and let p, i, € P<q. Suppose that
1. {Bn.m}n.m ~x pim for every m,
2. {Bnmnm —— {An}n.

Then

Moreover, if ¢,,, = ¢, and ¢ = ¢, then convergence in measure x,, — « induces the pointwise convergence
¢ — ¢ and, as a consequence, the vague convergence fi,,, — [

Notice that a reverse result would be hard even to formulate, since we have seen in that for
a single symbol ¢ or p there may be infinite x such that ¢ = ¢,.. An exception is when p,,, i are probability
measures on R, so that the symbols k,, and x must be real-valued, and there is a canonical choice for the

symbol, represented by the increasing rearrangement (paragraph 2.2.1J).

Lemma 4.1.15. Let p,,, and p be probability measures, and let Ky, k be measurable functions such that ¢, =
Orr, 0nd ¢y = ¢y If &, € are the increasing rearrangements of km, K, then

m = b = &n — € ace.

In this case, &, and £ are commonly called the quantiles of y,, and p. In addition, in [22], the authors showed
that a convergence in distribution of the measures leads to an uniform converge on the quantile functions.

Notice that even if u,,, were all probability measure, their vague limit g might not be a probability measure
any more. On this occasion, the quantiles &, do not converge to a function.

Example 4.1.16
» Take the measures
= 1(5 + 15
Hm = 9 1 9 (=1)mm-
with their quantiles
o 7X[O,1/2] (’l})m+X(1/271] (.’]’J), m Odd,
Em(x) =
X0,1/2) () + X1 /2,11 (2)m, m even.
We can observe that £, do not converge, since they oscillate, whereas ., — u = %51.

Notice that the measures in the last example actually mimic the behaviour of the eigenvalues in
In fact, we can associate to every matrix A of size s, X s, a probability measure defined as

1 &
= — E Oy,
2\ s Ai(A)

i=1
and rewrite the ergodic formula as
li 1 SnG)vA = 1i Gd = | Gd VG e C.(C
nggo;; (Aj(An) = lm | Gdpa, = | Gdp, € Cc(0),
that is equivalent to

{Antn ~a 0 = pa, =
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4.2 Complete Metrics

We have seen that all the symbols are identified with a finite measure with mass at most 1. The space P<;
though, comes short in properties when compared with the space of probability measures P, where every spectral
measure can be represented by a measurable function. Consequently, here we focus mainly on P, and, unless it
is not clearly specified, we will always be talking about probability measures over the complex plane C

4.2.1 Optimal Matching and Prokhorov Distance

In we focused on the perturbations that do not change the spectral symbol of the sequences.
Here we can derive new result on the same theme, but using tools that comes from measure theory.

First of all, we observed that the a.c.s. pseudometric was not enough to analyse the perturbations to the
spectral symbol, so here we define a different distance on the sequences.

Definition 4.2.1. Given v,w € C", the modified optimal matching distance is defined as

. . 1 —1
d/(v,w) = ;Iégi i:11,r.1}7131+1 {n + |’U — ’w0|%} s

where
v — wo| = [|[v1 — wo(n)l; [V2 = We()ls -+ -5 [Un — Wo(m)l]
and v — wy|} is the i-th greatest element in |v — w,|, with the convention [v — wg|fl+1 =0.
Given A, B € C"*" we define
d'(A, B) := d'(A(A), A(B))
and if {An}n, {Bn}n € &, we can also define
d/({An}n> {Bn}n) := limsup d/(Aru Bn)

n— oo

This is actually a modified version of the optimal matching distance, that can be found in [20]. d’ is actually
not a distance, but like d,..s., it induces a complete pseudometric over & thanks to and
d' ({An}n, {Bn}n) is always bounded by 1. The most important property of d’ is that it identifies two sequences
if and only if they have the same symbol.

Theorem 4.2.2 ([7]). If {An}n ~a p where pp € P, then
{Bn}n ~MA B = d/({An}na {Bn}n) =0.

Notice that the last result works even if we put a measurable function « instead of y. This theorem has been

used extensively in [12] and [8] to prove all the results reported in [paragraph 3.2.3] For this reason, the rest of
the section is focused on explaining briefly how to prove it.

First of all, we need to find an analogous distance on the symbols. Since we are working in [P instead of P<;,
we can use the Lévy-Prokhorov distance, that induces the vague convergence and it is complete ([67]).

Definition 4.2.3. the Lévy-Prokhorov Metric on P is defined as
m(p,v) =inf{e > 0| pu(4) <v(d%) +e, v(A) <pu(A%)+evAe B(C)}

where
A :={zeC|dist(x,A) <e}={z+y|azecAly <e}.

Since we have seen how to associate a measure to every matrix, it is possible to consider 7 as a distance on
the sequences, so we can write

7T({An}n, {Bn}n) = limsupm(ua,,ps,)-
n—o0
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Using again it is possible to prove that the Lévy-Prokhorov metric is a complete pseudometric
on &. The distance m on & can be transferred naturally on the symbols, as the next result shows.

Lemma 4.2.4 ([7]). If {An}n ~a pb and {Bp}n ~x v, with {An}n, {Bn}ln € & and p,v € P, then

W({An}m {Bn}n) = 7T(,u7 V).

In the next paragraph, we show how 7 and d’ are linked.

4.2.2 Closure Results

The most important result of the paragraph is that m and d’ are actually equivalent distances on &.

Lemma 4.2.5 ([7]). If {An}n,{Bn}n € &, then

T({An}n, {Bn}tn) < d'({An}n, {Bntn) < 20({An}n, {Bn}n)-

Actually, an open question is whether m and d’ coincide or not.

Conjecture 4.2.6. If {A,},,{Bn}n € &, then

T({An}n, {Bn}n) = ' ({An}n, {Bn}n)-

Using the equivalence of the distances, one can prove a powerful closure result.

Lemma 4.2.7 ([7]). Let {Bnm}nm ~x tm, where {By m}nm € & and

Lm € P for every m. If we consider the statements below {Bn,m}mm ”””” ’ {An}n
10 7 (pmy ) 222550, |
(Ko, 1) 0 ~ [~
2. {An}n ~MA M L
Hm ------ T >

3. d' ({Bn.mnm, {An}n) == 0,

where {A,}n € & and p € P, then any two of them are true if and only if
all of them are true.

The difference with the closure results in[paragraph 4.1.2]is that the a.c.s. distance is affected by base-changes
of the matrices, whereas m and d’ are not, since they work directly on the spectra. This is the central result to

exploit in order to prove and many other results that we report in the next paragraph.

4.2.3 Corollaries

All the machinery defined and analysed in the previous sections lets us discover new and unexpected results.

For example, in [9] we focus on symbols of sequences that have eigenvalues supported on a circle of C. Using
theorems that characterize a measure through its moments, and transferring them on the eigenvalues of the
sequences, we can come up with a characterization of bounded Hermitian matrices that admit spectral symbol.

Corollary 4.2.8 ([9]). Given a sequence {A,}, of Hermitian matrices with ||A,|| uniformly bounded by M,
the sequence {A,}n admits a spectral symbol if and only if

1
lim —Tr(AF) e R  VkeN.

n—o0o M
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Along this document, we have already seen several important results that was possible to prove only us-
ing measures. A list of the most crucial is: [Theorem 2.1.2] [Theorem 2.1.5] [Lemma 2.2.2] [Lemma 2.2.4] and
Moreover, the theory developed in this section will be used extensively in all the next results,
even if it isn’t said explicitly.
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Chapter 5

Algebraic Structures

In the first part, we introduced the concept of symbol referred to matrix-sequences. In particular, we focused
on the cases when the symbol may be represented by a measurable function, or equivalently by a probability
measure. In fact, we could analyse the notion of convergence in the space of measurable functions or in the
space of probability measures and link them to different pseudometrics on the space of sequences &. With these
tools, we could find closure and perturbation results on the spaces &, &y and much more.

Up until now, though, we analysed only the metrical aspect of the spaces, but & and &y have also a natural
structure as R-vectorial spaces, and & is a C-algebra closed for the conjugation operator. The spaces P or P<;
of finite measures have not such structure, so in this chapter we will focus on the space of measurable functions
A p in order to draw a link between its algebraic structure and the ones of &, &Y.

In this same chapter we report some first applications of simple algebra structures in the determination of
the symbol for certain matrix-sequences.

5.1 Diagonal Sequences

Maybe the most simple example of a subalgebra in & is the space of diagonal sequences, since it is immediate
to analyse their eigenvalues and singular values. Moreover, diagonal matrices are always normal matrices, so a
spectral symbol for a diagonal sequence is also a singular value symbol.

5.1.1 Diagonal Sampling Sequences

Definition 5.1.1. Given any function a : [0,1] — C, its associated diagonal sampling sequence in & is
{Dy(a)}n, where

D,(a) = diag a(i)

i=1,...,5p Sn

The definition for diagonal sampling sequence comes directly from [Definition 1.3.1] since we are taking, in
order, an exact sampling of the function a(z) over [0,1]. Consequently, it is not surprising that {D,(a)}, has
as a(x) as symbol whenever it is regular enough.

Lemma 5.1.2 ([6l 52]). Given any almost everywhere continuous function a : [0,1] — C,

{Dn(a)}n ~x0 a(x).

Notice that sums and products of a.e. continuous functions are still a.e. continuous functions, and
e D,(a)+ D, (b) = Dy(a+Db),

e D,(a)D,(b) = D,(ab),

* Dy (@) = Dy(a)",

e 2D, (a) = D,(za),

61
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for every a, b a.e. continuous function and every scalar z € C. Call 2’ the set of diagonal sampling sequences
referred to a.e. continuous function. This space is nice because the algebraic structure of the space reflects into
the structure of the symbols, building an isomorphism between the two spaces. The space we are interested to
analyse, though, is the closure of 2’ with respect to the a.c.s. distance,

9 ="

Notice that every sequence in 2’ has a measurable function as symbol, so they are all s.u. and s.s.u. sequences

by [Lemma 3.1.9] As a consequence, [Theorem 3.1.10] tells us that Z is still a C-algebra. In the next paragraph

we show that every sequence in & admits a symbol, and that d,..s. on & correspond to the distance d,,e, on

Mo 1)

5.1.2 Equivalence with Measurable Functions

Consider an element {A,,}, € 2. By definition, there exists a sequence of sequences {D,,(am)}n.m C 2’ that
converges a.c.s. to {4, },. In particular, {D,,(am)}n,m is a Cauchy sequence for the a.c.s. distance, and thanks

to [Theorem 3.1.18 we can show that also {a,}m is a Cauchy sequence with respect to the distance dyeq on
M1 as follows.

da.c.s. ({Dn(as)}n, {Dnlat) }n) = pa.c.s.({Dnlas) — Dn(ar)}n)
= pa.c.s. {Dnl(as — a)}n)
= Pmea(as — az)
= dmea(as, a). (5.1)

The distance dy,eq, though, is complete, so a,, — a in measure, and by we conclude that
{An}n ~o a(z). Moreover, if we suppose that {D,,(bi)}n.m is another sequence in 2’ converging to {4, }n,
then we can repeat the same reasoning and find a function b € .#g ) such that b,, — b in measure and
{A,}n ~o b(z). As a consequence,

and
am —> a, by, >b = a, —b, >a—b=0.

In conclusion, we find that we can assign to each sequence {4, }, € Z an uniquely determined symbol a(z). If
we denote this choice as {A,}, ~9 a(x), we can prove that

e {D,(a)}, ~9 a for every {D,(a)}, € &',
{An}n ~g Q, {Bn}n ~gb = {An}n + {Bn}n ~g a+D,
{Aﬂ}n ~g @, {Bn}n ~9 b = {An}n{Bn}n ~9 ab,

{An}n ~g 4 = {Ag}n ~g a,

{Antn ~2 a = {2A,}n ~9 za for every z € C,
{Bnmtnm ~2 bm, {Bnmtnm o8, {An}tn, bm—a = {Ay}n ~9 q,

{An}n ~g G, {Bn}n ~gb = dacs. ({An}na {Bn}n) = dmea(aa b)

Every function a € .#]p 1) can be expressed by limit in measure of a sequence of continuous functions
{@m}m C Mo, that is in particular a Cauchy sequence. If we now take the sequence of matrix-sequences
{Dp(am)}nm C 2, we know by [Equation 5.1] that it is a Cauchy sequence with respect to d,..s. and by
[Theorem 3.1.13| and [Corollary 3.2.3] we conclude that there exists a limit sequence {D,},, € 2 with symbol
a(x). In conclusion, we can summarize all the arguments and results of the paragraph in the following theorem.

Theorem 5.1.3 ([6]). 2 is a C-algebra closed for a.c.s. convergence and for the conjugation operator. Each
sequence {An}n € 9 enjoys a canonical symbol, and the map s : 9 — Mo 1) defined as

s({An}tn) = a(z) = {An}n ~2a
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is a surjective homomorphism of C-algebras that preserves the metrics (2, da.c.s.) ~ (Mo,1), dmea). Moreover,
{An}n ~Ng 4 = {An}n ~o A

and if A, are normal matrices,

{A’ﬂ}n ~g a4 — {An}n ~xa

Notice that the a.c.s. limit of diagonal sequences is always a.c.s. equivalent to a diagonal sequence thanks
to [Theorem 3.1.13} so we can conclude that for any function a € .|y 1] there exists a diagonal sequence {Dy },
such that {Dy, }, ~s a(z).

{Dyp}n is an a.c.s. limit of diagonal sampling sequence, but it is not true in general that {Dy}, ~q.c.s.
{Dn(a)}n.
Example 5.1.4
» Take a(x) = Xgn[o,1)- It is easy to see that {D,,(a)}n = {In}n, but a(x) is zero a.e., so
{Dn(a)}n ~o alz) = {In}n ~o 0

that is impossible.

A corollary of the previous result is that every measurable function in .#[g ;) is a symbol for some sequence.

Theorem 5.1.5 (|5, [6]). For every function a € 4y 1) there exists a sequence {A,}n € & with

{An}n ~ox ().

The set 2 is probably the most simple example of sub-algebra in & where it is possible to choose for each
sequence {4y}, C Z a canonical symbol such that the algebra structure and the metric of .#y ;) coincide with
the ones of . Notice that it also admits non-diagonal sequences as elements, and we can denote the space of
couple sequences-symbol as

D:= {({An}nv”i) | {An}n ~g Km }
This closed algebra is important because shows that choosing a symbol in an algebra coincides with choosing

an ordering of the eigenvalues.

Theorem 5.1.6 ([0]). Given {D,}, a sequence of diagonal matrices, and a : [0,1] — C any measurable
function, the following are equivalent

e the entries of D, in order, converge to a(x) as in|Definition 1.3.1

e D, ~g a(x).

Moreover, the two definition of spectral symbols [Definition 1.3.1| and [Definition 2.1.1] coincide on measurable
functions a : [0,1] — C, so for any diagonal sequence with symbol a(z) we can find an ordering of the entries
such that they approximate a(z). In other words, there exists an ordering of the eigenvalues that bring any
diagonal sequence with spectral symbol into D.

Theorem 5.1.7 ([7]). Given a measurable function a : [0,1] = C, and a diagonal sequence { D}, with spectral
symbol a(x), there exists a sequence {P,}, of permutation matrices such that ({P,D,PT},, a(z)) € D.

Now let us turn our attention on more general sequences of matrices.
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5.2 Normal Sequences

Normal matrices are characterized by the property to be diagonalizable through unitary base-change. It means
that an easy way to extract an algebra from the space of normal sequences is to fix a sequence of unitary
matrices {U, }, and define the space

Py = {{U,D, U}, | {D,}n €D} .

Notice that all algebraic operations on % reduces to the same operations on &, and since the distance d, . ;. is
invariant by unitary base-change, holds also for Z;;. In particular, there’s a canonical choice of a
symbol for each element of 2y such that sums, products and convergence of sequences reflects on the symbols.
A classical example of such algebra can be built starting from the 7-algebra defined in [21], or in general, from
&-circulant or Hartley-type algebras [23].

5.2.1 Circulant Algebra

In the present paragraph, we explore the algebra of circulant matrices. Recall that we defined C,, as the s, X s,
matrix

1
1
1, 1—j7=1 (mod s,), 1
[l {O, otherwise "
1
and F;, as the Fourier matrix of size s,, X s,,
1 —2mi(j—1)(i—1 Sn
= > (e mi(j—1)(4 )/S");,jzl

that is an unitary symmetric matrix diagonalising C,

1
627ri/sn

Dn _ ch’nFn _ e2*27ri/s"

e(snfl)*Qﬂ'i/sn

If we consider now the sequence {D,,(e2"*!)},,, we can observe that it is a.c.s. equivalent to {D,}, as
Dn(e2ﬂ'xi) - D, = diagi_l eZ‘n’ii/sn _ eQﬂ'(i—l)i/sn

cySn

and

|627r11/sn _ e27r(271)1/sn

2 )
=2 2cos (“) =o(l) Yi=1,...,50 = [Dn(e™) = D, = o(1).

Sn
Consequently, we find that {D,}, € 2 and {C,,},, € P, where the canonical symbol associated to {C}, is
e?™®. Moreover, Zr is a C-algebra, so {C),}, generate a C-subalgebra as follows
¢ = {{p(Cn)}n | p(z) € Clz,T]} C ZF
and from the identification between sequences and symbols (Theorem 5.1.3)), we conclude that

{P(Cu)In ~2p p(e¥™) = {p(Cn)}n ~r0 P(e*™).

Notice moreover that the set of functions { p(e*™®) | p(x) € C[z,T] } contains all the trigonometric function on

the interval [0, 1], so it is a dense set in .#[g 1} with respect to the convergence in measure. It means that if
{An}n ~a, a(z), then there exists p,,(e?™*!) converging to a(z) in measure, and consequently

do.c.s. ({pm(cn)}m,nv {An}n) = dmea(pm(emmi)a CL(LIZ)) -0 = {pm(cn)}m,n e, {An}n-

In particular, € is dense in Zr. This example shows how the algebra structure can help us find symbols for

specific matrix-sequences. In we use circulant matrices and their symbols to infer spectral
properties of sequences of linear systems coming from the discretization of differential equations.
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5.2.2 Other Results

When we consider the whole set of normal sequences, we lose most of the nice properties found in the previous
paragraph. Nonetheless, some algebraic results can still be proved.

Lemma 5.2.1 ([I0]). Let {N,}, be a normal sequence, and let { A}, be a generic sequence.
o (N} ~o b = {N5}, ~g k2, Vs € N,

L d {An}n ~y k= {f(An)}n ~A f © k, Vf € C((C)

Notice that here we must distinguish spectral symbol from singular values symbols, even when dealing with
normal sequences. In the next example, we show a counterexample to the statement

{Nn}n ~o k = {f(Nn) n ~o f © k7 vf S O((C)

with normal matrices IV,,.
Example 5.2.2

» Consider the 2n x 2n normal matrices IV,,, where

L, O
N, - <0 ) Iﬂ) .
All the singular values of N,, are 1, so Ny, ~, k(z) =1, where s € .#y ;). Let us now consider the affine
function f(z) = z + 1, and notice that

o= (3 0). s =2

If we take now a function G € C.(C) such that G(2) # 0 and G(0) = 0, we obtain that

2n
Jim e S G0u) = G2 260 = [ et + s
i=1 )1

This is enough to say that {f(N,)}n %o fok.

Notice that in the example we had to choose a singular value symbol x that was not a spectral symbol,
otherwise [Lemma 5.2.1| would have applied. Here an affine function f(z) was able to prove that x was not

a spectral symbol. Actually, it can be proved that affine functions are always enough to distinguish singular
values symbols from spectral symbols.
Lemma 5.2.3. [I0}] Given {N,}, a normal sequence such that
{N, —cl,}n ~o k(2) — ¢ Vee C
then {Np}n ~x k.
This result has been used, for example, to prove statement 1. in and has nice consequences

on the algebras of sequences that we will introduce in the next section. Actually, an open question that links
the algebraic structure of the sequences to their symbol is the following.

Conjecture 5.2.4. Consider a sequence {Ay}, such that

{p(An)} ~o por

for every polynomial p(x) € Clz,T]. In this case, there exists a normal sequence {Ny}n ~a.cs. {An}n-
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In fact, thanks to that would mean that any sequence {4,}, in an algebra with a canonical
singular value symbol x, admits an a.c.s. equivalent "normal form" that has x as spectral and singular value
symbol.

Example 5.2.5

» If A, = J, the Jordan block of size n x n relative to the eigenvalue 0, and C,, is the classical circu-

lant matrix of [paragraph 5.2.1] then A, = C, — R,, where rk(R,) = 1. This is enough to prove that
{An}n ~a.c.s. {Cn}n7 SO V
{A}n ~o k= €2

Thanks to the property of a.c.s. convergence reported in [Theorem 3.1.10| and of the zero sequences, one
can prove that for every p(z) € Clx,Z] the sequence p({A,},) is a.c.s. equivalent to p({Cy},), so
{p(An)} ~o pok.

Notice that even if the conjecture is true, we cannot conclude that A,, are normal matrices or that {4, }, ~x &,
as one can infer from the last example. This is the reason why looking for an equivalent normal sequence is
important.

5.2.3 A First Application

In the present section, we would like to investigate what happens if we approximate by finite differences an
higher-order differential equation. We will focus on the following simple fourth-order problem with homogeneous
Dirichlet-Neumann boundary conditions:

utt(z) - u® = f(2), z e (0,1),
{ u(0) =u'(0) =0, wu(l)=1u/(1) =0, : (5.2)

To approximate the fourth derivative u(* (z), we use the second-order central FD scheme (1, —4,6, —4, 1), which
yields the approximation

u(@jr2) — dulzjr) + 6u(z;) — dulzj—1) + ulz;—2)
B :

u(4)(:1:)|x:xjm j=2,....,n+1

and to approximate the second derivative u(?)(z), we use the second-order central FD scheme (1, —2, 1), which
yields the approximation

—u(®j41) + 2u(z;) — ulz;—1)

j=1...,n4+2.

*u”(x”x:xj ~

h? ’
Here, z; = jh, j =0,...,n+3,and h = %% Taking into account the homogeneous boundary conditions, we
approximate the solution of (5.2]) by the piecewise linear function that takes the value u; in z; for j = 0,...,n+3,
where uy = u; = Uny2 = Upi3 =0 and u = (ug, ..., upy1)? is the solution of the linear system

(Uj+2 — 4Uj+1 + 6u; — 4’U,j,1 + Ujfg) + hz(—ujﬂ + 2u; — Ujfl) = h4f(.’1,‘j), i=2,...,n+1.
The matrix A, of this linear system is given by

6 —4 1 2 -1

(6 —4 1 1 —4] I 1 —4
—4 6 1 1
1
B,=8,+R, = —
1
1 6 —4 1
-4 1 1 -4 6] -4 1 i
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Since || N, || < 4h? = o(1), tk(R,) = 4 = o(n) and all the matrices are Hermitian, we conclude that {A,},, and

{Sn}n are a.c.s. equivalent, and thanks to[Theorem 3.2.11|a symbol of {S,}, is also a symbol for {A,},. From
paragraph 5.2.1} we obtain

{Sn}n ~a k(z) = e 4™ — 4720 16— 4e2™ 4T — 6 — 8 cos(2mx) + 2 cos(47)
where £ : [0,1] — R. We can thus conclude that
{Ap}n ~x 6 — 8cos(2mz) + 2 cos(4mx).

This is an example where we were able to prove that the wanted sequence is a.c.s. equivalent to a circulant
matrix for which we already know the symbol.

5.3 Groups and Algebras

In the previous section, we showed examples of simple C-algebras of sequences contained in & for which we
could assign a canonical symbol so that operations on the sequences induce the same operations on the symbols.
Here we formalize and analyse such structures.

We start by setting the notation.

e With symbols like A", .o/, ¥4, ... we will always denote subsets of & or .#Zp. For example, we have already
defined 2’, 2 that are sets of diagonal sequences, € that is the C-algebra generated by {C,},, and Zy
for every sequence of unitary matrices {U,, },. In general, we will be mainly interested in sets of sequences
enjoying a symbol.

e With the calligraphic font C, A4, G, ... we denote subsets of & x .#p. For each set A, if ({A,}n, k) € A,
then we will write {A,,}, ~.4 x and usually it means that & is a symbol for {4, }.

e We will typically use s or variants to indicate maps s : & — .#p or between subsets of & and .#Zp. If
5({An}n) = K, then usually it means that  is a symbol for {4, },.

Notice that a map s : &/ — #p induces a set A = { ({An}n, k) | ({An}n) =k}, and in such case, we have
three equivalent ways to say that k is a symbol for some sequence in A.

{Ap}n ~a vk <= ({An}n, k) € A <= s({A,}n) = k.

The reverse is in general not true, since a single sequence {A,},, may appear in several couples inside .A.

In this section, we will consider only structures on sets of sequences in & admitting a singular value symbol.
The same results can be naturally generalized to sets of sequences admitting a spectral symbol, under the
condition that all the sequences considered are Hermitian, so they are contained in &y by definition, and all
the symbols are real-valued functions.

5.3.1 Definitions

Let us start by denoting with Sp the set of couples sequence-singular value symbol inside & X .#p, where
D C R%is a set with 0 < £4(D) < oo.

Definition 5.3.1.
50 1= {({Au}nr ) € E X Mp | {An}n g 1}

In we showed that the set of sequences with symbol on a domain D does not depend from D,
hence we can call it simply .. Moreover, we also denote the union of all Sp as

S:=UpSp C.¥ x (l_ID.//D)

where the union ranges all possible D C R? for all d € N.

The set . has no algebraic structure at all, as we can infer from the following example.
Example 5.3.2
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» Take A, and B,, matrices of size 2n x 2n such that

~1,
0 n even
A, = (T O B, = .
0 0 0
n odd
0 —I,
It is easy to verify that {A,}n ~ox X[o,1/2) and {Bn}n ~ox —X[o,1/2], S0 they both belong to ., but
their sum
0 0)
0 0 n even
At By=q0
" n odd
0 —I,

do not possess a singular value symbol or a eigenvalue symbol. Notice that all the matrices are diagonal,
and thus normal.

5.3.1.1 Sequences Groups

We can only hope to find algebraic structures on subsets of ., but we want also a corresponding structure on
a linked subset of symbol. For this reason, we define a sequences group as a subset of S.

Definition 5.3.3. We say that A is a sequences group (s.g.) if it is a group inside S.

Notice that if A is a s.g., then there always exists a set D C R% such that A C Sp. The notation {An}n ~a K
stands for ({A,}n, k) € A and since A C Sp, we can infer that {A,}, ~, k. Moreover, we can prove that there
exists a function s inducing A.

Lemma 5.3.4 ([10]). Given A C Cp, the following are equivalent.
1. A is a group,
2. There exists a subgroup o/ C & and an homomorphism of group s : o/ — Mp such that
{Antn k) e A = {A}n €, s{Anktn) = k.

Notice that given A, the function s and its domain &/ are uniquely determined.

shows that building a group in Sp requires the choice an unique symbol for every sequence
{4,}n € &. Recall that if a sequence {A,}, admits a measurable function k as a symbol, then every rear-
rangement of x is also a symbol for {A, },, and the number of rearrangements of a function is infinite, with the
only exception when k is constant. This was in contrast with the case of symbols expressed with measures p
or functionals ¢, since they were uniquely determined by the sequence. In the spaces P<y, IP, or in the space of
functional symbols ¢, though, there is not a natural algebraic structure that links with the respective sequences.
In .#p, instead, we are able to exploit the degree of freedom for the choice of the symbol, in order to add an
algebraic structure to a subset of symbols, which in turn induces a respective structure on the matrix-sequences.

We have already shown example of s.g. with diagonal or circulant sequences, and we have observed that
in all these cases the distance a.c.s. of the sequences coincide with the distance of their symbols, even when

considering d” and df,., defined in Following the same steps as in [Equation 5.1} it is possible to
prove that it holds for every s.g.

Lemma 5.3.5 ([0]). If A is a s.g. induced by s, then
5({An}n) =R, 5({Bn}n) = ’i/ = da.c.s. ({An}na {Bn}n) = dmea(’ia Hl)'

Moreover, if ¢ : [0,00) — [0,00) is a bounded continuous function such that ©(0) = 0, then

s({An}n) =8, s({Bn}tn) =+ = d?({An}n{Bn}tn) = diea (s, K).
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Any of the results proved until now on 4 shows that whenever & is the symbol in A for two different sequences,
then the two sequences are a.c.s. equivalent, or equivalently, their difference is a zero-distributed sequence. A
natural follow up would be to quotient 7 by the zero-distributed sequences, so that the map induced by s
becomes an embedding of the quotient space into .#p.

Lemma 5.3.6 ([5]). Given a s.g. A induced by s : o — Mp, then the map

~ 4

S a0

18 an embedding and preserves the distances dq.c.s. and dmeq-

An other property we have observed in the examples is that if we take the closure of the groups with respect
to the distance dg.c.s. X dpmeq 00 & X M p, we still obtain a group. Actually, since the two metrics coincide, if
a sequence of symbols in A converge, then also the respective sequence of matrix-sequences converge, and vice
versa. We can denote the closure of A as

Z = {({An}nv ’K':) € SD | El{({Bn,m}n,m» ﬁm)}m g Aa {Bn,m}n,m % {An}n’ km — k }

Lemma 5.3.7 ([5]). Let A be a s.g. induced by s : of — Mp. Then

A=A = "7 = = s() = s().

Notice that the last implication is not a double one. For example, we could extract the diagonal sequences in
2 and still obtain a group that admits all the measurable functions as symbols, but that is not closed.

If the map s : & — #p induces the group A, its closure is induced by 5 : 7% o M and the image of
5 is the closure of the image of s with respect to dp,e,. In particular, since {0,}, € &7 from the definition of
group, then & C 7““" is the kernel of . Moreover, if the starting symbols were dense in .#p, then all the
functions are symbols for A. The same argument can be applied to all s.g., leading us to the following result,
that will come in handy later, when we will study how the groups con be embedded in each other.

Theorem 5.3.8 ([5]). Given a s.g. A, induced by s : &/ — Mp, its closure with respect to dg.c.s. X dmeq @5 still
an s.g. that contains A and 2 x {0} and is induced by 5: " — Mp where 5(7" ") = ().

Moreover, if s(</) is dense in Mp, then s induces an isomorphism of groups and isometry s on the quotient
space of the closure

5.3.1.2 Sequences Algebras

If we know consider algebras instead of groups, we obtain totally analogous results, so we list here a selection
of the most important ones.

Definition 5.3.9. We say that A is a sequences algebra (s.a.) if it is a C-algebra inside Sp.

One of the most noticeable difference is that the map s inducing the algebra is now an homomorphism of
C-algebras.

Lemma 5.3.10 ([10]). Given A C Cp, the following are equivalent.

1. A is a C-algebra,
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2. There exists a C-algebra of C & and an homomorphism of C-algebras s : &/ — Mp such that

{A k) €A == {A}n €, s({An}n) = k.

Since algebras are in particular groups, we find that [Lemma 5.3.5] [Lemma 5.3.6] and [Lemma 5.3.7] still hold for
s.a. The last result changes slightly.

Theorem 5.3.11 ([B]). Given a s.a. A, induced by s : o/ — Mp, its closure with respect to dg.c.s. X dmea 18
still a s.a. that contains A and 2 x {0} and is induced by 5 : /""" — Mp where (") = s(F).
Moreover, if s(</) is dense in Mp, then s induces an isomorphism of C-algebras and isometry s on the quotient
space of the closure

—a.Cc.S.

-
57:%D

In the next paragraph, we add an order relation to the set of s.a. contained in S.

5.3.2 Order Relation

Call
QLDIZ{AS.&.|.A§SD}, A= UpAp

the set of all s.a. respectively in Sp and in S, and notice that they have a natural partial ordering given by the
inclusion. We have already shown examples of this ordering in the previous paragraphs.

e The algebra of circulant sequences € embeds into the algebra Zp, and the symbols coincide, so it is an
inclusion of s.a.

e Every s.a. A is included into its closure A.

Recall that & is closed, and is symbol map s : 4 — .#o ;) induces a s.a. D, and the same argument can be
used to see that also Zy induces a s.a. Dy through a map sy;. The two spaces D and Dy enjoy the same set
of symbols .#y 1) and it is easy to prove that

0:D—=Dy:({A D n, k) = (U AUT K}

is an isomorphism of C-algebras and an isometry. Even though D and Dy are isomorphic and have the same
set of symbols, they are not related through the natural order relation. We thus propose a new concept of
embedding for s.a., that identifies D and Dy .

Definition 5.3.12. Given A, B in 2 induced respectively by s : &/ — Mp and sg : B — Mp:, we say that A
embeds into B if s4(/) C sp(B) and there exists a sequence of unitary matrices {Uy, }p such that the map

o: A= B:({A}n k) = (U, A UR K}

s well-defined. In this case, we write

A<B.

In the case A < B and B < A, we say that the two s.a. are equivalent.

The order relation A C B is a particular case of A < B when {U,, },, = {I,}». Moreover, if A < B with inclusion
map ¢, then ([I0])

e there exists an unique D such that A, B € 2p,
e ¢ is an embedding of C-algebras and preserves the metrics,
e ¢ brings zero-distributed sequences into zero-distributed sequences,

e the image of ¢ is still a s.a.
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e ¢ brings a.c.s. equivalent sequences into a.c.s. equivalent sequences.

Similarly as what we have done with D and Dy, given any s.a. A and a sequence of unitary matrices {Up },,
we can generate an other s.a. Ay through the isomorphism

0: A2 Ay ({Antn, k) 2 ({U, A UR Y, R).
Moreover is easy to see that
e ACB <— .AU - BU,

o (Ay)v = Avu.

This is enough to prove the following result.

Lemma 5.3.13.
ASB@H{Un}nAUgB, AgBUH.

It is evident that ¢ and ¢! induce the relations A < Ay and Ay < A, so the two spaces are always equivalent,

but in general are very different. In fact, < is not an order, but only a preorder, and can identify s.a. that have
no containment relations between them, but with the same set of symbols.

Lemma 5.3.14. The relation < is a preorder. If A< B and B < A, then s4() = sp(A).

Proof. Since A C A, then A < A. If we have A < B < C, from [Lemma 5.3.13] there exist {U,},, and {V,},
such that

Ay CB, By CC —= Ayp CBy CC — A<LC.
We have thus proved that < is a preorder. Given now A < B and B < A, we know by definition that
s5A() Cs5p(PB) C s4() thus proving the thesis. O

The map ¢ inducing the relation A < B maps a.c.s. equivalent sequences into a.c.s. equivalent sequences, so
it induces a map between the quotient spaces

_ A B
Y@ x{NnA  (Zx{0)NB

and thanks to we can state the following result.

Theorem 5.3.15 ([I0]). If A < B with inclusion map ¢, and s4() = sp(A), then the quotient map
~ A B

~

@< {0)nA (Zx{0p)nB

is an isomorphism. If moreover 2 x {0} C A, then Z x {0} C B, ¢ is an isomorphism and as a consequence

B <A

Notice that when we write A < B, then the two s.a. both belong to the same set 2 p. It is actually possible
to generalize the order relation to compare s.a. with symbols with different domains. In fact, in
we showed that two different domains D C R% and D’ C R? are isomorphic 'modulo zero’, meaning that there
exists a bijective measurable and measure preserving function T’

TZD\A] — D/\Ag
such that ¢! is still measurable and measure preserving, where A; C D, £4(A;) =0 and Ay C D', £y(A) = 0.
In particular, T induces an isomorphism and isometry of spaces

VY Mp — Mp k> kOT.

This map is well defined since measurable functions are always defined almost everywhere. Using such measure
preserving map, we are able to rearrange the symbols of a s.a. and change their domain. This let us generalize
the order relation with the following definition.



72 CHAPTER 5. ALGEBRAIC STRUCTURES

Definition 5.3.16. Given A, B in 2 induced respectively by s : &/ — Mp and sg : B — Mp:, we say that A
embeds into B if there exists an isomorphism modulo zero T from D' to D and a sequence of unitary matrices
{Un}n such that the map

0: A= B:({A k) = (U, AUH koT})

1s well-defined. In this case, we write

A=< B.
In the case A < B and B < A, we say that the two s.a. are equivalent.

When A C Bor A< B, then D =D’ and A < B with T being the identity function. This is again a preorder
on 2, and if we call Ay r the set induced by the isomorphism

0 A2 Apr s ({Antn. k) 2 (U, AU Y k0 T).
it is possible to prove that
e ACB < Ayr C Byr,
e (Aur)v,s = Avu s,
e ASB <= HUn}n, T : Ayr C€B, ACBynp-1.

Most of the other results also generalize to =< with similar arguments.
In the next paragraph we want to study the maximal elements for these order relations.

5.3.3 Maximality

First of all, notice that for the inclusion partial order, we always are sure that every s.a. A is contained in a
maximal element in (2, C) thanks to the Zorn’s Lemma. One can easily prove that the maximal elements of
(2, C) coincide with the maximal elements for (2, <), so the same result holds also for the partial order <.

Lemma 5.3.17. The mazimal elements for (A, C) coincide with the mazimal elements for (A, <). In particular,
each s.a. A is contained in a mazimal element for (2, <).

Proof. Given A € 2, consider the set
B:={BeA|ACB}.

9B is non-empty since it contains A, and every chain in 28 has an upper bound in B given by the union of the
elements in the chain. Thanks to Zorn’s Lemma, one can conclude that 28 admits at least one maximal element
M in (88, C) and it contains A. It is also a maximal element for (2, C) since

MCC = ACC = CeB —= CCM = C=M.

Suppose now that M is a maximal element for (2, C). If M < C, then for [Lemma 5.3.13| there exists an
unitary sequence {U, }, such that
M g CUH,

but M is maximal for the inclusion, so M = Cyu. In particular, again for
Cop CM = C<M
and as a consequence M and C are equivalent for <. This means that M is a maximal element also for (2, <).

Suppose now that M is a maximal element for (2, <). We know there exists A/ maximal element for (2, C),
that contains M, but from the maximality of both s.a. we obtain

MCN = M<SN = N<M = NCMyaz = N=Myaz = Ny =M.
If now M C A, then
NgCA = NCAys = N=Ayzx — M =Ny = A,

and this is enough to prove that M is a maximal element for (2, C). O
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We already noticed that every s.a. is included in its closure, so a maximal element for (2, C) or for (2, <) is
always closed.
The last result shows that the maximal elements in (2, C) are also maximal in (2, <) and vice versa, but the
preorder < identifies different maximal elements. It is possible to show that two maximal elements identified
are isomorphic through an unitary sequence {U, },.

Lemma 5.3.18. Every maximal element in (A, <) is closed. Moreover, if two mazimal elements A and B for
(A, <) are equivalent, then they are isomorphic, and there exists an unitary sequence {Uy,}p such that A= By.

Proof. Consider A and B maximal elements and suppose they are equivalent. From A < B and the maximality
of the s.a. we infer

ACBy = A=By =B.
O

It is quite a feat to find a maximal element, and also to prove that a specific s.a. is maximal. The last result
says that being closed is a necessary condition, but it is not sufficient. For example, the set 2 x {0} is a closed
s.a., but it is contained in any other closed s.a., so it is very far from being maximal. A sufficient condition is
given by the following result.

Theorem 5.3.19 ([5]). If A is a closed s.a. induced by sa : o/ — Mp, and 54 is surjective, then A is mazimal
in (A, Q).

In a sense, if a closed s.a. admits all measurable functions as symbols, then we cannot add other sequences,
since its symbol is already inside. For example, both D and Dy are e closed s.a. with set of symbol .Z ), so
they are maximal elements in (2, C), and they are also equivalent in (2, <).

An open question is whether the inverse of holds or not. In other words, is it true that all
the maximal elements A are induced by a surjective map s47 In particular it would mean that every s.a. A
could be expanded by adding sequences and symbols until we obtain all measurable functions as symbols.

Here, though, we want to formulate an even stronger conjecture. Is it true that all the maximal elements
inside 2Ap are equivalent?

Conjecture 5.3.20. For every D, (2p, <) admits a mazimum element.

When we turn to examine (2(, <), we find that similar results hold. Since the proofs follow the same arguments,
we do not report them.

Lemma 5.3.21. The mazimal elements for (A, C) and for (A, <) coincide. In particular, each s.a. A is
contained in a mazimal element for (A, <).

Lemma 5.3.22. Every mazimal element in (A, <) is closed. Moreover, if two mazimal elements A and B for
(A, x) are equivalent, then A= By .

In what follows, we will find also examples of s.a. equivalent for < but that are not on the same domain. In
particular, every s.a. A we consider is always embeddable into D defined at the end of We do not
know whether all the s.a. embed into D or not, but it is a consequence of [Conjecture 5.3.20 The only inclusion
result we are able to prove is the following.

Theorem 5.3.23 ([10]). Suppose A is a s.a. with the following properties.

e Ais a closed s.a. containing the element ({I,}n,1).
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o A is induced by a surjective map 54 : A — Mp.

o There exists an unitary sequence {Uy },, such that for every k € M p there exists an element ({Ny}n, k) € A
where {Ny}n = {U, DN nUHY, with Dy, diagonal matrices.

If T :[0,1] = D is an isomorphism of measurable spaces, then there exists an unitary sequence {V,}, such that
Ay =D. In particular, A and D are isomorphic.

Actually, if [Conjecture 5.2.4] were true, then we could drop the third hypothesis, leaving that every closed s.a.
with identity and all the measurable functions as symbols is isomorphic to D.




Chapter 6

GLT World

This entire section is dedicated to build and analyse the generalized locally Toeplitz (GLT) sequences algebra,
a maximal s.a. that has been used to determine the symbols for sequences of linear system coming from the
discretization of integro-differential linear equations. Similar structures carrying the GLT name arising from
practical purposes will also be shortly presented, but for a detailed presentation, we suggest to consult the books
[52], 53, [13], [14].

6.1 Generalized Locally Toeplitz Sequences

In the present section, we deal with sequences in & with size s,, = n. All the results naturally generalize to
a diverging sequence s,, but for clarity of exposition, we keep the convention that the matrices A,, are of size
n xn.

6.1.1 Locally Circulant and Locally Toeplitz Sequences

6.1.1.1 Locally Circulant Sequences

In we showed how to build the algebra C of circulant matrices. In particular, recall that all
the sequences {p(Cy)}n, where p(z) € C[z,T], can be diagonalized through the sequence of Fourier matrices
{Fn}n, and

{P(Cr)}n ~ p(e2™).

The symbol is considered over = € [0, 1], but a simple transformation of domain T : [0,1] — [—, 7] shows that
we can consider the symbol €? instead of €27%!, where 6 € [—n, 7. Starting from this setting, we want to build
the s.a. of locally circulant (LC) sequences.

Definition 6.1.1. Given any a € C[0,1] and f(0) = p(e*™*) for p € Clx, 7], let

LC:Ln(av f) = [Dm(a) ®p(Cl_n/mJ )] ® 04 mod m

a(l/m)p(CLn/mJ)

a(2/m)p(Cln/m))

a(l)p(CLn/mJ)

On mod m

We define the locally circulant sequence referred to a, f as
LCx(a, f) := LCY™(a, f).

(0]
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From the definition, it is easy to see that the operator LC,, is bilinear for every n in a, f, and

LCp(araz, fif2) = LCy (a1, f1)LCy(az, f2).

This is enough to conclude that the sequences {LC,(a, f)}, form a C-algebra inside &. Moreover, the LC
operator produces normal matrices, that are also easily diagonalizable. In fact,

LCTL(CL f) - QnDn(a7 f) 'rI;I’
where m = |/n] and

Elnjm)

Elnjm)

Qn:

Elnjm)

1, n mod m

The matrices @, are unitary and do not depend on a or f. Moreover, the entries of the diagonal matrices
D, (a, f), excluding the last zero block, are a uniform sampling of the function a(z)p(e'?) over D = [0, 1] x [~, 7].
We can thus conclude that the LC sequences induce a s.a. when associated to the respective symbols a(x) f(6).

Definition 6.1.2.
LC = { ({Lcn(aa f)}m a(m)f(H)) | a € 0[07 1]7 f(e) = p(GQﬂxi)7 pE C[‘%E] } .

6.1.1.2 Locally Toeplitz Sequences

Like we have already showed in in applications it may happen to find Toeplitz matrices instead
of circulant ones. When dealing with sequences of uniformly banded Toeplitz matrices, though, we can show
that they are a.c.s. equivalent to circulant sequences. In particular, we can generate a space of locally Toeplitz
(LT) sequences following the same steps for the LC sequences, and showing that they are also a.c.s. equivalent.
Let us start by defining what a Toeplitz sequence relative to a function f(#) is.

Definition 6.1.3. Given a function f € L'|—m, n], its associated Toeplitz sequence is {T,(f)}n, where
L) = lfimsliym S e [ SO a0,
From this, we can build the space of LT sequences.

Definition 6.1.4. Given any a € C[0,1] and f € L'[—m, 7], let
LT (a, f) = [Dim(a) @ Tin/m)| ()] ® On mod m

7
= diag;_ — | T n mod m
dlangl,.“,m |:G/ <m> [n/m] (f):| ®0 d

a(Q/m)Tl_n/mJ (f)

On mod m

We define the locally Toeplitz sequence referred to a, f as
LT (a, f) == LT (a, f).
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When f(6) is a trigonometric polynomial p(ei?), there is only a finite number of non-zero Fourier coefficients
fi- In particular,

p(z) = zs: air’,  f(0) =p(e?) = fi=a; Viel

i=—35

It is fairly easy to see that rk(7,(f) — p(C,)) < 2s? = o(n), so the difference {T,,(f) — Cn(f)}n is a zero-
distributed sequence and {7}, (f)}n ~a.c.s. {Cn(f)}n. As a consequence, even LT and LC sequences are a.c.s.
equivalent, since

tk(Cln/m) (F) = Tinymy(f) < 25* = 1k(LCu(a, f) — LTu(a, f)) < 25°[v/n] = o(n).

We can thus associate to each LT sequence {LT,(a, f)}, the symbol a(x)f(f), and induce the following set of
sequences-symbol.

Definition 6.1.5.

LT = {({LTn(a, [)}n a(@)f(0)) [ a € C[0,1], f(0) = p(e*™), p € Clz,7]}.

Notice that £7 is not an s.a., since product of Toeplitz matrices is not in general a Toeplitz matrix. Nonetheless,
the couples ({LT,(a, f)}n,a(x)f(8)) belong to the closure of L£C, and for every LC sequence, there exists the
corresponding a.c.s. equivalent LT sequence. As a consequence, the two closures coincide, and
tells us that the closure is still an s.a.

Theorem 6.1.6. The two sets LT and LC coincide, and the resulting set is a s.a.

6.1.1.3 LT or LC?

We have thus two equivalent ways to build the same space, but which is the more convenient? Notice that by
using the LC sequences, we have the following properties.

e The LC sequences are explicitly built using normal matrices whose eigenvalues, when diagonalized with
a known unitary base change, are sorted according to the sampling of the symbols over a regular grid.
Moreover, the base change is the same for every sequence.

e Every sequence in £C can be expressed by normal matrices, with the same diagonalizing base change, that
sorts the eigenvalues according to an approximated sampling of the associated symbol.

e The diagonalization lets us draw a connection between LC sequences and more simple diagonal sequences
with one dimensional symbols.

The downsides of the LC sequences are described in Remark 0.1 of [76], where it is discussed the reasons why
to use LT sequences instead.

e For every f € L', we can prove that ({T},(f)}n, f(0)) is an element of LT (J58]).

e It is easy to describe a Toeplitz sequence {T),(f)}, associated to f(f) € L'[—m, 7] through its Fourier
coefficients, whereas a circulant sequence {C,,(f)}n associated to f can only be generated through a.c.s.
convergence of banded circulant sequences, or through the Frobenius optimal circulant approximation,
that requires a more involved analysis [31] [72].

e Toeplitz and Toeplitz-like sequences appear often in discretization of linear PDEs.

In other words, the circulant approach helps us on a theoretical point of view, whereas the Toeplitz approach
is more fitted for applications. For these and other reason, we call the generated s.a. the algebra of generalized
locally Toeplitz (GLT) sequences.

Definition 6.1.7. The space of generalized locally Toeplitz (GLT) sequences is

G:=LT =LC
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and we indicate its elements as

({An}mﬁ(x»e)) €g <— {An}n ~GLT 5($79)~

In the next paragraph, we study the fundamental properties of this s.a.

6.1.2 Properties of GLT Sequences

Let us start by noticing that

e the diagonal sampling sequence {D,(a)}, defined in paragraph 5.1.1is a.c.s. equivalent to {LT,(a,1)},

for every a € C*°[0, 1],
e the sequences {T},(f)}, and {LT,(1, f)}, are a.c.s. equivalent for f(0) = ¥ and k € Z.

As a remark, we can notice that {T,,(f)}n ~a.c.s. {LTn(1, f)}n for f(0) = €*% because all the matrices T}, (f)
are k-semiseparable, where k does not depend from n, and LT, (1, f) deletes o(n) submatrices out of the lower
(or upper) triangular part of T,,(f). As a consequence, the difference between the two matrices has rank o(n),
and so it is zero-distributed. This means that the same argument can be repeated with algebras of semiseparable
sequences substituting Toeplitz and circulant matrices, and all the results still hold.

Since C'*°[0, 1] is dense in C10, 1], and we can generate any trigonometrical polynomial with the basis functions
€% the diagonal sampling sequences {D,,(a)}, with a € C°°[0, 1] and the Toeplitz sequences {T},(e*?)},, with
k € 7 are sufficient to generate the GLT space. Notice that all the symbols a(x) and € have to be considered
as functions on [0,1] x [—7, 7.

Theorem 6.1.8 (|52]). Consider the set

F = {({Dn(a)}n,a) | a € C[0,1] } U{ ({Tn("")}n, ") | k € Z}.

The algebra generated by F is a s.a. and its closure coincides with G.

In particular, we find that if a € C*°[0,1] and f(#) = €*?, then

{Dn(a)}nd{Tn(f)}n ~arr alz) f(6).

Moreover, the set ‘
{a(2)f(0) |a € C0,1], f(0)=p(e*™), peClx,7]}

is dense in [y 1)x[-x,x], S0 We can use |Lemma 5.3.7} [Theorem 5.3.11] and [Theorem 5.3.19| to conclude the
following result.

Theorem 6.1.9 ([5]). G is a closed and maximal s.a. admitting all functions in Mo 1)x[—r as symbols.
Moreover, if we quotient the space by the zero-distributed s.a. 2 x {0}, it becomes isomorphic and isometrically
equivalent to Mo 1)x[—r,x)-

As we said in the last paragraph, the connection between GLT and measurable function is quite strong, since for
every sequence {4, }, € G we can find an a.c.s. equivalent normal sequence whose eigenvalues converge to the
symbol k. As ulterior proof of the connections between the two spaces, we give in a way to produce
some "derivation" operator T, and Ty on the GLT sequences, so that for several sequences {A,}, ~crT k we
have

To({Ankn) ~arr Wpp To{Ankn) ~arr g,
The link highlighted by [Theorem 6.1.9| (and more in general [Theorem 5.3.8)) is so deep that they may lead to

a "bridge", in the precise mathematical sense established in [30], between measure theory and the asymptotic
linear algebra theory underlying the notion of a.c.s.; a bridge that could be exploited to obtain matrix theory
results from measure theory results and vice versa.
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Turning to study the maximality of this s.a., we notice that applies to G, since it is a closed
s.a., it contains ({Dy(1)}n,1) = ({In}n, 1), admits all functions .#[g 1)x[—,» as symbols, and the construction
through the LC sequences assures us that there exists an unitary sequence {V,,},, such that any GLT sequence
is a.c.s. equivalent to a normal sequence diagonalized by {V,,},. Consequentially, G and D are isomorphic.

Theorem 6.1.10 ([10]). IfT : [0,1] — [0, 1] X [—m, 7] is an isomorphism of measurable spaces, then there exists
an unitary sequence {U, }, such that the map

¢:G—D, e({An}n, k) = ({UHAnUf}na K(T)).

s an isomorphism of C-algebras and an isometry.

Notice that if [Conjecture 5.3.20] were true, then any s.a. would embed into G, thus transforming it into a
maximum element for (g 1)x[—,x] and 2A in general. When we consider the simple inclusion order, though, it
is easy to find algebras not contained in G, even simple ones built only with diagonal sequences.

Example 6.1.11

» Let {A,}, = {Dn((—1)")i}n. Notice that {A,}, is diagonal, and thus normal, and admits X[o 1 /2] —X[1/2,1]
as spectral symbol. If {A,}, ~gr7 Kk, and B,, = A, T, (") — T, (") A, then

{Bu}n ~c1r 0 = {B,BL} ~c170

but
0 1 0
1 0 -1
-1 0 1
By = AnTo (") = To(e)An = )
Lo#l
10
and
1 0 -1
0o 2 0 -1
-1 0 2 0 -1
BB, = -0 oo ~aes. Tn(2 — 2¢05(20)) ~crr 2 — 2c05(20) # 0.
-1 . 2 0 -1
0 2
~1 0 1

So {A, }» is not a GLT sequence, but it is normal and admits a spectral symbol, so it generates an algebra
that is not contained in G.

6.1.3 Axioms of GLT Sequences

In [52] we can find all the main properties of the GLT space summarized in 9 points. Here we report them, and
discuss or generalize some of them.

GLT 1. If {A,}n ~crr K then {A,}n ~5 . If {A,}n ~crT £ and each A,, is Hermitian then {4, }, ~\ &.
GLT 2. If {A,}, ~cur k and A, = X,, +Y,,, where

e every X, is Hermitian,

o n 2|V, |2 = 0,
then {A,}, ~x K.

GLT 3. Here we list three fundamental examples of GLT sequences.
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e Given a function f in L!([—m, 7)), its associated Toeplitz sequence is {T},(f)}n, where

1

To(f) = [fimili j=1s fo = il F(0)e 0.

{T,.(f)}n is a GLT sequence with symbol x(x,0) = f(0).

e Given any a.e. continuous function a : [0,1] — C, its associated diagonal sampling sequence is
{Dy(a)}, where

D,(a) = diag a(i.).

i=1,...n \T
{Dn(a)}n is a GLT sequence with symbol «(z,6) = a(x).

e A zero-distributed sequence is a matrix-sequence such that {Z,}, ~, 0, i.e.,
1 n
lim — (A)) =
Jim Z;G(m( n)) = G(0)
i=
for every continuous function G : R — C with compact support. Any zero-distributed sequence is a
GLT sequence with symbol x(z,8) = 0.

GLT 4. If {A,}n ~crr k and {B,}, ~crr &, then

o {AH), ~qir R, where A is the conjugate transpose of A,,,
o {aA, + BBn}n ~crr ak + B€ for all a, B € C,
L {Aan}n ~GLT "ig'

GLT 5. If {A,},, ~crr & and K # 0 a.e., then {Al}, ~qrr £71, where A is the Moore-Penrose pseudoinverse
of A,,.

GLT 6. If {A,}, ~crr ~ and each A, is Hermitian, then {f(A,)}n ~crr f(x) for all continuous functions
f:C—C.

GLT 7. {A,}» ~cur & if and only if there exist GLT sequences {By, i }n ~cLT £m such that k,, converges to x
in measure and {B;, m }n 285 {A ), as m — 00.

GLT 8. Suppose {A,}n ~crr £ and {By m}tn ~cLT Km, Where both A, and B, ,, have the same size. Then,
{Bn.m}n e, {A,}n as m — oo if and only if k,, converges to s in measure.

GLT 9. If {A,}n ~crr ~ then there exist functions a; m, fim, ¢ =1,..., Ny, such that
® a;., € C™([0,1]) and f; ,, is a trigonometric polynomial,
. Zf\;”i a; m () fi,m () converges to x(z,8) a.e.,

o (XM Dlaim)T(fim)}, == {Antn as m — oo

Most of the properties listed are easy corollaries of [Theorem 6.1.8] and [Theorem 6.1.9] so we can explain
individually the few remaining.

GLT 1 says that {4,}n ~crr £ = {An}tn ~x K, and it is an easy corollary of [Lemma 5.2.3] Actually,
the same results shows that it holds even for normal sequences.

Lemma 6.1.12 ([10]). If A,, are normal matrices,

{An}n ~NGLT K = {An}n ~\ k.

GLT 2 comes directly from Notice that we can also use paired with
emma 6.1.12) to come up with similar results.
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Lemma 6.1.13 ([10, 8]). Consider {A,}n ~crr & and A, = X,, + Y, where every X,, is normal. Then
{An}n ~x K if one of the following holds.

o ||Y,]lp =o(1) where 1 <p <2,
o [Yall, = 0(71%_1) where 2 < p < oo,
o [Yall =o(5)-

1
n

GLT 5 comes from the observation that if {B,}, ~grr £~ ' then both {Af A,}, and {A4,B,}, are a.c.s.
equivalent to {I,}, so
{Al}n ~a.c.s. {AILAan}n ~a.c.s. {Bn}n

GLT 6 can be proved by approximating f with a sequence of polynomials p,, converging to it. Actually,
from [Lemma 6.1.12| and the fact that A, normal implies f(A, ) normal, we can generalize the result to normal
GLT sequences.

Lemma 6.1.14. If {A,}, ~crr K and each A, is normal, then {f(An)}n ~crr f(K) for all continuous
functions f: C — C.

GLT 7 and GLT 8 descend directly from the isometry between G and .#g 1]x |-, stated in
and can be generalized into the following result.

Lemma 6.1.15 ([5]). Given the conditions a.c.s.

1. {Bp,m}tn,m ~GLT Km, {Bn’m}n’m b
2. {An}n ~crr K, ~GLT ~GLT
3. Km — K in measure,
4 ABumtnm == {An}n,
the following statements hold:
e (1),(2) = () <= (4)),
(1), (3) = FHAn}n: (4),(2),
(1), (4) = 3r:(2),(3),
(2),3) = HBumlnm:(1),(4).

Km K

2),(3

6.1.4 Spectral Symbols and Banded Matrices

The GLT axioms are very useful to determine singular value and spectral symbols of matrix-sequences derived
from practical applications. In fact we can find the GLT symbol of a sequence through the algebra operations in
GLT 4, convergence results GLT 7,8,9 or applying specific functions GLT 5,6 starting from simple sequences
GLT 3, and the GLT symbol is always a singular value symbol thanks to GLT 1.

When we want to find the spectral symbol of a sequence, then it is automatic if we have a normal sequence
thanks to otherwise we have to prove that our sequence is close to an Hermitian one, like in
GLT 2. The last case is actually the one that happens most frequently in applications, so here we report some
additional results that usually help in practice. The proofs for these results are reported in

Lemma 6.1.16. Given a sequence of Hermitian sequences {Bp m n with GLT symbol ky,, suppose that there
exists a sequence { By}, with

1
lim limsup —||Bym — Bnl/2 = 0.
m—00 n_yeo N

In this case, there exists a limit function ky,, — k and {Bp}n ~x k.
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This lemma descends naturally from the perturbation result but it is an important piece
that we need to prove the last result of this section on banded matrix-sequences.

Theorem 6.1.17. Given m + 1 Riemann Integrable function ag,a1, ..., an, we have
Z{Dn(ak)Tn(eike) + Dy (ap) 2T, () H Y, ~y Z 2R (ax(z)ek?).
h=0 k=0

6.1.5 An Example of Application

We consider the second-order differential equation with Dirichlet boundary conditions

{(a(z)u’(x))’ + b(2)u (z) + e(x)u(z) = f(x), x€(0,1), 6.1)

where
e a(x),c(x) are continuous and real-valued functions, defined in [0, 1],
e b(z) is a real-valued function on [0, 1], such that |b(z)x®| is bounded for some o < 3/2,

while f(x) is a general function. For the GLT analysis presented in the present section we do not need further
assumptions. We employ central second-order finite differences for approximating the given equation. We define

the stepsize h = n}_l and the points x = kh for k belonging to the interval [0,n 4 1]. For every j =1,...,n

we have

(@)t (@) lp=a, o —— 2

a(xj_’_% ) u(zjﬂz:U(Ij) _

~ —

—a(@; 1 )u(xjv) + (a(zjy 1) +ale;_1))ul(z;) — ale;_1)u(w;-1)
72

u(zji1) —u(xj—1)

b(l’)ul(xﬂac:zj ~ b(x]) 2h

c(@)u(@)o=a; = c(zj)ulz;).

Let ay, := a(xg) for any k € [0,2n + 2] and set b; := b(z;), ¢; := c(x;), f; = f(z;) for every j =0,...,n+ 1.

We compute approximations u; of the values u(x;) for j =1,...,n by solving the following linear system
Uy Uy U1 fi+ h—lzala + ﬁbla
Uz Uz U2 f2
A, ¢ | +B. +Cu | o | =0 : 7
Un—1 Un—1 Up—1 fnfl
Un Un Un fn+ %a2n+lﬁ - ﬁbnﬁ
where
ay + as —as
—a3 a3+ as —as
An = ’
—A2n—3 (2n—3 + A2p—1 —Q2n—1
—a2n-1 G2n—1 + Q2n+1
0 b
N by 0 bo
Bn:§ . C, = h*diag(ci,...,cn).
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In the case where a(x) = 1, in accordance with the notation of axiom GLT 3, we obtain the basic Toeplitz
structures

T, (2 —2cos(h)) = . (6.2)

Recall that the diagonal sampling sequence {D,,(a)},, associated to a(x) is written as

(D(@)} = ding,_, 0 ()
R n
Notice that
[ Dn(a)Tn(2 —2cos(0)) — Anlloo <

; . .
< max { <) +agi—1| + |2a (Z> — agi—1 — azi+1| + ‘—a (Z) + agit1
1=1,...,n n n n
where aj, = a(k/(2n + 2)), and if we call w,(x) the modulus of continuity for a, we have
21 —1 3
— i— < a = 1 Y
() el e () e (G = () =0
i 2i+1 1
— —_ . = |— < — 1
() el () e Gl = () -

1Dn(a)T(2 = 2c0s(0)) — Anfloc = o(1).

As a consequence, [Lemma 3.2.12| proves that {D,(a)},{T(2 —2cos(0))}n ~a.c.s. {An}n and thanks to GLT 3
and GLT 4, we obtain

|

3|

SO

{An}n ~crr a(z)(2 — 2 cos(0)).
Following a similar reasoning, we discover that n2{C,}, ~a.c.s. {Dn(c)}n ~crT (), S0
{n_QIn}n ~GLT 0 = {Cn}n ~a.c.s. {n_ZDn(C)}n ~GLT 07
which, again by axioms GLT 3 and GLT 4, implies that {A,, }, +{Ch}n ~crT a(z)(2—2cos(f)). By exploiting
the real symmetry of all the considered matrices and in view of axiom GLT 1, we obtain
{An}n + {Chn}n ~x a(2)(2 — 2cos(h)).

For the matrices B,,, taking into account GLT 2, we are interested in estimating their Schatten 2-norm. Suppose
that there exists a constant C' > 0 such that |b(z)z®| < C. If & < 1, then [b(x)z| < |b(z)z*| < C, so we analyse
only the case a > 1. We have

h2 n h2 n C2h2 n 02h2—2a n
2 2 _ 7 27\2 1\ —2 - —2x

IBalli < 5 D_bf = 5 D _b(ih)* < ==} ()72 = ——— 3 i (6.3)

=1 =1 =1 i=1

Since —2a < —2, we can estimate the last sum with the integral of 22%*!, in the following way
- " 200 — p 20t

72 <1 / 2oy =" 6.4
;Z sir v 2 — 1 (64)

Substituting (6.4]) into (6.3]), we obtain

02h272a n 02 C2
”BnH% < T 217204 < 27ah272a _

which implies
IBallz = O(n*). (6.5)

Observe that 3 > a leads to || B, |2 = o(y/n). By invoking GLT 2, we simply conclude
{Antn +{Bn}n + {Cn}n ~x a(x)(2 — 2cos(h)),
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6.2 GLT Variants

Here we present some of the variants of the original GLT space, built in order to analyse sequences coming from
the discretization of multidimensional PDEs or from

6.2.1 Multilevel GLT

Similarly to the one-dimensional case, a multilevel GLT sequence { A, },, is a sequence of matrices with increasing
size, equipped with one of its singular values symbols x, which is referred to as the GLT Symbol and is defined
over a domain D of the form [0,1]% x [, 7]9, ¢ > 1. For a complete analysis of the multilevel GLT sequences,
the reader can refer to [63]. Here we report only the principal results, omitting all the proofs.

A point of D = [0, 1]¢ x [—7, 7]? is usually denoted by (x, ), where x = (z1,...,2,) and 8 = (01,...,6,) are
vectors of variables. When dealing with multilevel sequences, matrices and vectors, we will use the multi-index
notation. A multi-index ¢ € Z4, also called a g-index, is simply a vector in Z?; its components are denoted by
11,451

e 0,1, 2, ... are the vectors of all zeros, all ones, all twos, ... (their size will be clear from the context).

e For any ¢-index m, N(m) = ngl m; and m — co means that min(m) = minj—, 4 m; — oo.

e If h, k are g-indices, h < k means that h, < k, for all r = 1,...,¢q, while h £ k means that h, > k, for
at least one r € {1,...,¢}.

e If h,k are g-indices such that h < k, the multi-index range h, ...,k is the set {j € Z2: h < j < k}. We
assume for the multi-index range h, ...,k the standard lexicographic ordering;:

[ [ (G- ) Ly, ] . (6.6)

Ja=1=hq—1, kg1 Jji=h1,...,k1
For instance, in the case ¢ = 2 the ordering is

(hhh?)) (h17h2 + 1)a ceey (h17k2)7 (hl + lahQ)a (hl + 17h2 + 1)7 sy (hl + 17k2)7
...... (k1o k), (ksha 1), s (k1 ko).

e When a ¢-index j varies over a multi-index range h, ...,k (this is sometimes written as j = h,..., k), it
is understood that j varies from h to k following the specific ordering . For instance, if m € N¢ and
if we write x = [x;]1", then x is a vector of size N(m) whose components z;, 2 =1,...,m, are ordered
in accordance with : the first component is x1 = x(; . 1,1), the second component is z(;,. 12, and
so on until the last component, which is Ty = Z(,,....m,). Similarly, if X = [xij]?,}:lv then X is a
N(m) x N(m) matrix whose components are indexed by two d-indices 4, §, both varying from 1 to m
according to the lexicographic ordering .

e Operations involving g-indices that have no meaning in the vector space Z? must always be interpreted
in the componentwise sense. For instance, ¢ = (171, ...,%4Jq), 2/3 = (i1/41,---,14/7q), €tc.

In this context, by a sequence of matrices (or matrix-sequence) we mean a sequence of the form {A,, },,, where

n = (ni1,...,ngq) depends on n and n — oo as n — oo. In many cases, it is natural to assume that n = nc,
where c is a vector of rational constants and n diverges to infinity. It is always understood that a matrix A,
parametrized by a ¢-index n has dimension N(n) =nq----- ng; its entries will be indexed by two g-indices 2, j.

The main theoretical properties of one-dimensional GLT sequences GLT 1-GLT 9 still hold in the multi-
dimensional context, upon substituting the sequences {A,}, with the multilevel sequences {A,},. The only
exceptions are GLT 3 and GLT 9, that have to be rewritten in order to include g-level Toeplitz matrices gen-
erated by an L! ¢g-variate function and ¢-level diagonal sampling matrices associated with an almost everywhere
continuous g-variate function.

GLT 3. Here we list three important examples of GLT sequences.

e Given a function f in L([—m,7]?), its associated Toeplitz sequence is {T,,(f)}, where the elements
are multidimensional Fourier coefficients of f:

Tn(f) = [fifj]?:jzb fe = @ /_‘fr f(G)e‘i’“"’de.
0)

{Tn(f)}n is a GLT sequence with symbol k(x,8) = f(
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e Given an almost everywhere continuous function, a : [0,1]? — C, its associated diagonal sampling

sequence {Dy(a)}, is defined as
naw-a((o(2)})

{Dn(a)}n is a GLT sequence with symbol x(x,0) = a(x).
e Any zero-distributed sequence {Z,},, ~, 0 is a GLT sequence with symbol x(x,0) =0 .

GLT 9. If {A,}n ~crr ~ then there exist functions a; m, fim, ¢ =1,..., Np, such that
® a; ., € C™([0,1]9) and f; ., is a trigonometric polynomial in ¢ variables,
o Zl "t aq,m (%) fi,m (0) converges to k(x,b0) a.e.,
° {E " D (@.m) n(fi,m)}n 28 LA Yn as m — 00.

The construction of the s.a. of g-level GLT G, is totally analogous to the unidimensional case, but we start
with g-level diagonal sampling sequences {Dy,(a)}, and g-level Toeplitz sequences {Tp,(f)},. In particular, in
the case of {Dy(a)}, for a € C([0,1]9), it is intuitive to associate the symbol a(x) to the sequence, since it
contains an uniform sampling of the function over a regular grid on [0,1]?. In the case of separable functions
(@) (for example, when they are trigonometric polynomials), it is possible to express the multilevel Toeplitz
sequences as a Kronecker product of simpler Toeplitz sequences

Tm(fl) ®"'®an(fq) :Tn(fl fq)

The properties of the Kronecker product let us associate to each such multilevel Toeplitz sequence the symbol
fi--- fq- With these basilar sequences, it is possible to build the set of multilevel locally Toeplitz sequences,
and its closure will result in G,.

All the other results from the unidimensional GLT settings can also be generalized to the multidimen-
sional case. In particular, if we call G, the space of couples ({Ap}n,k) such that {An}, ~grr k, with
K € Mo, 1)ax[—n,x]e, then we can state the following propositions.

Theorem 6.2.1. G, is a closed and mazimal s.a. admitting all functions in Mg 114 x|—x x)a s symbols. More-
over, if we quotient the space by the zero-distributed s.a. % x {0}, it becomes isomorphic and isometrically
equivalent to My 1)a x[—x,x)a-

Theorem 6.2.2. If T :[0,1] — [0,1]9 X [—7, 7|7 is an isomorphism of measurable spaces, then there exists an
unitary sequence {Up}, such that the map

ol gq — D, ‘P({An}m “) = ({UnAnUf}na “(T))~

is an isomorphism of C-algebras and an isometry.

Lemma 6.2.3. If A,, are normal matrices,
{An}n ~NGLT K = {An}n ~A K.

Lemma 6.2.4. If {A,}, ~cur K and each Ay is normal, then {f(An)}n ~crr f(K) for all continuous
functions f: C — C.

6.2.2 Multidimensional Diffusion Problem

~V-AVu=f, in (0,1)2,
w=0, on 0((0,1)2),
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where A : [0,1]2 — R?*? is a symmetric matrix of functions az. As in the 1-dimensional case, we should
assume at least apr € C1([0,1]?) to ensure the well posedness of problem , but for the analysis we only
need the weaker condition that asy are continuous a.e. on [0, 1]%.

We observe that (6.7) is equivalent to
2

0 ou
- a a. ) — ) i 071 27
h;l (%‘h (ahk 8(Ek> f m ( ) (68)
u =0, on 9((0,1)?).

We consider the classical central FD discretizations of . We choose n € N2 and we set h = %ﬂ and
zj=ghforj=0,...,n+1. E| For simplicity, we also suppose that n = n; = ns, meaning that n = (n,n) and
h=hy = hs.

We refer the reader to [8], where this application is treated in more generality (generic dimension ¢ instead
of 2, and non-uniform parameter n = (n1,no,...,ny)), and more details. Here we report a simplified sketch of

the analysis.

Let ey be the kth vector of the canonical basis of R? and notice that z; + shyer = Tjise,. Then, for
7 =1,....n, we can approximate the terms appearing in as follows:

ou ou
) (a 8u) N akkaixk(ijrek/Z) - akkaixk(xjfekﬂ)
axk bk Bxk r=x; h
~ akk(xj+ek/2)U(xJ+ek}32 ulws) akk(fﬂj—ek/Q)U(x]) hz(xj_ek) (6.9)
ou ou
K2 ( 8u> ahkafm(lﬂeh) - ahkafm(l’j—eh)
83’:h A 6$k r=1; 2h

u(‘errethek ) - u('erreh —eg ) ) u(mj*eh +ex ) - u(xj*eh*ek )

~ ank(Tjtey,) — apk(Tj—e,

4h? 4h? ’
(6.10)
for h,k =1,2, h# k. The evaluations u(x;) of the solution of (7.2)) at the grid points x; are approximated by
the values uj, where u; = 0 for j € {0,...,n+1}\{1,...,n}, and the vector u = (u1,...,u,)7 is the solution
of the linear system
2
Ujte, — Uj Uj — Uj_
- akk(%’wﬁﬁ% - akk(mjfem)%
k=1
2 u u u u
j+enter — Ujten— j—enter — Uj—en—
_ Z ahk(xj+eh) Jten ek4h2 jten—er ahk(xj—eh) j—en ek4h2 j—en—ek
h,k=1
h#k
= f(z;), j=1,...,n. (6.11)

We now want to understand the structure of the matrix A,, associated with the linear system ((6.11]). Luckily,
the multi-index language allows us to provide a compact and easy-to-manage expression of this matrix. For
example, the matrix representing the addendum

Ujte, — Uj
Jter J s
_a11($j+el/2)7h2 s ] = 1,...,n
can be expressed as
In _In
1/ .. I,
2 ( dlagj:1,...,n a11($j+e1/2))
_In
L,
LOperations involving g-indices in Z9 must be interpreted in the componentwise sense. In the present case, given n = (n,...,ng),
the vector of discretization steps h = %Jrl and the grid points x; = jh are given by h = (ﬁ, RN ﬁ) = (h1,...,hq) and

zj = (jih1,---,Jqhq)-
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SO
1 : i0
ﬁ(dlagjzl,...,n a11($j+e1/2)) (Tn(1 =€) @ I)
1. i
— ﬁ<d1agj:17wn a11(Ij+e1/2)>Tn(1 - 661).

With analogous reasoning for the other addends, we note that A,, admits the following natural decomposition:
21
An = > ﬁ(diagj:lwm akk(xﬂek/z))Tn(l — %) (6.12)
1
+ Z 2 ( diag;_1 . n akk(xjfek/2)>Tn(1 — e7i0k)

2 .
1 . 1 i .
+ ) _ﬁ<dlagg‘:1,m,n ahk($j+eh))§Tn(€ O sin 0, )

In view of axiom GLT 3, all the diagonal matrix-sequences that appear in (6.12)) belong to the class of GLT
sequences. More precisely, we observe

{diag; 1, n @k (Tjte,/2)}n ~acs. {Dnlark)}n ~crr ark(x), (6.13)

{diag;_1 .. n ank(Tjte,)tn ~a.cs. {DOnlank)tn ~crr ank(x). (6.14)

Using axiom GLT 4, we thus obtain

2 2
(n2An}n  ~crr Zakk(x)@ —2cosf) + Z ank (x) sin 0y, sin O, (6.15)
k=1 hfll;:kl

that can be rewritten as
{(n"2An}n ~arr 1(A(x) o H(0))1T,

where H : [0,1]? — R?*? is the symmetric matrix of continuous functions defined by

(H(e))kaQ—QCOSHk, k‘=1,2,
(H(0))pi = sin by, sin Oy, 1<h#k<2.

Now n~2A,, are Hermitian matrices, so by axioms GLT 1 we infer

{n2An}n ~crren 1(A(x) 0 H(0))17.

6.2.3 Block GLT

Notice that the sequences we deal with in are block matrices, with blocks of increasing sizes.
If we fix the size of the block to a constant, we obtain a different, yet similar, family of sequences, called the
Block GLT sequences. The main difference with all the other sequences we encountered until now is that they
admit a matrix-valued function as symbols. In other words, the algebra of block GLT sequences will consist of
couples ({4, }n, T) where

T:[0,1] x [—m, 7] = C°*%,

and the matrix A is an s-block matrix
An: (aiyj)?’j:l, ;g € Cs*® Vi,j: ].,...,TL.

Here we use n for simplicity of exposition, but we could use a general diverging sequence s,, and all the results
still hold. In particular, A,, has size sn x sn. When s = 1 we recover the original GLT sequences, but otherwise
the considered algebra is not even a s.a. in sense of [Definition 5.3.9] because its symbols do not belong to
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M p. Nonetheless, one can prove that all the theory regarding s.a. and s.g. can be generalized to spaces with
matrix-valued symbols, and we find again most of the properties of the GLT sequences. For a complete analysis
of the block GLT sequences, the reader can refer to [13]. Here we report only the principal results, omitting all
the proofs.

In what follows, unless expressly indicated, all the sequences {4, },, are s-block matrix-sequences, and all the
symbols are in .# (%), the space of measurable functions with values in C***. In particular, L'([~7, ], s) are
the matrix valued L! functions with domain [—7, 7] and C([0, 1, s]) are the continuous matrix valued functions
with domain [0, 1].

GLT 1. If {A,}, ~crr Y then {A,}, ~» Y. If {4} ~qrr Y and each A, is Hermitian then Y is Hermitian
a.e. and {4}, ~x Y.
GLT 2. If {A,}», ~cr T and A, = X,, +Y,,, where
e every X, is Hermitian,
o n 2|V, |2 = 0,
then {P2 A, P}, ~, Y for every sequence {P,}, such that PP, =I5 , 6, < sn, and 4,,/sn — 1.
GLT 3. Here we list three fundamental examples of GLT sequences.
e Given a function f in L!([—7, 7], s), its associated Toeplitz sequence is {T},(f)}, where

1

—ik6
-/ f( )e~kd.

Tn(f) - [fi—jmj:la fre =

{T,(f)}n is a block GLT sequence with symbol Y(z, ) = f(0).

e Given any a.e. continuous function a : [0,1] — C***  its associated diagonal sampling sequence is
{Dn(a)}n, where

D, (a) = diag a(%).

i=1,...,n
{Dn(a)}n is a block GLT sequence with symbol Y(z,0) = a(x).

e A zero-distributed sequence is a matrix-sequence such that {Z,}, ~, 0, i.e.,
i L 3" G(oi(4,) = G(0)
5,5 2, GlolAn)) =

for every continuous function G : R — C with compact support. Any zero-distributed sequence is a
block GLT sequence with symbol Y(z,6) = 0.

GLT 4. If {4}, ~crr T and {By}, ~crr E, then
o {Al), ~qrr TH, where A is the conjugate transpose of A,,,
o {aA, + BBn}n ~crr oY + BE for all o, € C,
e {A,Bp}n ~cur TE,
o {Al}, ~grr Y1 if Y is invertible a.e.

GLT 5. If {A,}n ~crr YT and each A, is Hermitian, then {f(A4,)}» ~crr f(Y) for all continuous functions
f:C—C.

GLT 6. If {A,;j}n ~crr Yij € M) fori,j=1,...,s and we set T = ['I‘]ij:l e #%) and A, = [An,ij]f,j:u
then there exists a permutation matrix II,, such that {1 4,11}, ~grr Y.

GLT 7. {A,}, ~cur T if and only if there exist GLT sequences { B, m }n ~crr Tim such that T,, converges to T

a.c.s.

in measure and {By, m}n — {An}n as m — oo.

GLT 8. If {A,}n NGLT Y and {B,}n NGLT :, then dg.cs.({An}n, {Bn}n) = dmea(T,Z), and for every gauge
function ¢, d? . . ({An}n, {Bn}n) = df..(T,2).

GLT 9. If {A,}n ~grr Y then there exist functions a; m, fim, @ = 1,..., Ny, such that
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® a;, € C™([0,1]) and f; ., is a trigonometric monomial for every entry,
. Zf\;”{ a; m () fi,m(6) converges to Y(z,0) a.e.,
o {3 Du(im ) To(fim)}, === {An}n as m — oco.
Notice that in T,,(f) all the Fourier coefficient are s x s matrices, and in D, (a) all the diagonal entries are

also s X s matrices. Moreover, the distances reported in GLT 8 are the usual d, . s. distance, the distance d;,cq
between matrix-valued functions defined as

dea(T,Z) = inf {H L5t (5,0) €0.1) x| u(T0) = (0,0)) > y}}

y>0 21

and for every function ¢ as in [Theorem 3.1.15

Sn

. 1
df.c.s.({An}nv {Bn}n) = hmsup s E SD(UZ(ATI - Bn))a
n—oo n i=1

mea 27_(_ s

For a proof of the isometry between d, 5. and dy,q refer to

HaT3 - [ i (o0, 0) ~E@00) o
(0,1]x[-m,7]

The construction of the algebra of s-block GLT G* is totally analogous to the unidimensional case, but we start
with s-block diagonal sampling sequences {D,,(a)},, and s-block Toeplitz sequences {T),(f)}». In particular, in
the case of {D,(a)}, for a € C([0,1],s), it is intuitive to associate the symbol a(z) to the sequence, since it
contains an uniform sampling of the function over a regular grid on [0, 1].

In the case of entry-wise L' functions f(6) where only one matrix entry f; ;(f) is non-zero (and in this
instance we write f(6) = f;;(8)E; ;) it is possible to permute the rows and columns through the permutation
matrix in GLT 6 and obtain a block matrix with s x s blocks of size n, and where only the 4, j-th block is
non-zero and equal to T,,(f; ;(x)). It is thus natural to associate to each such s-block Toeplitz sequence the
symbol fi,j(Q)Ei,j-

With these basilar sequences, it is possible to build the set of block locally Toeplitz, and its closure will result

in G5.

An ulterior extension of the theory is provided in [14], where one can consider multivariate matrix-valued
functions T : [0,1]¢ x [—m,7]? — C*** and the associated d-multilevel s-block GLT sequences. The analysis
follows the same lines as and this paragraph argument, and similar results to GLT 1-9 are

shown.

6.2.4 Petersen Graphs

In we encountered for the first time an example of matrix-valued symbol T associated to the
sequence of adjacency matrices associated to generalized Petersen graphs. Here we can show how that it is
actually a block GLT symbol.

Recall that the adjacency matrices of GPG(n, k) present a 2 x 2 block structure

Cn,+CT I,
A, = A(GPG(n,k)) = ( I, c* + (Ck)T> )

where C,, is the circulant matrix defined in As we have shown in the circulant

sequences are actually a.c.s. equivalent to the Toeplitz sequences, so it is easy to show that {A,}n ~a.cs. {Bn}n

where
T,.(2cos(h)) T.(1)
Bn = ( T,(1) Tn(QCos(kG))> :

Now we can apply GLT 6 with » = 1 and s = 2, and easily conclude that there exist a permutation sequence
{I1,,},, such that

. ~ (2cos(0) 1
{I1;, B, 11, } GLTT—< 1 2cos(k0) )"

Notice that T coincides, up to a transformation of domain [0,1] — [—,n], with the symbol found in
Since A, and B, are both Hermitian, and since a permutation does not change eigenvalues and
singular values, we conclude that

{An}n ~o, A T.
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6.2.5 High Order FE Discretization

Consider the diffusion problem

—u"(z) = f(x), z € (0,1),
()= /(@) 0.1 6.16)
u(0) =u(l) =0.
The weak form of (6.16]) reads as follows [29, Chapter 8]: find u € HJ ([0, 1]) such that
1 1
/ u’(m)w’(x)dxz/ f(@)w(x)dz, Yw € H([0,1]).
0 0
We use a finite elements method [68, Chapter 4], with of basis functions By [p ), - Bnp—k)+k+1,[pk] : R = R

the B-splines of degree p and smoothness C*, for p,n > 1 and 0 < k < p — 1, defined on the knot sequence

{7'17 ceey T )+p+k+2}
1 1 2 2 —1 —1
:{0,...,0, e N 1,...,1}. (6.17)
7;1_/ n n n n n n 7:
p—k p—k p—k
For simplicity, we denote the basis functions as
©i = Bi1,[p.k5 it=1,...,n(p—k)+ k-1, (6.18)
and we look for an approximation of the exact solution in the space # = span(¢1,...,¢n) by solving the

following discrete problem: find uy € # such that

1 1
/ ty (z)w' (z)de = / f(x)w(z)dx, Vwe#.
0 0

Since {®1,...,pn} is a basis of #', we can write uy = Z;V:I u;p; for a unique vector u = (uq,...,un)’. By
linearity, the computation of uy (i.e., of u) reduces to solving the linear system

Au="f,
where f = (fol f(x)e fo dm) and A is the stiffness matrix,
1 n(p—k)+k—1
A=Ay pr = [/0 k) (B Bl g (2)dz . (6.19)
i,j=1
The main properties of By 1), -, Bn(p—k)+k+1,[p,k] that we need to analyse the linear system are listed
below ([32, [71]).
e The support of the ith B-spline is given by
supp(B;,[p.k)) = [Tis Titps1ls i=1,....,n(p—k)+k+1. (6.20)
e The derivatives of the B-splines satisfy
n(p—k)+k+1
Z 1B} (.| < Cpn over R, (6.21)

i=1

where C), is a constant depending only on p. Note that the derivatives B; [p,k] AY NOt be defined at some

of the grid points 0, & o n, ceey ”Tfl, 1 in the case of C° smoothness (k = 0). In (6.21)) it is assumed that
the undefined values are excluded from the summation.

e All the B-splines, except for the first £+ 1 and the last k + 1, are uniformly shifted-scaled versions of p — k
fixed reference functions By ;- - -, Bp—k,[p,k], namely the first p — k B-splines defined on the reference
knot sequence

1
0oy 0,1, ey, n:[“]
—_—— —— ——— p— k

p—k p—k p—k
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The precise formula we shall need later on is the following: setting

k+1
=|—], 6.22
) Lﬁ - kw (622
for the B-splines Byo k], - - - » Brt14+(n—v)(p—k),[p,k] We have

Bii1+o-k) (r— 1) +a.[p.k) (T) = Bg p.k) (2 — 7 + 1),

(6.23)
r=1,...,n—vr, q=1,...,p—k.
We point out that the supports of the reference B-splines 3, [, ) satisfy
supp(B1,p.x1) S SUPP(Ba,pk) € - -+ € SUPP(Bp—i. [p.a1) = [0,7]- (6.24)

The last property, in particular, shows that all the B-splines, except for the first k + 1 and the last £ + 1, can
be partitioned into subsets of p — k functions, and each subset is a normalized and shifted version of the set
reference functions By, k), - -, Bp—k,[p,k]- This naturally leads, up to a constant number of rows and columns,
to a Toeplitz (p — k)-block structure for the matrix A [pk]-

In fact, consider the entry 4, j of A,, ,, ) and compare it with entry i +s(p — k), j 4 s(p — k), where s > 0 and
all the indices 4, j,i + s(p — k), j + s(p — k) are in the range [k + 2,n(p — k)]. In other words, we are comparing
the same element in different blocks to check if it is the same. Suppose moreover that

i=k+1+(p—-kFr -1+, j=k+1+p@-k(R-1)+7,
with @', j € [1,p — k], so that
Bi(x) = By jpj(ne —r+1),  Bj(x) =By [pr(ne — R+1).

We find that
(An pJf])
- [ e
=n / Bir g (mx =7+ 1)B 1y (ne — R+ 1)da
= n/ Bl (k] )85 o (Y — R+ 1)dy
and

(A [p.k)i+s(o—k) i+ 5(0—k)
1
= [ Bl B oy ()
=2 [ Bl gy == 5+ DB gy ylne = R =5+ 1)

= /ﬂz’,[p k] pk](y R+T)

As a consequence, we can conclude that (A, px1)ij = (An,[pk])i+s(p—k).j+s(p—k) for every i, j,s such that the
indices ¢, 7,1+ s(p—k),j + s(p— k) are between k+ 2 and n(p— k). It is thus possible to prove that the sequence
{nflAm[p)k]}n has the same eigenvalues and singular values as a block GLT matrix, that is in particular a
banded and symmetric block Toeplitz sequence with symbol

[€] ol — [0] [¢ oil0 4 [ T _—ico
Fifp.1l (0 Z K[zx - p Kt Z(Kp K] © K[pJ(}]) € )7 (6.25)
LET >0
where
p—k
pvk] {/ B; j,[p,k] [p, k]( Z)dt] . LeZ. (6.26)
i,j=

We conclude that

{n" A i tn ~ox K (0)-
We refer to [I3][14] for a complete analysis of this applications and all the detailed proofs of the results, altogether
with generalizations to convection-diffusion-reaction equations, multidimensional setting, and much more.
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6.2.5.1 Periodic Table of Finite Elements

The method used to derive the symbol in [paragraph 6.2.5| can be generalized to a number of other FE methods.
Consider in fact the following steps.

e Consider a set of g fixed reference functions 4, and fix a point P on their common domain.
e Take a regular grid =,, on the domain of definition of the PDE.

e For almost each point x € Z,,, consider the composition of a shift P — z and a dilation with ratio
r(n) = o(1), and associate to x the set B, of the shifted-scaled versions of A.

e For each n, take B, = Z, U (Uzes, PB.) as the basis function for the FE method, where .7, are few
additional functions, whose cardinality is at most #.%,, = o(#%,).

Any FE method that uses a basis function built with these steps, generally leads to discretization matrices
admitting a (matrix-valued) symbol.

Noticeable examples of such FE methods are contained in the Periodic Table of the Finite Elements, by
Douglas Arnold and Anders Logg (|3]). In the table, it is presented a compact way to enumerate different types
of finite elements methods using the notation of homological algebra.

Each cell in the table is uniquely determined by 4 parameters: the general polynomial spaces where we
find our finite elements, the dimension of the space (n), the form order considered (k) and the degree of the
polynomials (r). From these parameter is possible to come up with a well defined base of functions for the finite
elements space.

In particular, when we use a method of the table, every element in the triangulation considered .7, presents
the same degrees of freedom, so a "regular" mesh for the domain lead to basis of functions composed by a finite
number of elements ¢1,..., ¢, and their translations, plus a small number of "border" basis function. This
naturally leads to a structured matrix, where it is possible to identify as a g x g blocks Toeplitz structure, plus
few additional rows and columns. Moreover, the system turns out to be Hermitian, so we fall in the class of
Multilevel Block GLT sequences, for which we can easily compute a spectral and singular value symbol.

6.3 Reduced GLT

When dealing with Linear PDE such as

{.f(u)(x) = f(z) =e[0,1]¢
B.C. z € 9([0,1]%)

the discretization methods often lead to sequences of linear systems admitting a GLT symbol with domain
([0,1] x [—7,7])%, like we have shown in [paragraph 6.1.5| [paragraph 6.2.2| and |[paragraph 6.2.5. Interestingly
enough, it has been observed that when we consider a different domain €2 of u that is regular enough, a similar
analysis can be conducted.

First of all, we know that there are already well-known cases of linear PDE on non-rectangular domains.
For example, in the context of Finite Elements methods with constant coefficients, the domains of the basis
functions can be arbitrary since the main focus is on the values of the bilinear form evaluated on couples of
basis functions, so the resulting symbols have domain [—,7]¢. The cases of FE or collocation methods with
variable coefficients have been studied on the condition that the physical domain ) can be described by a global
geometry function G : [0,1] — €2, which is invertible and satisfies G(9(]0,1]¢)) = 9.

Now we want to explore a more general case, starting from a domain 2 with few properties. We require that
€ is contained in [0,1]¢, and we work in the restricted euclidean topology and Lebesgue measure ¢4 of [0, 1]¢,
unless specified differently. We will show that the same arguments that let us build the GLT sequences, also
apply here with slight modifications, and lead to a s.a. where the symbol are measurable functions defined on
Q x [—m, 7] We will call it the algebra of reduced GLT sequences. We will explain briefly all the principal
steps that let us define the space, postponing the proofs of the results we present in
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6.3.1 Characteristic Sequences

We know that every measurable function with support in ([0,1] x [—7,7])¢ is a multilevel GLT symbol for a
sequence of matrices. Using this connection, we can associate to each 2 a diagonal sequence {D,,},, such that
{Dn}n ~arr Xq and {D,}, is a diagonal sequences with binary entries. This is easy to see in the case the

characteristic function Xq is continuous almost everywhere, since we know that

{Dn(XQ)}n ~arLT Xa.

Let us focus on the case X is continuous a.e., that is a condition common to almost every domain used in linear
PDE. Given a set (2, the following assertions are equivalent:

e the function Xq is continuous a.e.,

e the function Xq is Riemann integrable,
e u(092) =0,

e the set ) is Peano-Jordan measurable.

Moreover, every measurable set {2 respecting the condition, is equal, up to a negligible set, to its interior 2°
and to its closure 2. The matrices Dy, (Xq) give us a natural way to link its rows and columns to the points of
type z; := % with 1 < 4 < n inside and outside of 2. The points z; forms an uniform grid on [0, 1]¢, but in
applications the most used grid, denoted as Z,,, is composed by points of the form

i i1 1o iq . )
= , e, — |, i=0,1,2,...,n;,n; + 1, =1,2,...,d.
n—+1 (n1—|—1 ng + 1 nd—f—l) Y Mgy J

Consequentially we define a new diagonal matrix associated to (2

2
In(Xq) :=di Xao | ——=
o =ains (0 (15))

that has dimension N(n) x N(n), the same as D, (Xq). More in general, for any continuous a.e. function

a: [0, 1]d — C we denote
)
In(a) = di n+1
(a) := diag (a (n + 1)>i—1>~~~ n

)

so that I,(a) and Dy, (a) have the same dimension, and can actually be proved that they are a.c.s. equivalent.
The two diagonal sequences {I,(Xq)}n and {Dy(Xq)}n are thus both multilevel GLT sequences and hold
essentially the same information about the domain 2. We adopt the second one since later it will be fundamental
to operate on the grid =Z,, through diagonal matrices. In particular, the quantity

d? = rk(I,(Xq))

is important since it counts the number of grid points inside €2, and it converges, asymptotically, to the measure
of Q.

Lemma 6.3.1. If Q is a Peano-Jordan measurable set, then
— = 4().
Moreover, we also need that the number of grid points in =,, that are arbitrarily near the border of € are

negligible when compared with the ones inside 2. This is useful in the applications, since it lets us ignore the
conditions that arise from grid points that are close enough to the boundary.

Lemma 6.3.2. Call
K.={pe[0,1]"d(p,0Q) < ¢}
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the set of points whose distance from 0S) is at most ¢ > 0. Given a sequence h,, of real nonnegative numbers
converging to zero, and a Peano-Jordan measurable set €2, then
Kp,,
dm Ny =
In particular, if £4(2) > 0, then N
hn

A g =0

One can show that O is also Peano-Jordan measurable and a null-set, so d2® = o(d}) = o(N(n)). As a

corollary, we can also derive the limits of d?(N(n))~! and d°(N(n))~!, since we know that € and Q° differ
from € for a negligible set inside 0f).

Q

QUIN=020Q = d?+d??>d}>d} = lim dn = £4(Q),
n—oo N(n)
Q 0N Q° Q v
=0° C — < < i L .
Q\NIN=0°CO = d, —d,”" <d, <d, = nhﬁn;o N(n) 24(82)

Notice that |[Lemma 6.3.1| shows lim,,_, dg = 400 whenever the measure of {2 is not zero, so from now on, we
suppose that £;(Q) > 0.

6.3.2 Restriction and Expansion Operators

In the context of differential equation, we want to zero out, or directly delete, the rows and columns of the
resulting matrix linked to points of the grid outside €. For this reason, here we define restriction and expansion
operators, and we analyse their impact on sequences and symbols.

If we fix a Peano-Jordan measurable set €2, then we can build the map

Zq : {An}n — {In(XQ)AnIn(XQ)}n'

From now on, we abuse the notation and write Z(A,,) for the matrix I,,(Xq)AnIn(Xq). If we associate each
multi-index ¢ in the matrix A, to the point n—ii-l € =, then Zq sets to zero every row and column corresponding
to a point not in 2. We can delete the zero rows and columns in the matrices, and obtain a matrix with size
d? x d?, through a rectangular matrix I1,,.q, so we define the restriction operator

RQ : {An}n — {Hn’QAn(Hn’Q)T}n.

If we want to invert the map, and add zero rows and columns corresponding to points not belonging to 2, then
we can use the expansion operator

Eq : {Sg}n = {(Hn,Q)TSSHn,Q}n-

We will use the notation Rq(Ay,) for I, oAy (Il, o)T and the notation Eq(S52) for (I, o)T S$HL, o. Moreover,
unless differently specified, we use the exponent Q to distinguish the sequences {S%},, of size df! x dS} from
classical sequences { Ay}, of size N(n) x N(n). Note that the operators Eq, Rq, Zq, the matrices I, o, In(Xq)
and the quantity df! can be defined for any measurable set €, even if not Peano-Jordan measurable.

The operator Rq(A) always extracts a principal submatrix of A. If we apply it to Zg(A), though, it deletes
only rows and columns that are already zero, so we can easily tell the behaviour of their singular values and
eigenvalues. The same argument also apply to S and Eq(S%).

Lemma 6.3.3. There exists a permutation matrix P of size N(n) x N(n) such that for every matriz A, of
size N(n) x N(n),
PZQ(ATL)PT = (RQ((]An) 8) .

In particular, Zo(Ay) has the same eigenvalues and singular values of the matriz Rq(Ay,) except for N(n) — dS}
null eigenvalues and singular values.
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Corollary 6.3.4. There exists a permutation matriz P of size N(n) x N(n) such that for every matriz S5t of
size dSt x dSt,

S50
Q T __ n
PEq(S,,))P" = ( 0 0).

In particular, Eq(SS) has the same eigenvalues and singular values of the matriz S$ except for N(n) — dg null
etgenvalues and singular values.

The operator Eq only adds zero eigenvalues and singular values, so it is easy to analyse how it affects the
symbol of a sequence. On the other hand, we know how R acts on the singular values and eigenvalues only for
sequences that are in the image of Zg. What we can show is that if the symbol k takes value zero on a space of
(normalized) measure at least £4(2), then the restriction operator acts as a restriction map also on the symbol,
leaving out from the domain a space where k = 0.

Lemma 6.3.5. Let {A,}, be a sequence with A, of size N(n) x N(n) that is a fixed point for the operator
Za, and let k : [0,1]% x [—7, 7] — C be a measurable function with k(x,0)|zgq = 0. If {An}n ~o k, then

Ro({An}tn) ~o 6(2,0)|zeq-

If {An}n ~x K, then
RQ({ATL}H) ~A ’i(mvg)'m&'&}

Lemma 6.3.6. Let {S},, be a sequence with S5 of size d? x dSt, let k : Q x [—m,7]¢ — C be a measurable
function, and define
0 Q
W (2, 0) = k(z,0), =€, )
0, ze0,1]4\ Q.

If {Sf.f}n ~g k, then
EQ({Sg}n) ~o “I(xvo)-

If {2}, ~x 5, then
Eo({52}) ~x #(2,6).

When we apply the operator Fq, we are just adding zero columns and rows, so it is not surprising to discover
that the extension operator preserves the a.c.s. convergence. On the other hand, R extracts a principal
submatrix, so it is not clear whether it complies with the a.c.s. distance, but the Cauchy interlacing theorem

for singular values is enough to prove that it happens anyway.

Lemma 6.3.7. Given two sequences {Ap}n and {By}n with matrices of size N(n) x N(n),

da.c.s. ({An}'ru {Bn}n) > ed(Q)da.c.s. (RQ({An}n); RQ({Bn}n)) .

In particular,
{Bn,m}n — {An}n = RQ({Bn,m}n) — RQ({An}n)-

Lemma 6.3.8. Given two sequences { A}, and { B}, with matrices of size d} x d<!,

da.c.s. ({AR}n, ABptn) = dacc.s. (Ba({An}n), Ea({BR}n)) = la(Qda.c.s. ({An}n, {Bp}n) -

In particular,

To conclude the paragraph, we report two more results that comes in handy for real applications.
The first proposition, makes use again of the Cauchy interlacing theorem for singular values to
show that the restriction operator has norm less then one, since it extracts a principal minor from the matrices.
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Lemma 6.3.9. For cvery 1 < p < oo,
[Ra(A)llp < [IAllp-

As a last result, we can show that if we pick a grid that is slightly different from =,,, we still recover similar
results. Remember that the symmetric difference A between two sets is the set of elements belonging to only
one of the two sets. In symbols, AAB = (A\ B)U (B\ A).

Lemma 6.3.10. Let I',, be a measurable set in [0,1]¢ (not necessarily Peano-Jordan measurable) and let Q0 be
a Peano-Jordan measurable set with positive measure in [0,1]%. Suppose that

dPATn = o(N(n)).
Given a sequence {An}n with Ay, of size N(n) x N(n), and a measurable function k, we have that
Ro({An}n) ~o k <= {Rr,(An)}n ~o k.
Moreover, if A, are Hermitian, then

Ro({Antn) ~a k<= {Br, (An)}n ~2 k.

This result is quite powerful since it tells us that we can add and remove a small number of rows and columns
without changing the symbol of the sequence. It will be useful in applications when dealing with near-boundary
conditions.

6.3.3 Definition and Properties of Reduced GLT Sequences

In the following propositions, we denote the image of R when applied to GLT sequences as gdﬂ := Rq(9,),
and we call it the space of Reduced GLT with respect to Q.

Lemma 6.3.11. Given a GLT sequence {An}n ~crr k(,0) with k : [0,1]¢ x [, 7]? — C, then
RQ({An}n) ~o k(l‘,@)he(}
If A,, are also Hermitian matrices, then

RQ({An}n) ~A k(x7 0)|weQ~

Notice that the map Rg is not injective, but one can prove that all the GLT sequences with the same image
have symbols that coincide on Q x [—m, 7].

Lemma 6.3.12. Given {Ap}, ~crr k, {Bn}n ~cr7 h such that Ro({An}n) = Ro({Bn}n) = {S2}, € 93,
the symbols k, h coincide on Q x [, 7]%.

As a corollary, every GLT sequence mapped into {S%},, possesses a symbol with a fixed value on Q x [—, 71]4,
so we can associate to each reduced GLT sequence {S!},, an unique symbol, called Reduced GLT Symbol, ob-
tained as the restriction of any GLT symbol of the sequences in the counter-image Rg,' ({S%},,) N%,;. From now
on, we will use the notation {S}, ~2; 1 s to indicate that s : Q x [—7,7]? — C is the restriction of a symbol
k:10,1)% x [-m, 7|9 — C such that {An}, ~crr k and Ro({An}n) = {S5%}n.

Given any reduced GLT sequence {5 },, it is easy to produce a GLT sequence { A,, },, such that Ro({An},) =

{552}, using the operator Eq. We can thus reverse [Lemma 6.3.11

k(z,0) z€Q,

0 R and Ro(Eq({Sy}n)) =

Lemma 6.3.13. If {S$}}, ~&, 1 K, then Eq({S9}n) ~crr k(2,0) = {

{Sn}n-
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Using the connection between ¥, and %f, we can prove that many properties of the first space transfer to
the second.

Theorem 6.3.14. Suppose {A},,, {BSt},, are reduced GLT sequences and { X5}, {YSt},, are sequences with
X2,Y$ € Cdnxdr,

GLT 1. If {A%}, ~&, 1 K then {AL}, ~o k. If {AL}, ~%; 1 K and each AS is Hermitian then {ASt}, ~y k.
GLT 2. If {A%}, ~&, 1 k and {ASt}, = {X$, + {V i1}, where
o cvery X3! is Hermitian,
o () HIYRIIZ — 0,
then {A},, ~» k.
GLT 3. Here we list three important examples of reduced GLT sequences.

e Given a function f € L*([—m,m]%), its associated Toeplitz sequence is {TSH(f)}n = Ra({Tn(f)}n),
where the elements are multidimensional Fourier coefficients of f:

Tn(f) = [fi—j}:':jzl, fk = (271-‘—)11/ f(a)e—ik.ade'

{T(f)}n is a reduced GLT sequence with symbol k(z,0) = f(6).

e Given an almost everywhere continuous function, a : [0,1]% — C and its restriction a = d|q, its
associated diagonal sampling sequence {D$(a)},, is defined as

DY (a) = diag <{“ (nd)E:)J }di> .

{Df(a)},, is a reduced GLT sequence with symbol x(z,0) = a(z).
o Any zero-distributed sequence {Y, '}, ~, 0 is a reduced GLT sequence with symbol k(z,0) = 0.

GLT 4. If {A%}, ~&, 1 k and {B2}, ~&, 1 &, then

o {(ADHY, ~Q &, where (A)H is the conjugate transpose of ASl,
o {aASl+ BBQ}n ~L o ak+ BE for all o, B € C,
o {ARBR}n ~dipr KE.

GLT 5. If {A%},, ~&, 0 k and k # 0 a.e., then {(AD)T}, ~&, . k1, where (A2)! is the Moore—Penrose pseu-
doinverse of A;;.

GLT 6. If {AS}},, ~2, 1 K and each ASt is Hermitian, then {f(AS)}n ~%, 1 f(k) for all continuous functions
f:C—=C.

GLT 7. {A$}, ~ GLT k if and only if there exist GLT sequences { By m tn ~ GLT Km such that k,, converges to k

in measure and {Bp m}n —% {AL}, as m — 0.

GLT 8. Suppose {AS},, ~%, 1 K and {BS} mtn ™~ S Km, where both ASt and Bgm have the same size dSt x dS}.

Then, {By} ;. }n 285 LAY, as m — oo if and only if k., converges to K in measure.
GLT 9. If {A%},, ~&, 1+ K then there exist functions a; m, fim, i =1,..., Ny, such that
® a;m € C®(N) and f; m is a trigonometric polynomial,

° E 1 @im () fi,m (0) converges to k(x,0) a.e.,
. {Z ™ DS az,m)Tflz(fi’m)}n 288, TARY, as m — 0.
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Notice moreover that QC? defined as the set

Q Q Q
{{An}tn k) [{Antn ~cor £}
is an s.a., it is closed, and every function in .#qy[_x 5]« is a symbol for it. As a consequence, all the results in

still hold.

Theorem 6.3.15. gf} s a closed and mazimal s.a., and if we quotient the space by the zero-distributed s.a.
Z x {0}, it is isomorphic and isometrically equivalent to M [, 7] -
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Chapter 7

Convection-Diffusion-Reaction Differential
Equation on Different Domains

The theory regarding symbols, and especially the theory of GLT sequences, was devised in order to solve the
problem of analysing the spectral distribution of matrices arising from the numerical discretization of Differen-
tial Equations. A final goal of this spectral analysis is the design of efficient numerical methods for computing
the related numerical solutions.

The convection-diffusion-reaction (cdr) differential equation with variable coefficients is maybe the problem
that has been analysed the most with spectral techniques. Its most generic version read as follows.

L9 u db‘au e
_.Z axj(awaxi)—f—; 1a—xi+cu—f, in Q°, (7.1)

1,j=1

u =0, on 0N).

Here a; ;, b;, ¢ are given functions, and Q C [0, 1]¢ € R? is a Peano-Jordan set. In , we can actually change
the boundary condition to a generic Dirichlet condition © = g or to a Neumann type condition du/dn = g,
without affecting significantly the analysis we will perform, so from now on we will omit it.

In [paragraph 1.2.1] [paragraph 6.1.5] [paragraph 6.2.2] and [paragraph 6.2.5| we have already analysed several
particular cases of the problem , each with a different discretization method. In [52] 53, 13| [14] and
references within, it is possible to find countless other analyses referred to the same problem, but to other
discretization methods (Galerkin, collocation, IgA, etc.). Almost all the examples cited, though, suppose that
Q = [0,1]%, so here we will deal with more general domains, and use principally the machinery of reduced GLT

sequences introduced in [section 6.3

7.1 Shortley-Weller Approximation

Consider a linear partial differential equation
Z(u)(x) = b(x) x €N

equipped with some boundary conditions (Dirichlet, Neumann, etc.) when z € 9§2. Suppose that  C [0,1]? is
a closed Peano-Jordan measurable set and b is a function defined over Q.

We can try to discretize the equation by considering the d-dimensional grid =, over [0,1]? and by applying
a Finite Difference method only on the points of the grid inside §2. Notice that the union of Z,, for every n is
the set Q4N [0, 1]¢, that is dense in [0, 1]¢, and consequently even the set

UEnne?) =qino,114na°
neN

is dense in Q2°. The grids are hence bound to describe well the interior of 2, but the same cannot be said about

the border. In fact, it may happen that
Qnén =0,

meaning that no point from =,, belongs to 0f2, hence the discretization does not take in account the boundary
conditions of the problem. When one cannot build regular grids whose points on the border are dense, he has

101
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=/

Figure 7.1: Points of the grid =,, over two different domains 2. The points in =, are black, and their neighbours on the
boundary are Ted.

to use non-regular grids shaped accordingly to the boundary, like the ones that arise from the Shortley- Weller
Approzimation for a convection-diffusion-reaction linear PDE.

7.1.1 CDR PDE

Let us consider the problem

SO duy Nm O
_Zazi(aia—xi)—&-zma—xi—i—cu—ﬁ in Q°, (7.2)

1 i=1
0, on 0f).

where a;, b;, c and f are given real-valued continuous functions defined on Q and a; € C(2). Moreover, suppose
that  is a closed Peano-Jordan measurable set inside [0, 1]¢ with positive measure. We set h = n%rl, so that
zj; = jh for j = 0,...,n + 1 are the points of the grid Z,,. It is also natural to assume that n + 1 = nc,
where ¢ is a vector of rational constants. Let e; be the vectors of the canonical basis of R? and notice that
2 + sh;€; = Tjyse,. Then, for j =1,...,n, we try to approximate the terms appearing in according to
the classical central FD discretizations on [0, 1]¢ as follows:

Ju ou
9 ou iz —(Tjtei/2) = iz —(Tj-ei/2)
e ()|, ™ h
w(Tjte;) — u(x; u(zj) —u(rj_e,

%ai(ijrei/Q) (5 })Lg (z5) —ai(ﬂjjfei/2) () hz( ize:) (7.3)

ou wW(Tjre;) — u(Tj_e;)
bii ~ bz 1 Jrei Je s 7.4
27 p— (r3) 2h; 74
ctlamsy = el ulay), (7.5)
for i = 1,...,d. This approach requires that all the segments connecting the points z; with j = 1,...,n, to

their neighbours z;1e, still lie inside the domain of the problem. It always happens if the domain is [0, 1]¢, but
when we consider €2, we need to modify the scheme by adding some points. In particular, we define a new set

of neighbours for every point in =/, := Q° N E,. Given z; € =/, and a direction e;, we can set the numbers

s ()57 (4) as
sE(j) =sup{te[0,1]|z; +rhie; €Q° VYO<r<t}

7

that is the size of the biggest connected line contained in the segment connecting x; to zj4e, and containing
x;. We can thus call z; + s (j)hie; = Tipst(je; the right/left neighbour of z; along the direction e;. The
values sii (j) depend on the point z;, but when it is evident, we can omit the index and write simply sf.

As we can see in even if x; and xj ., belong to =, it doesn’t mean that s;(§) = 1, because the
segment connecting x; to zjie, may not be contained entirely in 2° (this happens often, for example, when Q
is not convex).
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Notice that every neighbour is a point of , so when one of the neighbours is not included in Z/ , it surely

belongs the boundary 0f2, and in any case we have sli > 0. Adding these boundary points to =/, we obtain the
discretization grid = over , and we can rewrite the formulas (7.3)-(7.5) for z; € =/, as

Ou Ou
8Ii 13:172- w=x; %(ST + S;)hl
( (T g+e,) — ulzs) ( )U(xj) —u(r;_-,) (7.6)
~ai (T , —ai(T;_ .- .
Frore 2 st (5] + s )b e e L
8u u(xj+s+e') - u(‘rj—sfe)
by — ~ b (2 i O it 7.7
Ox; ] (x]) (sj_ + SZ)}L? ( )
CU|p=z; = c(z)u(z;), (7.8)

called the difference scheme of Shortley and Weller [81]. Notice that when sji =1 for every j and sign 4, we
fall again in the classical scheme of central differences.
The evaluations u(z;) of the solution at the grid points z; € ES are approximated by the values u;, where

uj = 0 for z; € 0Q, and the vector u = (uj)fjem is the solution of the linear system

d s .
,Zai(m . )M—ai(x. - )M
i=1 dteie/2 %ST(SZF + Si_)hzz Jmsiei/2 %5;(33_ + 87,_)}13

o uj—s,;ea‘,

d Ui\ o+
+s; €; . °
+) bi(ay) - F + 5 +c(xj)uy = flxz),  Jra; €Q° (7.9)
i=1 7 [ g

If we order the indices j in =/ by lexicographic order, then we can write the system in compact form as
QO
An u= f7

°o Q0 Q° Q° .
where A" € C%» **» and f € C*» . The coefficients are

i [t | e
=1 | T (s s h3 T sy (5] s, )h? ih =
o
(A7) s = { —ai(@jze,/2) +b;(z5) . 4
n /1t 24 + (ANt} 1=7+e;.s- =1
Tosr+s )02 T T 4s e J =€
0, otherwise.

Notice that one can rewrite the non-zero off-diagonal coeflicients as

(AQO> . —ai(xjiei/g) n ibi(.’L‘j) _ 2 <_ai(xj:|:ei/2) + ibl(mj))
mOIEe T LsE sk (sF s )b st sy h? 2hi )

7.1.2 Spectral Analysis

As already noted, if all sii are equal to 1, then the relations — reduces to the classic finite difference
scheme -, so we may ask how many are the points z; € (2° such that one of the SZ-i is not equal to 1.
By the definition of sft, this is equivalent to say that the segment (z; — h;e;, z; + h;e;) does not lie completely
inside €2°. In the next result, we will prove that given any positive integer number k, the number of points
Tj € =! for which there exists a direction e; such that (xj — khie;, zj + kh;e;) does not lie completely inside
Q° is negligible when compared with the number of points in Z/,.

Lemma 7.1.1. Let
D(n,k) :={z; €=, | Ji,t € (=k,k): xj +the; €Q°}.

For every k > 0, we have
#D(n,k) = o(N(n)).
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Proof. Notice that if z; € D(n, k), then there exists a direction e; and a value t € (—k, k) such that z; +th;e; €
0Q and t # 0. In particular, we infer that d(zj;,0) < kh; and if we denote h = max; h;, then d(zj;,0Q) < kh.
Using notations and results ofm we know that z; € Ky, N =], but kh — 0 as n goes to infinity, so

#D(n, k) < 500 = o(s?°) = #D(n, k) = o(N(n)).
O

We just proved that, except for few relations, the system ([7.9) mimics a classical FD scheme. We can thus
consider the extended problem

d
) o
Zaxz( )+Zb—+cu_f, in (0,1)7, (7.10)
=0, on 9([0,1]).

where a;, b}, ¢/, f are functions that extend a;,b;,c, f

auaz{%@* TER oy

; zuo={“@” z€Q
T

0, x & Q,
vy [f@. zen f@), weo,
0, T &1, 0, x & Q.

Notice that b}, ¢’ are bounded functions since €2 is a compact set, and moreover a, are bounded and continuous
a.e. functions. In [§], it is showed that these conditions on the coefficients are enough to prove that the matrices
Ay, induced by the relations . build a GLT sequence with symbol

d
{n"?An}n ~orr k(x,0) =Y vidj(x)(2 — 2cos(6;)),

i=1

where n 4+ 1 = nv. This is also enough to let us conclude that {n’QAﬁo }n is actually a reduced GLT sequence.

Theorem 7.1.2.
{n2AN, ~& L k(,0) Z via;(x)(2 — 2cos(6;)).

Proof. Denote with B" and Z° the matrices

BY = Rao(An),  Z¥ =BY — A%,

n

where the rows and columns are associated to the points x; € =/,. If z; € =/, \ D(n,2), then z; is a point of
the grid =,, inside 2° such that all its neighbours still belong to Q2°. In this case,

@i (Tjte;/2)+0i(Tj—e;/2) . .
(xg)“‘zz 1 72 =172,

(A2 )g6 = (BY g = (An)js = { —0lsgeuss) 4 biaa) i=j*te,

i

0, otherwise,

hence the row corresponding to z; in foo is zero. Using the result in|Lemma 7.1.1|7 we conclude that the number
of non-zero rows in Z5¥" is o(N(n)), so {Z9"},, is a zero-distributed sequence, since [Lemma 6.3.1| assures us
that

rk(ZY) = o(N(n)) = tk(Z}) = o(s;)).
From GLT 3 and GLT 4, we conclude that
{n72Zn}n GLT 0, {n72320 bn = Rae ({”72An}n) N%ZT K

= {n_zAgo bn = {n_2Zn}n + {n_2320 n NgoLT K.
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A more involved analysis is needed to conclude that {n=2A4%"}, ~y k. If A" were Hermitian matrices, the

result would follow from GLT 1, but it is almost never the case. Notice that « is a real valued function, so we

can decompose A%O into its Hermitian and skew-Hermitian part. Using GLT 1, 4, we have

WA AT
2

On the other hand, the skew-Hermitian part is zero—dlstrlbuted but in order to write the expression for its

coefﬁments we need to remind that the values s depend on the point x;. To avoid confusion, we will denote
them by s ().

R(n A7) = = {R( A )} ~err v {R(0TPAT )}~ k.

W AT~ (n A"

S(n2AY) = = {n 247 ) b ~8Lr 0

2
-2 _ai(x'+e,;/2) b’L(I) -2 _ai($i791/2) —bi(xi) . . i
pr (T ) - s (MG TR i=dte
S 2AY),  — -2 —ai(®@i—c;/2) | —bi(zj) “2  (z0i@ite;/2) | bi(ws) P g
(S An )i sﬂj)ﬂ ( }Zf T ) N 1+T;;(i) ( h? T oo )y vTI &
0, otherwise.
Notice that s;t € (0, 1], so we can bound every entry by
(32 48)54] < viovlalloo + 07 b)), (711)
where v = max; ;. Moreover, suppose ; is a grid point in Z/, \ D(n,3). In particular, we have s (j) =
sllL (J+e)= sii (j —e;) =1 for every i. The row j is easier to write as
nh’iz (bi(xj)l-bi(%i)> 7 i=j+e,
(S 24 )35 = § 2 (Bleathlo) - — e,
0, otherwise,
and we can bound the entries by
(S(n2A))j.4] < 20n7H|b]| oo (7.12)

Lemma 7.1.1| assures us that almost all points in Z/, respect these conditions. Now we are ready to prove that
{n72A8 ), ~y k.

Theorem 7.1.3.
n24% ), ~y k(2 0) Zl/ a;(z)(2 — 2cos(6;)).

Proof. Using the decomposition into Hermitian and skew-Hermitian part, we write
n2AY = R ALY + S(n 24
where R(n"2A?°) are Hermitian and {R(n"24%")}, ~x k. Notice that every row of $(A,) has at most 2d

non-zero elements. Using [Lemma 7.1.1| and the relations (7.11)|7.12)) we obtain
13(n=2A5)113 = ZZI (n2AR));.l°

Z SUSOTZATN P+ D D S AY)); 4l

jx;€2,\D(n,3) % j:x;€D(n,3) 4

< S e+ Y. S vA@vfalle + 07 Ibls)?

jixz;€E,\D(n,3) 1 j:xj€D(n,3) 4

< Y s+ Y 2dv*(2vllallee + 0 Iblloo)

Jiz;€E,\D(n,3) j:z;€D(n,3)
< 8dv*n 2 |b|Z s + 2d1*(2vallse + 7 [Bllso) ®0(si ) = o(si)).
GLT 2 let us conclude that

{n2A Y, ~y k.
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The Shortley-Weller approximation just described is actually very general, and it comprehends classical
finite differences methods used on regular domains. For example, in 2 dimensions, every triangular domain
can be transformed by affine maps into the isosceles right triangle T' described by the vertices with coordinates
(0,0), (0,1),(1,0). If we superimpose the regular grid =,, onto the triangle, we find that the union of the points
on the border for every n is a dense set in 07

(0,1)

Figure 7.2: Superimposition of E, onto the triangle T .

Operating a classical second order method to discretize Problem in 2 dimensions, we fall again in the
Shortley-Weller method, so we already know the symbol of the resulting linear system.

7.2 P, Method

Consider a linear partial differential equation
ZL(u)(x) = f(x) xeN°

equipped with some boundary conditions (Dirichlet, Neumann, etc.) when z € 9, where  C [0, 1]¢ is a closed
Peano-Jordan measurable set with positive measure and f is a function defined over €.

A common way to discretize the problem is to use a finite elements method, that is based on the choice of a
basis for the functions on the domain 2. The basis does not necessarily depend on a grid of points inside §2, but
usually they do, so on a generic §2 there’s again the problem to describe the boundary. For this reason, usually
the domains are polyhedral or with a regular enough boundary. When we deal with more general shapes, we
may need to map the domain into a regular one, or to modify the grids of discretization, and a more involved
analysis is required.

Let us consider the problem

2

- Z i(a» %) —&—i:b‘%—f—cu—f in °
aij “J 6% lal'i R ’ (713)

i,j=1 i=1

u =0, on 09,

where Q is a closed set inside [0, 1]> with negligible boundary and positive measure. Moreover aij, by, cand f
are given complex-valued continuous functions defined on Q and a; ; € C'(Q). If A = (a; ;)7 ;—, is a matrix of
functions and b = (by, by)7, then the equivalent weak form of (7.13) reads as

/O(VU)TAVM + (Vu)"bw + cuw = . fw, Yw € HJ (). (7.14)

The space [0, 1]? is divided into triangles as shown in Figure whose vertices are the nodes of =,,. The P,
finite elements method, studied in [I7, [63], uses base functions supported on the grid triangles that fall inside
Q. We say that the adjacent nodes of a point p € =, are its neighbours, and we call N(p) the set composed of
p and its neighbours. Each point p is a vertex for at most 6 triangles, that we call 7; , as shown in Figure
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and we denote their union as T}, (notice that they depend also on n, but for brevity we omit the index). The
collection of all the triangles in the scheme associated to the grid =, is

Tn={Tip|p€Cy, i=1,...,6}.

For every point p € Z,, such that T, C [0, 1)?, we define a function Yp n that is linear on each triangle, whose
value is 1 at p and 0 on every other point of Z,,.

Tl,p

15
Ty, P

T37p

Figure 7.3: triangles and neighbours associated to the point p

We can explicitly write 1, and its partial derivatives. If p = (z,yp) and T =2 — 2, ¥ = Y — yp, then

1- %y'? (IE,y) € Tl,p7
1- %7 (:C,y) GTQ,pv
1+ %, (z,y) € T3 p,
Upn(r,y) =1+ 5L (2,y) € Tap,
1—|—%, (z,y) € Ts p,
1-7, (z,vy) € Tops
0, otherwise,
_%’ (I’y) € Tl,p’ _%7 (xay) € Tl,pa
-3, (z,y) € Tuy, 0, (z,y) € Ty p,
9 07 (5573/) € T3 Py o %7 (xa y) € TS,p,
aplrn(@y) =5 (@) € Tuy, a*yilfp,n(ﬂf,y) =05 (2y) €Ty,
w (2y) € Tsy, 0,  (2,9) € Tsp,
0,  (2,9) € Top, 5 (2,y) € T p,
0, otherwise, 0, otherwise,

where h = 1/(n+1). P, methods usually arises when the domain is not a square, but it is polyhedral or regular
enough. For example, as we can see in Figure [7.4] the subdivision scheme adopted has the property to describe
also the boundary of the triangle, in opposition to the classical tensor-product hat-functions considered in [53]
Section 7.4].



108 CHAPTER 7. CDR DE ON DIFFERENT DOMAINS

(O (1,1)

0.0) (1,0) 0.0) (1,0)

Figure 7.4: Superimposition of 2, onto the triangle T and an L shape. the subdivision mesh is referred to the Py finite
elements method.

This does not happen when dealing with more complicated domains £, as shown in In fact we
can see that, for example, on a curvilinear shape, the points of =,, are not enough to approximate the boundary

09Q.

(Oa 1) [

(1,0)
(0,0)

Figure 7.5: Example of a general domain Q and induced mesh.

When we work on a closed set Q C [0, 1]? with x(99) = 0, we focus on the points p such that 7}, is contained
in €, so we call
En(Q)i={peE,|T,CQ}.

We look for a function u that is a linear combination of the 9, ,, such that (7.14) is satisfied for every w = v, .
If we substitute u = ZpGEn(Q) UpWpn and w = g ,, into 1} then we obtain the system

Z Sq.pUp = fqs Sqp = /QO (v'(/}pm)TAqu,n + (v¢p,n)waq,n + cpnthgn, fo= . fthgn (7.15)

PGEH(Q)

for every g € £,(2). We call S, the resulting matrix with entries s, , for every p,q € Z,,(€2), where the nodes
are sorted in lexicographic order. We can notice that p € 2,(Q) = p € Q°NE,, even if the converse is not

always true, so
()| < s =0(n?)

where |Z,,(2)] is the size of the matrix S,,. It leads to solve the system
Spu = f.

A different boundary condition does not change the stiffness matrix, so the analysis is the same if we impose,
for example, u =g on Tp and du/On = h on Ty where T = Tp [[Tn.
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7.2.1 Case on the Square

When Q = [0,1]?, we already know that, under suitable hypotheses on the regularity of the coefficients, the
sequence of stiffness matrices {S,, },, described in (7.15) is actually a multilevel GLT sequence, for which we can
compute GLT and spectral symbol. Here we prove that the same holds when A, b, ¢ are just L' functions.

Theorem 7.2.1. We call B the 3 x 2 matriz

™

Il
O = =
— O =

and we indicate with By, By, Bs its rows. Given L' functions A : (0,1)2 — C**2, b : (0,1)2 — C? and
c:(0,1)2 = C, we have that the sequence {Sy }n is a multilevel GLT sequence with symbol k(z,0), where

k(x,0) =roo(x) 4+ ro,1(x) exp(—iba) + r1,0(x) exp(—ibh) + r_1,0(x) exp(ib;) (7.16)
+7ro,—1(2) exp(ibz) + r1,—1(x) exp(—ib + i02) + r_1,1(x) exp (i1 — ib2),

10,0 = B1A(B1)"+B2A(B2)" + B3 A(B3)”, (7.17)

1 1 1 1
7"0,1 = —§BgA(B1)T — §BlA(B3)T, 7“07_1 = —§B3A(Bl)T — §BlA(Bg)T,

1 1 1 1

r1,-1 = iBzA(Bs)T + §B3A(32)T7 r_1,1 = §BQA(B3)T + §BsA(BQ)T7
1 1 1 1

’/‘_1,0 = —§BlA(B2)T — §B2A(81)T, 7'170 = _§B1A(BQ)T — §B2A(B1)T

If A is also Hermitian for every x € (0,1)2, then the sequence {Sp}n has k(z,0) as spectral symbol.

Proof. We split the matrix Sy, into P, + Z,,, where
(Pn)p.q = / (V) " AVYgn,  (Zn)pq = / (Vo) bgn + cWpntban
(0,1)2 (0,1)2

and we prove that {Pp}, ~qrr k(x,0) and {Z,}, is zero-distributed.

Notice that 1, is supported on T}, 0 (Sn)p.q) (Pr)p.gs (Zn)p,q are different from zero only when ¢ is one of
the 6 neighbours of p or p itself, that is ¢ € N(p). Moreover, every ¥, , is nonnegative and less than 1, and
each component of V1, ,, is bounded by 1/h in absolute value.

Notice that the area of T}, is 3h? for every p. Moreover, the functions by, ba, ¢ are L', so for every € > 0 there
exists a § > 0 such that

W(U) <5 —> /|b1|+\b2\+|c|§e.
U

Notice that every triangle T(;) of the triangulation .7, is inside 7}, for at most 3 different points p, that are its
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vertices, and if 3h? < §, we get

2

HZan = Z |(Zn)p,q|2 = Z

p,q€(0,1)2NE, p,q€(0,1)2NE

/( (P B+ it
0,1)2

2
= Z Z l/ [(Vipn Tb|qu+|c¢p,n1/)q,]
P€(0,1)2NEn ¢EN(p)
2
|b1|+|b2| 1
P INpD V Tl <5 |b1|+|b2|+|0|
p€(0,1)2N=E, geN(p) p€(0,1)2 EanN(p
7
< [/ foal + b + I | =
pe(0120_”
7
<7ze D 3| Ibil+ bl + I
T(5)ETn Ty
g
< 205 (loa |l + ally + llel). (7.18)

Since we can take ¢ arbitrarily small as n tends to infinity, we infer that n=!||Z,||2 — 0, so we can use Z2 from
[53] and conclude that {Z,,}, is zero-distributed.

Let us analyse now the matrix P,. The elements of P, on the row associated to p = z; are different from
zero only when ¢ € N(p). Call t, 4 = (Pn)p pt+ae,+bess and a computation shows that

h%t,0.0 =/ BiA(B)" +/ ByA(Bs)" +/ B3A(Bs)",
Ty ,UTsp Ty ,UT5., T3, UTs

e / By A(By)T — / BiA(Bs)T,
T

TG,p 1,p
hztp,l,o = —/ BlA(BQ)T — / BzA(Bl)T,
T1,p T2 p
Wty = [ BaAB)T + [ B,
T2 p Ts,p
h?tp0,-1 = */ B3 A(B1)" */ B1A(Bs)",
T3,p Ty,p
h2tp,—1,0 = */ BlA(BQ)T — / BgA(Bl)T,
Tap Ts,p
W, 1= | BoABs)T+ [ BsA(By)T,
Ts,p T, p

and ¢, 4, = 0 for every other a, b.

Assume that A is a continuous function, so that there exists a modulus of continuity w4 defined as

wa(d) =max sup |(A(p) — A(q9))i;

bI - p,gilp—q|<é

and such that lims_,ow4(0) = 0. Let us define a 2-level GLT sequence {G,}, as

Gn = Dn(T07Q)Tn(1) + Dn(ro,l)Tn(exp(—iOQ)) + Dn(rl,O)Tn(eXp(—i&)) + Dn(r_l,O)Tn(exp(wl))
+ Dy (ro,—1)Tn(exp(i2)) + Dp(r1,—1)Tn(exp(—ib1 + i62)) + Dp(r—11)Tn(exp(ib1 — i02)),

with symbol k(z, ). The elements of P, — Gy, on the row associated to p = x; are different from zero only
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when ¢ € N(p). If we call 2p 4.6 = (Pn)pptei+bes — (@n)p,pt+e+bes, then

1

BAW)(B) - 55 [ BaAB)T
TQ,pUTS,p

+

1
2p,0,0 <|BLA(p)(B1)" - W / B1A(By)"
Tl,pUTz;,p

1
72 / B3 A(B3)"
T3,,UTs,p
1

| /Tl,pun,p Bi(A(p) — A(=))(B1)"dz| +

+|B3A(p)(Bs)" —

1
h? /T2,puT5’p Ba(A(p) — A(x))(B2)de

w [ Bi(Aw) - A@)(B)

< 4wa(hv2) + wa(hV2) + wa(hV2) = 6wa(hV/2),

+

1

1 1
§BIA(p)(B3)T T

%BLSA(p)(Bl)T - h2~/T6 BsA(By)"

s P

|zp,0,1] < +

/T1 B1A(B3)"

P

1
h?
< wA(h\/i) + wA(h\fZ) = QQJA(h\/i),

/T Bs(A(p) — A(x))(By) da| +

sP

1
e [ BAG) - A

s P

and analogous computations show that |2,.1 0|, |2p.0.—1],|2p,—1,0| are also bounded by 2w (hv/2). Moreover,

711l = %BQA@)(B?,)T - hi ByA(B3)" | + %BSA@)(&)T - hi B3A(By)"
T, o
=i [, a0~ A BT+ | / | BalAp) — A@)(Ba)

< %WA(h\/i) + %WA(h\/i) = WA(h\/ﬁ%

and a similar argument shows that |z, _1 1| is also bounded by w 4(hV/2). Since every row of P, — Gy, has at
most 7 non-zero elements and they are all bounded in absolute value by 6w (hv/2), we conclude that

|Pr = Galla < /702 - 36wa(hV/2)2 < 18nwa(hV2)? = o(n)

and using again Z2 from [53|, we obtain that P, — Gy, is zero-distributed. Since {Gn }, has GLT symbol k(z, 0),
we conclude that

{Sntn ={Gn}n +{Pn — Gn}ln + {Zn}n ~crr k(2,0).

If we now assume that A is an L' function, then we can find a sequence A,, of continuous functions such
that ||A — A1 < 27™, where

i€l =Y lewsla = [ BilciE)".
2%

(0,1)

If we define 74 4, like in (7.17) with A, instead of A, and k,,(z,0) like in (7.16) with rg4p ., instead of 74,
then we get k,, — k in L'. Moreover, if {S,(Lm)}n is defined as above, but with A,,, instead of A, then from the
previous analysis, we know that {Sfbm)}n ~art km. The difference

{Sibm)}n - {Sn}n = {P'r(zm)}n - {Pn}n + {Z»SLm)}n - {Zn}n

presents two zero-distributed sequences {Z,(,m)}n and {Z,},, so we need to analyse the other two sequences.
Notice that for every measurable set U C [0, 1]? and every indices 4, j we know that

/UBZ-A(BJ-)T/UBiAm(Bj)T' <B [/U|AAm|] (BT,
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but A — A, is also L', so given ¢ there exists a § such that p(U) < & implies that
T
Bl / |A - Am| (Bl)
U

If u(T,) = 3h* < 4, then we can bound the 1 Schatten norm of r™—p, by the sum of the absolute values of
their elements, so

IPI™ = Palli < > (B = Pyl
p,q€(0,1)2NE,

Yoo D IR = Pa)yl

pe(0, 1)2N=E, qEN (p)

g% > 2631/ |A— Al (B1)"

p€(0,1)2N=,, g€N(p)

42
<z Y Bl/T|A—Am|<Bl)T

pe(o 1)2NE,

IN

< S—HA Al

Using [Theorem 3.1.7] we obtain that {P(m)}n — {Pp}n and {S(m)}n — {Sn}n. We conclude that

{Sn}n ~GLT k.

When A is Hermitian, we can prove that P, is Hermitian. In fact

(Pn>p,q = / (pr,n)TAqu,n = / (va,n)Tszq,n = / (qu,n)Tszp,n = (P'n)q,p-
(0,1)2 (0,1)2

(0,1)2

Since {Sntn = {Pn}tn+{Zn}n and from (7.18), we know that || Zy,||2 = o(n), we can apply GLT 2 and conclude
that {Sy}n ~a k. O

7.2.2 Problem on Sub-domains

Let us now consider a closed Peano-Jordan measurable set Q C [0,1]? with positive measure. Consider the
problem on 2, where now A, b, ¢ are L' functions defined on Q. When we apply a P; discretization. The
resulting matrices form a sequence equivalent to a reduced GLT sequence that descends from the square case.
In particular, we can prove the following theorem.

Theorem 7.2.2. Given a closed Peano-Jordan measurable set Q C [0,1]? with positive measure. Let Av b and
¢ be extensions of A, b and ¢ to (0,1)%, obtained by setting a; j(z) = b;(z) = ¢(z) = 0 outside Q for every i,].

Moreover, let k be the symbol described in Theorem- referred to the problem with coefficients A, b, ¢, and
denote k = k|Qo, If S5 is the matriz resulting from the Py discretization using the grid Z,(Q), then

{S»S}n ~o k

and if A is Hermitian for every x € Q, then k is also a spectral symbol for {SSt},.

Proof. Let S, be the matrix resulting from the P; discretization of the problem with coefficients A, g, ¢ on the
square [0,1]2 using the grid Z,,. We want to show that Rz, (0)(Sn) = SS that is, for every pair of points (p, q)
in =2,(Q), we prove (Sp)p.q = (S2)p.q- From (7.15)), the equations for the two quantities are

(S'n.)p,q = /( | (va,n)TAvqu,n + (va,n)Tgwq,n + ’&/Jp,an,ny
0,1)2

(Sg)p,q = /O (pr,n)TAv'l/)q,n =+ (V1/]p,n)waq,n + Cd’p,nd’q,m
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but p € E,(Q2) so Ty C Q° and therefore the two quantities are the same since A,b and ¢ coincide with g, b
and ¢ on Q. In this case, it may happen that Z,(Q) C =, NQ° since Q may not be convex, but the two sets are
actually almost the same. In fact,

E, = (Enﬂgo)\En(Q):{pGEnﬂQO‘TZDQQ}’

so any point p € F, is at distance at most h,, = 1/(n + 1) from the boundary 9, and using [Lemma 6.3.2} we
conclude

E, C{p€=.|dp,d0) <h,} = |E,| <sn" =o(N(n)).

As a consequence,
SYLEQ) — | {p e, N0 | pEEa(Q)}] = |En| = o(N(n))

and [Lemma 6.3.10] assures us that it is sufficient to prove the thesis for Rge(Sy,).
Using the definition of reduced GLT, we can affirm that

{RQ° (Sn)}n NgoLT k = {RQO (Sn)}n ~q k.

If we now assume that A is an Hermitian matrix for every z € €2, then automatically also A is Hermitian
for every x, since it is equal to A or it is the zero matrix. From the proof of we know that
Sy = Pn + Zy, where P, is Hermitian and || Z,||2 = o(n). If we call P° = Rqo(Py,) and Z5¥ = Rgo(Zy,) then
we find that Rqe(Sp) = P2 + Z5°, P’ is Hermitian and for Lemmas [F.2.3] 16.3.9/ and [6.3.1]

129 = | Ras (Zu)ll2 < | Znlls = o(n) = 22 ]l2 = o (\/sff> .

Notice that {PS"}x ~» k, so we can use GLT 2, and conclude that

{Rqo(Sn)}k ~x k.

Notice that k(z,0) has the same form described in (7.16)), (7.17)), where A is now defined only on .

7.2.3 P1 on Non-Regular Grids

When the domain 2 is compact, but presents an irregular boundary, or when we want to focus the discretization
to particular points in the domain, the adopted grids are usually adapted to the problem geometry. We can
find examples of such grids and relative spectral analyses already in [53] for Q = [0,1]? and in [17] for more
general domains. In both cases, the grids taken into account were produced starting from a regular grid and
by applying an invertible function ¢. For clarity sake, we start from a smooth (C') embedding ¢ that maps
Q into [0,1]%, and if D = ¢(Q), then we call the inverse ¢ := p~! : D — . Notice that ¢ is in particular a
closed locally Lipschitz map, so D is a compact set in [0, 1]¢ and it is still Peano-Jordan measurable. We can
thus induce a discretization grid on 2 given by ¢(D NE,,) for every n.

Figure 7.6
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We now discretize the diffusion problem ((7.13)) using modified P; finite elements on a compact domain 2 C R?
with positive measure, ;(02) = 0 and grids described by the function ¢.

2
9 o
_Z_;laxj( I 9 )+ Zb [ a=/ i, 713)
u =0, on 0},

where a; j, b;, c and f are given complex-valued L' functions defined on .
The basis function we consider on 2 are produced from the classical P; elements by composition with the
map . In fact, if p € E,(D) C E, N D and p’ = ¢(p) we can define the basis function associated to p’ as

Ep'in = Ypn 0 Q.
Note that the support of &y, is Ty = ¢(T},) and T, € D <= T, C Q. In the classical P; setting, we
consider a basis function for each point in Z(D), so here we will produce a function &, ,, only for the points
p’ € $(2(D)), and we call the set of such points

E(Q) :=0¢(E(D)=¢({peZn|T, CD})={p €d(E.ND)| Ty CQ}.

The weak form of the problem ([7.14)) leads us to a linear system similar to the ones already considered. In
fact, if we substitute u=73_ = () up&pn and w = &y, into problem (7.14), then we obtain the relation

Z s?’,p’”p’ = fq’a s?’,p’ = / (v£p’,n)TAv£q’,n + (Vgp’,n)Tbgq’,n + cp €y ns fq’ = ffq’,n
PEZ(Q) o o
(7.19)
for every ¢’ in Z,,(Q2). Sorting the relations in lexicographical order with respect to the appearance of p(¢’) in
the grid =,,, we obtain a linear system S$lu,, = f,, of size |Z,(Q)| = |=.(D)|.
The analysis of this particular instance descends from the fact that we can find opportune coeflicients for the
problem on the domain D so that the linear system arising from the P; method applied to the regular
grid Z,,(D) coincides with Sf2. Consider in fact the problem

2.0
_i;:lax (3 Errs >+Zb - teu=f D" (7.20)
u =0, on 0D,
and its weak form
/ (Vu)T AVw + (Vu)Tbw + ucw = fw, Yw € HY (D). (7.21)
o Do

where

/T(a:) = J(;l(m)A(gb(m))quT(mﬂ det Jy ()|,
b(@) = J; (@)b(d(@))|det Jy(@)],  Ex) = c(g(@))| det Jy()]

are L' functions on D. Applying the P; method to this problem we obtain the relations

S i =fe = [ T A+ (T B+ e F= [ i (22

pEEL (D)

for every q € Z,(D), that give rise to the system SPu = f, of size |2,(D)|. Notice that if p/, ¢’ € Z,(€) such
that p’ = ¢(p) and ¢' = ¢(g), then

JRACD O /D (Vi) (@) ™ AD() o )" Vot () et Jy )

— [ (Vatul@) K@)Vt (2)de

/ (Ve ) b6y = / (Vatop ()T T ()~ () by ()] et T ()| daz

QO DO
- / (V st () 7B () g ()t

/ €y = / Upl@)e( (@) by ()] det T ()| da
= L/Jp(w)E(w)wq(w)dw
.
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so comparing |Equation 7.22| and |Equation 7.19|we conclude that s = s , for every p,q € Z(D) and therefore

p.q
S = SD The symbols of the sequence can be easily computed from [Theorem 7.2.2
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Chapter 8

Fractional PDE

8.1 Unidimensional Setting

In [39] it has been studied an initial-boundary value problem presenting factional derivation operators, and the
authors derived the spectral symbol of the sequence of systems arising from the discretization of the equations.
Using the spectral information, they designed an effective class of preconditioners and tested the performances
of the resulting numerical methods. In particular, they considered the following fractional diffusion equations

Pt — do () G0 +d () D 4 (1), (w8) € (L, R) x (0,T],
u(L,t) = u(R,t) =0, t e (0,7, (8.1)
u(x,0) = ug(x), x € L, R],

where a € (1,2), di(x,t) are nonnegative functions, and we use the shifted Griinwald definition of fractional
derivatives given by

[(e—1)/Ac)
0%u(x,t) N
W - Awlglo'*- Az Z gl(C )u(x - (k - 1)A$7t)7
k=0
[(R—=z)/Az]
0%u(x,t) 1 N
o — A A 2 e (= DAw), (8.2)
B k=0

with g](ca) being the alternating fractional binomial coefficients defined as

a _1\k
g,g“>(1)k<k) :%a(afl)...(akarl) k=0,1,....

After fixing two positive integers N, M, consider a regular partition on the intervals [L, R] and [0, 7] given by

the points
R—L

s=L+iAz, Azr=—"2"\ i=0,...,N+1,
x + 1Az x N+l 1 +
t At, At T 0 M
m = MAL, =—, m=0,...,M.
M’

The discretizations used for the problem are an implicit Euler method in time and a shifted Griinwald estimate
in space, leading to the following finite difference approximation scheme

u(m)_u(mfl) d(m) 4 (@) ) (m) N—it+1 - )
l Atl = Aae Z Yiprr T Ama Z glc u7,+k: 1+f (8.3)

where di”fi) = di (i, tm), fi(m) = f(zi,tm) and ugm) is a numerical approximation of u(z;,t,,). It is possible
to summarize all the relations into the expression

./\/l(mjz,u(m) = (VALNI + Dim)TayN + ng)ngN) ’U,(m) = 1/M7Nu(m_1) + A.’I}a‘f(m) (84)

a7
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where D(im) = diag(dggll), . vdg:])\r)’ I is the identity matrix of order N, vy ny = Az®/At and

g%a) g(()a) 0o ... 0

e e g
. . (m) (m)

g%l (a) (a) gé ; ’

IN" INL1 e 9 g

If we fix the index m, one can consider dy (z) := dy(x,t,,) and define the functions

3 e = e (14 0m)

k=-1

ha(,0) = dy () fa(8) + d—(2) fa(=0),  ha(#,60) := ha(L+ (R — L)i,0),
where 0 € [-m, 7], v € [L,R], & € [0,1]. It has been proved [39] that whenever di(z) are both Riemann
integrable over [L, R], then the sequence of linear systems in admits a GLT symbol

{M N}N ~GLT h

and if d4 = d_, then it admits also a spectral symbol

{MS,’E’V}N ~x ha-

8.2 Multidimensional Fractional Diffusion Equations

8.2.1 Case on the Square

We can now try to extend the theory to a multidimensional setting. For the sake of simplicity, we only explore
the bidimensional case, but the same analysis can be repeated with more dimensions. In particular, let us
consider the problem

aug:,t) —d (33 t) 8‘;74‘(‘7093@,1‘,) +d_(w )88u(;nat)+

ey (@, 1) % “("” Dt (a, ) 25420 4 f(a,t), (a,t) € (0,1
u(z,t) =0, (x,t) € 8]0,1]* x (0,77,
u(z,0) = up(x), x € [0,1]?,

(8.5)

where ¢ = (z,y), @ € (1,2) and c4(x,t),d+(x,t) are nonnegative functions. If we imagine to discretize time as
before and space with a 2D regular grid

1
ylle:ZA.T, Ax:m7 Z:O,,N+17
then the resulting relations are
(m) (m—1) (m) i (m) N—i+1
i, i, _ g (@), (m) (a), (m)
Al N I Wi_jy1; T ASCO‘ Z I Witk—1,;T
k=0
(+m)i<> mNm()() (m)
%) o «@ m m
Axe Zg 7] ’C+1+ Ar® Z Ik zg+k fzg ) (86)

where dg:,ij =dx (2, Y5, tm)s cgfi{j = cx (T4, Yjr tm)s f(m) = f(xi,y;,tm) and ugzn) is a numerical approxima-

tion of u(x;,y;, tm).
It is possible to summarize all the relations into the expression

./\/[(()T]zju(m) :VM,NU(m) + (D(+m) (I®Tan)+ ng)(I®Tg:N)) wl™ 4

(0 (@an @ 1)+ CN(IT @ 1)) ul™ = vy yul™ D 4 Aae f) (8.7)
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where D(im) = diag(dggll))l, dgglz),l, ce d(injl)\,’N), Cim) = diag(c(i”?l)’17 c(ﬁlz)’l, . Cimz)vN) I is the identity matrix
of order N, vy = Ax®/At and

g g0 0
géa) ugnib) 1(ﬂll)
Tov = - 0 N A
a . . o (m) (m)
91(\/11 - . g(() ) UN N fN,N
o e\ e gl

If we fix the index m, one can consider di(x) := d+ (@, t,), c+ (@) := cx(x, t,,) and define the functions

Z 9k+1 _—if (1_|_ei(6‘+rr)> 7

k=-1

ho(,0) := dy () fa(01) + d- () fo(=01) + c1 (@) fo(02) + - () fa(—02),

where 8 = (61,0;) € [—m, 7] and = € [0,1]?. Using the same arguments of [39], it is possible to conclude
that whenever di(zx), c+(x) are all Riemann integrable over [0,1]?, then the sequence of linear systems in

admits a GLT symbol
{M( NIN ~arr ha

and if dy = d_ = ¢y = c_, then it admits also a spectral symbol
(MU ~x ha

8.2.2 Case on Other Spatial Domains

In this section, we consider the same problem, but change the spatial domain from [0,1]? to a closed Peano-
Jordan measurable set 2 C [0, 1]2.

Ou(x, 0%u(x, O0%u(x,
St = dy (@, ) 5480 4 d(a,1) A 4

o_x>
x50 4o (@, )51E 4 f(a,t), (@,0) € 9° % (0,7), 55)
u(x, t) = 0, (z,t) € 9Q x (0,77, )
u(x,0) = up(x), x e,

where = (z,y), o € (1,2) and c4(z,t),dy(x,t) are nonnegative functions.

Note that the fractional derivative defined in Riemann-Liouville form is not a local operator, and it only
works for functions defined on connected segments of the real line. For this reason, we need that for every point
p € Q, the sets

{seR|p+s(1,0)€Q}, {seR|p+s(0,1) e}

are just segments. All convex shapes belong to this class of domains, but also non-convex sets such as the
L-shapes.

We use the same grid, the same notations and the same approximation rules of except that we
only consider points (z;,y;) inside 2°. We call the set of such points =y, and when a point (z;,y;) belongs to
EnN, we write (i,j) € En for brevity. The resulting relation for each (i, j) € Ey is

(m) u(m 1) grm) k=0,...,1 @), (m) d(m) k=0,...,N—i+1 (). (m)
,j 2y _ 00 o —%J m
At - Azc ' Z G U, k+1,5 + N 4 Z Ik u1+k 1]+
(i—k+1,j)€EEN (i+k—1,j)€EN
c(m‘)‘ k=0,...,i (@) (m) C(m) k=0,...,N—i+1 @) (m)
+,%s a) (m X5 a) (m
A"E; Z Ik ui,j*k+1 AZCOZ Z 9, Y, J+k—1 + fz g (89)
(i—k+1,j)€EEN (i+k—1,j)€EEN

It is possible to summarize all the relations into the expression

MU = g ™D 4 A O,
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where
(m) _ ( (m)) (m) _ ( (m))
u U, , e .
89/ (4,5)€En f Jii (4,)€En

Abusing the notation, we can call d,c, f the extensions of the functions in [Equation 8.8| to [0,1]?, where

di(x) = cx(x) = f(x) = 1 whenever & ¢ Q°, and If we fix the index m, then we can call M( 1\), the matrix
arising from the discretization of [E m with such functions, along with its symbol h, (:c 6). One can
also define the reduced functions

R (x,0) = ho(z,0)|secqo

that will be the symbol of our reduced sequence.

Lemma 8.2.1.
MR = Roe(MITR)

and if di,c4 are all Riemann integrable over Q0 at time t,,, then {M, m) Q}N NGLT hQ

Proof. Note that if p, g € =, then a quick comparison of |Equation 8.6| and |Equation 8.9|shows that [Mg@z,]p,q

and [M(m) Q]W] are equal, since the equations are identical. When d4,cy are all Riemann integrable over (2,
we know that their extension to [0, 1] are still Riemann integrable, so

{M&m&}N ~arT Na-

By definition of reduced GLT sequences and symbols, we conclude that

(MU N ~2 17 ha(@,0)|zeas = h(x, 0).

Lemma 8.2.2. If d1 = c4 and they are all Riemann integrable over Q at time t,,, then {M N } N ~A hg.

Proof. Let us rewrite here the definition of Mgnlzj
My = varn I+ DYV (I @ To ) + D™ (I @ TE ) + O (Tay © 1) + C(TT y @ 1).
When d := di+ = ¢4, we have that D(™) := Dim) = D(_m) = Cim) = C’(_m) so we can rewrite the expression as
M = vanT + DI @ (Toy + T2 3) + (Toy + T y) @ 1)
Consider now the matrices (D(™)~1/2Zq. (Mg?l]z,)(D(m))l/Q. We know that it is a GLT sequence since
(DN} ~Grr dV2, (D)2~ d7V2,

~ ho(x,0) xe€Q°
Zoo (M ~arr ho(®,0) = >
{ Q ( a,N)}N GLT (il} ) {0 T ¢ O°
= (D)2 Zae (MR (D) Yy ~arr ha(w, 6).
Moreover, all the matrices are Hermitian, since D™ are diagonal matrices and by definition of Zge,
(D)2 Zge (MR (D)2 =(DU) 72 1, (Xao ) My R In (Xiae ) (D) /2
=L (Xao ) (D) 7 2M R (D)2, (Xere)
=N In(Xao) + In(Xao ) (D) Y2 @ (Tan + T2 y)
+ (Ton + T ) @ (D)2 Lo (Xos).
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Since it is an Hermitian GLT sequence, we know its spectral symbol
(D) 72 2o (MR (D)2} ~on (2, 6)
and as a consequence, we also know the spectral symbol of

{Zao (MR YN ~x ha(a,0)

)

since we have applied a similitude that does not change the eigenvalues. The sequence {ZQo(/\/lgm]Z,)} N s

obviously a fixed point for the operator Zg. and Ea(w,0)|w§ggo = 0, so we have all the hypothesis to apply
Lemma 6.3.5l and conclude that

{Rqe 0 Zgo (./\/l((;’n]{,)}]v = {Mg)n]zfg N ™~ f~la($79)|mego = hg(:li,a).
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Chapter 9

g-Toeplitz

9.1 Unidimensional Case

In this section we derive the asymptotic singular value distribution for the sequence of g-Toeplitz matrices
{T,,4(f)}n- The extension to the multidimensional case uses the same arguments, but is more convoluted due
to the notation, so it is advised to read the present section first. Here we provide a fast lookout on the steps
we go through to obtain the symbol:

e notice that every matrix T;, 4 is a non-principal minor of the Toeplitz matrix T,4(f), for which we know
a symbol,

e produce two sequences of block diagonal matrices P, , and P;hg both enjoying a symbol, such that
Py gTog(f) P, , zeroes out the entries not belonging to T}, 4,

e deduce a sequence of permutation matrices R, 4 such that T}, 4 is a principal minor of A, defined as
P gTog(f) Py g Bn.g,

n,g

e derive the symbol of {4, },, and restrict it to obtain the symbol of {7}, ,(f)}n.

9.1.1 Symbol Derivation

Consider the g-Toeplitz matrix of dimensions n associated to the L' functions f : [-7, 7] — C

Thg(f) = [fiflfg(jfl)]zy’tjzl'

We can note that it is a submatrix of the Toeplitz matrix T,,4(f), since

(Tn,g(N)i; = fici—gGi—1) = [Tng ()i, 149G-1)

so we can define P, ; and P{L’g diagonal binary matrix of dimension ng that zeros out all elements of T,,4(f)
not belonging to T), 4(f). In particular

Py i, =4t TIsm p g YL i=0=1 (mod g),
B 0 otherwise, m9id 0 otherwise.

Lemma 9.1.1.

[PrgTog ()Pl iy = { ([)Tn,g(f)]i,t i<n, j=1+g(t—1)

otherwise.
Proof. 1f i > n, then
ng
[Pn,ngg(f)Prlz,g]i,j = Z[Pn,g]i,k[Tng(f)Pyll,g]k,j =0
k=1

123
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and similarly, if j #1 (mod g), then

ng

[Pn,ngg(f)P/z,g]i,j = Z[Pn,ngg(f)]i,k[Pylz,g}k,j =0.
k=1

The only remaining case is ¢ < n and 7 = 1 (mod g), that can be rewritten as j = 1 + g(t — 1) for some
t=1,...,n.

[Pn,ngg(f>P7/z,g]i,j = Z[Pn,g]i,k[Tng(f) ’I/L,g}k,j
k=1

Example 9.1.2

» From now on we provide a visual of the various steps with parameters g = 3,n = 4.

fo f-3 f-6 f-o

A fe2 fos f-s
Tl =10 10 7 T
fs fo f-3 f-6

[ fo for feo | fos foa fos | foe for fos| foo for0 fo11 ]
i fo faa|f2 fs faal|fs fe [7|[s fo [fo10
Joo fi fo | f1 f2 f3|[a fs fe|fr fs foo
fs fo fi| Jo fa fol|fs fa fs|fe for [os
fa fs fo |l i fo fal|foe f3 falfs fe [for
fs  fa fs | fo fi fo | for foo fos|f-a f5 [
fo fs falfs fo fi] fo fa fol|fs fa [
fr fo fs | o fz fo| i fo falfo2 fa [
fs fr fo | fs fa fa | fo fr fo|f-1 f-o f-3
fo fs fil fe fs fal fs fo fr] fo fa [
fio fo fs | fr fo fs | fa fz fo| i fo [fa

L /i1 fio fo | fs fr fe | fs fa fs | fo i fo |

T (f) =

Py3 =

O O OO O OO O oo oo
O O OO O OO OO0 oo
O O OO O OO O oo oo
S O OO O OO O oo oo
O O OO O OO O oo oo
O O OO O OO O oo oo
O O OO O OO O oo oo
O O OO O OO O oo oo

(=] jelieo] ool S L=l =]

=N ele] el loleoloellal =
(=l elo] lelielo] ool =]

T 1
O O OO O OO OO0 O
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1 0 0|0 O OO0 O O|O O O
00 0|0 O O|]O O OjO O O
00 0|0 O 0O|j]O O OjO O O
0 001 0 O|]O O Oj]O OO
00 0|0 O O|]O O Oj]O O O
P! 0O 0 0|0 O O|]O O OjO 0 O
43710 0 0/0 0 0|1 0 0|0 0 O
0 0 0|0 O O|]O O Oj]O O O
0 0 0|0 O O|]O O Oj]O O O
00 00O O OO O O1 0 O
00 0j0 O OO0 O OO0 O O
00 0[000/00 0|00 O]
[ fo 0 0] f3 0 O|fs O Ofg 0O
/i 000 f2 0 O0]fs 0 O0]fs 00
Jo 00/ f1 0 O0]f4 O O0]f7 OO0
f3 0 0 fo 0 O0|fs 0 O0f|fs O O
0 0 O 0O 0 0 0O 0 O 0O 0 0
PaTe()Pha = |05 100 0T 00 0T 000
o 0 0| 0O OO} O OO} O 00O
0 0 O 0O 0 0 0O 0 O 0O 0 0
o 0 o0 0O OO} O OO} O 0wDO
o 0 o0 0O OO} O OO} O 0wDO
| 0 00 0O 0 0 0O 0 0 0O 0 0
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The last step before going into the analysis of the symbols for the sequence is to bring T}, 4(f) into a principal
minor of P, ;Ty(f)F;, , that can be done through a permutation of the columns. In fact we can consider a

permutation 7 € Sy, such that 7(1 4 g(t — 1)) =t for every t < n, and write the permutation matrix

1 T( ) - Jv
0 otherwise.

Rn,g = [6‘1’(1‘),]’}2?:1 = {

Lemma 9.1.3.
[Tn,g(f)]i,j Za] S n,

Pn Tn P/ Rn i, —
[Po.gTng () 9 ki {0 otherwise.

Proof. Throughout this proof, we repetitively use Lemma [0.1.1} First, suppose i > n.

ng
[Pn ngg(f)Pl Rn,g]i,j = Z[Pn,g]i,k[Tng(f)P R ’g] kg — =0.
k=1
If we instead suppose j > n, then
ng
[Pn,ngg(f)Pr/L7an,g]i J Z[P T, (f)Pn g]l k[R n,g ]k,j
k=1
Z P, g}l 1+g(t—1) [Bngli+g(t-1).5
The only remaining case is i, j < n for which
ng
[Pn,ngg(f)PrlL,an,g]i,j = Z[Pn,ngg(f)Pyll,g]i,k[Rn,g]k,j
k=1
Z n,g ng n g]’b 14+g(t—1) [Rn,gh«}g(tfl),j

= [Pn,ngg(f)Pn,g]i,Hg(jq) [Rnglitg(i—1).j
= [Tn,g(f)li-

=0.
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O

Example 9.1.4

»
1.0 00 000 0O0O0O0 0]
00001O0O0O0UO0DTUO0UO0O0
0000O0OOO0OT10UO00
01 000O0OO0O0OUO0OUO0UO0O0
0000O0OT1O0UO0UO0TGO0UO0O0
R43:000000000100
’ 001 00UO0OO0O0UO0DO0UO0O0
000 0O0OT1UO0UO0TO0O0O0
0000O0UOOO0O0TO0T10
00010O0O0O0UO0O0UO0O0
0000O0UOTG OT1UO0TUO0O0O0
| 000 00O0DO0O0O0OT OO0 1|
[ fo f5 f6 f0o]0 O 0 0 0 0 0 0]

fi fo f5 fs|0 0O 0 0O O 0 O O

fo fo1 fa f-2]0 0 0O 0O O O O O

fs fo f3 f6|0 0 0 000 OO

0 0 0 0000 O0DO0TOT OO

e A A A R R R R AR

0 0 0 0 [00OO0OODO0OUOUO 0O

0 0 0 0 [00OO0OODO0OUOUO 0O

0 0 0 0 [00OO0OO0ODO0UOUO 0O

0 0 0 0 {00 O0OO0DO0OUOUO 0O

| 0 0 0 0 |00O0O0O0OTO0O0 O]

We can now start to analyse the asymptotic behaviour of the singular values of the sequences. First of all,
we recognise that T),4(f) is actually a block Toeplitz sequence with symbol 1 ® F(0) : [—m, 7] — C9*9, defined
by its Fourier coefficients

Fy = [fokve—mlt m=1-

Note that it may not be possible to define F' via its Fourier coefficients when f is only in L', so we need to
assume at least f € L*[—m, 7).

Lemma 9.1.5. T,,,(f) = T,(F) for every n, so

{Thg(f)} ~o 1@ F(0).

Proof. For every 1 </{,m < g and 1 <4,j <n we have
[T (F)]esg(i-1),m+g(i-1) = [Fimslem = foti—j)+e—m = [Tn(F)le4g(i-1),m+g(i-1)-

O

We also recognize that P,’L’g = D, (E1,1), where Ej 1 is the constant binary matrix of size g that have a single
non-zero entry in position (1,1).

Lemma 9.1.6. P,’l’g = D,,(E11) for every n, so

{Pr/z,g} ~e B ® 1
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Proof. From the definition, P/%g is a diagonal matrix, like D,,(E; 1) so we have just to compare the diagonal
entries. For every 1 </ < g and 1 <i < n we have
[Dn(E1,1)]e4g(i—1),64+9G—1) = 001 = [P gle4g(i=1),64+9(i—1)-

O

The sequence of P, 4 requires some extra work, since it is not always a block sampling sequence, but it differs
from one up to a zero-distributed sequence.

Lemma 9.1.7. There exists a zero-distributed sequence {Z,}, such that

Py = Dn(X[0,1/9/1g) + Zn.

Proof. Notice that both P, , and D, (X[0,1/41y) are binary and diagonal sequences, so Z,, = Py, y— Dy, (X[0,1/419)

is also a diagonal sequence with entries 0,1, —1. We want to bound the rank of Z,,, so we need to look up for the

non-zero entries on the diagonal, or also said, the number of different entries between P, , and Dy, (X[0,1/41g)-
If i < g|n/g], then we have

i<n = [Puglii=1,  i/ng<1/9 = [Dn(Xj0,1/g/1g)]ii =1 = [Znlii = 0.

)

On the other hand, if i > g[n/g], then

i>n = [Phglii=0, i/ng >1/9 = [Dn(Xj0,1/g1g))ii =0 — [Z,)i;i = 0.

3§

In other words, the only non-zero elements of Z, can be in number at most g[n/g] — g|n/g] < g and as a
consequence,
tk Z,, < g = o(gn).

Hence, we conclude that {Z,},, is zero-distributed. O

It is now easy to sum up all the results into a symbol for { P, ;Ty(f) P, ;Rng}n-

Lemma 9.1.8.
{P ,anq( ) ,q}n UX[O,I/g](x)F(e)El,l-

Proof. Using Lemmas [9.1.7], [0.1.6] and [9.1.5] we can write
P,.,T

n,g 7zg(f)P7lL,g ( n(X[O l/g] ) + Zn)Tn(F)Dn(El,l)

and using the axioms GLT 1,3,4 for block GLT sequences, we conclude that

{ngTn ( ) }n UXOl/g]( ) (9)E1,1~

Eventually, notice that R, 4 is an unitary matrix, so it does not change the singular values of the matrices when
multiplied, and the thesis follows. O

From Lemma we know that T}, ;(f) is a principal minor of A, := P, Tny(f)P;, ,Rn g and every other
entry is zero, so the singular values of A,, are the same of T, 4(f) except for additional ng —n zeros. Moreover,

notice that the symbol
F1.1(0)

X(0,1/9) () F(0) E11 = X[0,1/4] () : 0
Fg,l('g)

has at most one non-zero singular value for every (x,0), given by x(0,1/4)(%)|[v(6)[|2, where v is the first column
of F. Using all these informations, we can finally derive a symbol for T,, ,(f).

Theorem 9.1.9.
{Tng(f)}n ~o X10,1/9) (%) [[0(0)]]2-
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Proof. Let us check the ergodic formula relative to matrix-valued symbols for for the sequence A,,, defined as
Pr gTog(f)P, gRn g Recall that the singular values of A,, are the same of T}, ,(f) except for additional ng —n
zeros. Given any function G € C.(C),

Jm = Glos(4,)) = Jim nigZGm(Tn,g(f))H —6(0)

= 2260)+ 1 %ZG (0:(Tog (1))):

g
i 3 Gl %/ i (s OO )
- 1 1 Gl (@) v@)]:)
/ a6+ u(D)/D g 4.0
L60) + s / G(x0.1/o) (@) [0(O)[2)d . 6).

As a consequence, for every G € C,.(C)

Tim ﬁzcal vl = =55 [ Gl @) @) )0

= {Tng(f)in ~o X[o,1/g}(w)llv( 2,

and by definition
{Tn,g(f)}n ~o X0,1/9)(2)[0(0)]]2-

9.1.2 Precedent Result

In [64], a different argument was used to obtain a symbol for {7}, ,(f)},. Here we will show, with a formal
computation, that the result we just derived coincides with the one in [64].
With our notation, the precedent result was
(9 + 277]) ‘

1
{Tng (b ~o X0 J;Z
0

so we just need to prove the following.

Lemma 9.1.10.
g—1

f<9+27rj)‘
g

Proof.

2

6+2mj
S,

k—h 9+21‘r]
e /% Y
h

1 (k—h)igfk?hze(k—h)i%
9 %n §=0

et fkfk tgs

lQ\H
c
>

@
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lvll3 = Z |Fjaf?

Z fgr+g le

- —h)i6
ngr-%j—lfgh-&-j—le(r )
rh

I
”M H'Mm HMm HM@ t

T tio
Z f9T+j—1fgr—gt+j—16 '
r,t

= fkfk gte
O
Note that under our hypothesis, that is f € L2, all the computations are actually justified.
9.2 Multidimensional Case
Let us define a g-Toeplitz matrix as follows:
An = [a'r'flfg(sfl)]zs:l
where g = (g1,...,94) is a d-index. Suppose that ag is the k-th Fourier coeflicient of a d-multivariate function

f:[-mna?— C, and f € L?. We denote the matrix as Ty, 4(f) = Ap.

Analogously to the unidimensional case, here we derive the asymptotic singular value distribution for the
sequence of g-Toeplitz matrices {Ty g(f)},. Here we provide a fast lookout on the steps we go through to
obtain the symbol:

e notice that every matrix T, 4 is a non-principal minor of the Toeplitz matrix Tpg(f), for which we know
a symbol up to a permutation,

e produce two sequences of block diagonal matrices Py, 4 and P,’l’g both enjoying a symbol up to a permu-

tation, such that Pp, gThg(f)F;, 4 zeroes out the entries not belonging to T}, g,

e deduce two sequences of permutation matrices R, 4 and R;l,g such that T, 4 is a principal minor of
Ap = Ry, o PrgTng ()P}, g Bng;

e derive the symbol of {A,}, and restrict it to obtain the symbol of {1}, g(f)}x.

9.2.1 Symbol Derivation

We start by noticing that T, 4(f) is a submatrix of the Toeplitz matrix Tpnq(f), since

[ng(f)]z‘,j = fiflfg(jfl) = [Tng(f)]i,1+g(j—1)

so we can define P, 4 and P}, ; diagonal binary matrix of dimension N(ng) that zeros out all elements of Thg(f)
not belonging to T, ¢(f). In particular

1 i=j<n 1 i=7=1 (mod g),
Pnglij = ’ Ppglig =
[Pr.gli.j {0 otherwise, [Pr.gli {0 otherwise.

Lemma 9.2.1.

[Pn ngg(f)Pl ]z,j =

[Tn,g(f)]i,t i<n, j=1+g(t—-1)
0 otherwise.
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Proof. 1If © > n, then

ng
[Pn ngg(f)Pl ] Z[Pn,g]i,k[Tng(f)Pr/z g]kJ =0
k=1
and similarly, if j # 1 (mod g), then
ng
[PrgTng(F)Prglig = Y [PrgTng(HlinlPrgles = 0.
k=1

The only remaining case is ¢ < n and j = 1 (mod g), that can be rewritten as 5 = 1 + g(t — 1) for some
t=1,....n

3
Q

[Pn ngg(f)Pl ] [Pn,g]i,k[Tng(f)Pr/z g]kJ

Il
vy

Trg(f)Prgli.d

3
Q

I
(]

[Tng(f)]z k[P }k,J

B
Il

1

g(Nlig = [Tng(f)iz-

I
o

O

The last step before going into the analysis of the symbols for the sequence is to bring T, 4(f) into a principal
minor of Py, ¢Trng(f)P;, , that can be done through a permutation of columns and rows. We won’t write them
explicitly, or prove they work, but it is evident that they exist due to Lemma [0.2.1} We call them R, 4 and
R;, 4, and we denote Ay, = R, Pn gTng(f) P}, gBn.g

n,g’

We can now start to analyse the asymptotic behaviour of the singular values of the sequences. First of all,
we need to introduce another permutation matrix from [I4], the matrix I',, 4. Notice that a d-index 1 < i < ng
must have i, < ngg for every k < d. It means that we can express every iy as a 2-index iy = (ag, by) where
1 < (ar,br) < (ng, gx) and i = by + gr(ar — 1). The permutation associated to I'y, g brings the multi-index ¢
into a multi-index j = (ay,...,a4,b1,...,bq) where 1 < (ay,...,aq) <nand 1 < (by,...,bs) < g. It means

that the matrix I'p, gTng(f)T} , can now be indexed by a 2d-index, thus giving it a N(g) block structure. In

the next result, we in fact prove that this new sequence is now a block Toeplitz sequence.

Lemma 9.2.2. The matriz By, = Uy gTng(f)T] , has a Toeplitz block structure, with blocks of size N(g). It
is in particular the Toeplitz block sequence associated to the function F : [—m,7]% — CN@*N(9) defined as
Fy = [flfergk]zm:la

{Bn}n = {Tn(F)}n ~e 1® F(a)

Proof. Since By, has size N(ng), we can use the 2d-indices j = (a1,...,a4,b1,...,bq4) with 1 < (a1,...,aq) <n
and 1 < (by,...,bq) < g. For simplicity, we may write equivalently 7 = (a,b). To prove that B,, is a g-block
Toeplitz matrix, we need to show that that
[Bnl(a,b),(a’,b') = [Bnl(c,b),(c',b)
whenever a —a’ =c— .
[Br](a.b).(a’ b) = [Cr.gTng (/)T gl(ab) (' 6)

= [Tng(f)]b+g(a—1),b'+g(a/—1)

= fo—b+g(a—a)

= fo—b'+g(c—c)

= [Tng(f)]b+g(c—1),b/+g(c/—1)

= [Fmngg(f)Fz,g](c,b),(c’,b’)

= [Bnl(e,b),(e' ')
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We can thus associate the function F : [~ 7]? — CN@)*N(9) defined by its Fourier coefficients as

Fi = [Bn](kt1,),1,) = [fe-mtgklem=1-

For P,’l’g we also need to apply I'y, g to obtain a block diagonal sampling sequence.

Lemma 9.2.3. Ty, oP), T% = = Dyn(E11), where Ey 1 is the binary matriz of size N(g) that has only one

n.g- n.g
non-zero entry in position (1,1). As a consequence,

{Pn’QPT/L,gFZ,g} ~o El,l ® 1.

Proof. From the definition, P, ; is a diagonal matrix, like Dp(FE7,1), and the same holds for Fn,gP,’l7gF£7g, S0
we have just to compare the diagonal entries. For every 1 < b < g and 1 < a < n we have

[Dn(E1,1)](ab),(ab) = Ob,1
= [P glb+g(a—1),b+g(a—1)
= [TngPn oTh gl(a.b),(a.b)-

O

The sequence of Py, 4 requires some extra work, since it is not always a block sampling sequence, but it differs
from one up to a zero-distributed sequence and up to the permutation I'y, 4.

Lemma 9.2.4. There exists a zero-distributed sequence {Z,},, such that

Fn,an,gFZ,g = Dn(X[0,1/g1lg) + Zn-

Proof. Notice that both Fn,an’gI‘Eyg and Dy (X[0,1/4)1g) are binary and diagonal sequences, so the rank of Z,

will be bounded by the number of different entries between I‘nngn,gI‘E’g and Dn(X[0,1/9)1g)-
If a < [n/g], then we have

b+gla-1)<n = [Fn,gpnygrvj;,g}(a,b),(a,b) = [Pn,g]b+g(a—1)7b+g(a—1) =1,

a/n<1/9g = [Dn(X[0.1/9119)](ab),(ab) = 1 — [Zn](ap),(ab) = 0.
On the other hand, if @ > [n/g] + 1, then

b+ g(a - 1) >n — [Fn,gpn,grz’g}(a,b),(a,b) = [Pn,g]b+g(a—1),b+g(a—1) =0,

a/n>1/g = [Dn(X[0,1/g]1g)](ab),(ab) =0 = [Zn](ab),(ab) = 0.

In other words, the only non-zero elements of Z,, can have cardinality at most N(g)N([n/g| +1— [n/g]) <
29N (g) and as a consequence,
rk Z,, < 2¢N(g) = o(N(gn)).

Hence we conclude that {Z,}, is zero-distributed. O

It is now easy to sum up all the results into a symbol for R;, ;P gTng(f) Py, gRn.g-

Lemma 9.2.5.
{an,gpn,ngg(f)P;z,an,g}n ~o X[0,1/g] (w)F(e)El,l-

Proof. Using Lemmas [0.2.4] [0.2.3] and [9.2.2] we can write
Fn,an,ngg(f)Pl Ty = Fn,an,gFZ,gFmngg(f)Fz,an,gP/ Iy,

n,g- n,g n.,g- n,g

= (Dn(X[O,l/g]Ig) + Zn)Tn(F)Dn(El,l)
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and using the axioms GLT 1,3,4 for block GLT generalized in the multivariate/multilevel case ([I4]), we
conclude that

{anPn,ngg(f)P;z,gFE,g}n ~o X[(),l/g] (w)F(9>E171-

Eventually, notice that ngra ¢ and its transpose are unitary matrix, so they do not change the singular values
of the matrices when multiplied, and the thesis follows. O

We know that Ty, 4(f) is a principal minor of Ay, = R;, ; Pn gTng(f) Py, gRn g and every other entry is zero, so
the singular values of A,, are the same of T, 4(f) except for additional N(ng) — N(n) zeros. Moreover, notice
that the symbol
Fi1(0)
X0,1/g) (@) F(0)Ex1 = X[0,1/4)(2) : 0
Fn(g),1(0)

has at most one non-zero singular value for every (x, @), given by x[0,1/4)(®)||v(8)]|2, where v is the first column
of F. Using all these informations, we can finally derive a symbol for T,, 4(f).

Theorem 9.2.6.
{Tng(f)}n ~o X[0,1/g)(@)[[0(0)] 2.

Proof. Let us check the ergodic relation relative to matrix-valued symbols for the sequence A,,.

s NgG(axAn))—nlggoN o JVZ(%)G (0T g ’”WG(O)
_ N](\“,’()TG(OH Nzg lim — ZG 0i(Tn.g(f)))
- ggf Glos(xars é;c))G(e)El,ndwde
(1D /N Nig) )da:d0+ﬂ(1D)/DG(X[O’l/%(;))lwe)”?)dmde
jg()e<o>+@@[3c< 01/g)(@)][0(6)]12)dzd6
— nlggo—zeoz TaoI) = =5 || Gxo/s(@)]0(6)])dza0

= {Tng()in ~o X[O,l/g](m)HU(e)HQ'
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Future Works

In this chapter, we collect some of the open questions that can be found in the present document, and hints to
possible future directions of research for theory and applications.

On the metric and analytic aspects, we cite [Conjecture 3.2.17] that would be a fundamental perturbation
result regarding the matrix-sequences. In particular, it is stronger than any result proved until now about
perturbations of Hermitian sequences, and would be essential in expanding the possibilities of application for
the entire GLT theory. In fact, since we are mainly interested in spectral distributions of matrix-sequences, our
only option is to reduce ourselves to a Hermitian (or normal) sequence belonging to the GLT class, through
perturbations, similarities or any other operation that is proved not to change the spectral symbol. In [§], other
conjectures are stated in order to find a suitable distances that let us classify the perturbation of Hermitian
sequences not affecting the symbol, for example by splitting real and imaginary part of the perturbation, and
focusing on the second one.

In this context, [Conjecture 5.3.20] is important, because it entices that any possible structure we may face
can be transformed into a subset of the GLT sequences. In other words, it assures us that whenever we are
looking for a symbol associated to a matrix-sequence, it is always possible to do so by applying an unitary
transformation that brings it to a GLT sequence.

Notice moreover that we hinted how the building steps of the locally Toeplitz/circulant sequences uses only
the semiseparable structure of these matrices, so new spaces may arise by considering different semiseparable
starting families.

The GLT space is actually far to be completely understood. A simple open question is for example the
following.

Conjecture 10.0.1. Consider for every index j € Z the function a;(z) € L'[0,1]. In this case,
> Di(a)Tu(€9) b ~arr Y | aj(x)e’.
JEL JEZ

Moreover, if fj(xz) = f_;(x) for every j € Z, then

> Di(a)Tn(e?) b ~x > aj(x)e?”.

JEL JEZ
A noticeable fact about the GLT is that, even though in general matrices do not commute, the GLT sequence
{A,, B, }» has always the same symbol of {B, A, },, or also said,
[{An}nv {Bn}n] = {Aan - BnAn} ~GLT 0.

An useful criterion to check whether a s.u. sequence {4, }, is not a GLT sequence, is to find a diagonal sampling
sequence {D,(a)}, or a Toeplitz one {T,,(f)}, such that the commutator is not zero-distributed. It has been
proved that if [{An}n, {Bn}n] ~crr 0 for every sequence {B,}, of the form {D,(a)}, with a € C*[0,1]
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and every {T,,(f)}n with f a trigonometric polynomial, then [{Ay}n,{Bn}n] ~crr 0 for every GLT sequence
{Bn}n. This is not a sufficient condition to conclude that {4, }, is a GLT sequence, and in general there not
exists yet a complete criterion for GLT sequences. In particular, an open question is the following.

Conjecture 10.0.2. Given a sequence {A,}, that admits a singular value symbol k, assume the following
conditions.

o {A, By}, admits singular value symbol for every GLT sequence {Bp},.
o {An}n,{Bn}n] ~arr 0 for every GLT sequence { By }n.

In this case, {An}n is a GLT sequence.

If we now suppose that A is a s.a. that is also closed by conjugation, then [{A,},, {A%},] ~y 0 for every
sequence {A,}, admitting a symbol in A. In a sense, it is hinting that {A,}, is, up to zero-distributed se-
quences, a normal sequence, as also hypothesized by [Conjecture 5.2.4] The link between normal sequences
and GLT sequences has been stressed in this thesis, and seems to be a key point for the understanding of the
structure of all the possible s.a., even though it is not clear how to exploit the relations.

In the thesis we explored how the symbols of sequences can be represented, and how every different form
leads to new properties about the sequences. Every symbol has been shown to be representable through a finite
measure of mass less than or equal to one, or, equivalently, by a measurable function with values in C U {oo}
and domain [0, 1]. If we identify C U {oo} with the Riemann sphere, then the functions become maps between
compact spaces, and new results may be derived from this setting, especially if we consider only continuous or
highly regular symbols.

To study such spaces, we may thus need new metrics and new notions of convergence. A lead in this sense may
come from the study of the derivatives of symbols developed in where we proposed generalization
of the concept of a.c.s. convergence and a.c.s. equivalence to preserve the regularity of the symbols.

On this same topic, we notice that we always talked on asymptotic distribution of the eigenvalues, but seldom
about how well or fast in general the sequences converge to the symbol. It has been already addressed in the
particular cases of Toeplitz sequences associated to specific sets of symbols. We miss a general analysis on the
matter, and we can notice from the arguments in that it is linked to the distance from sequences
with eigenvalues that are a perfect, or at least really good, sampling of the symbol, like diagonal, circulant,
tridiagonal matrices, or in general coming from a 7-algebra.

Regarding the applications, it would be interesting to study families of graphs with good expansion properties
and with an explicit construction, useful in code theory, random walks, etc. Examples are the Margulis graphs
[55], Cayley graphs [62], and many others.

On other accounts, the immersed methods (or also called fictitious domain) seem also fit to be analysed
through the use of reduced and block GLT sequences. For this reason, a complete investigation and formalization
of the space of reduced block GLT sequence is needed and still missing, even if it seems to descend naturally
from the theory developed in this thesis and the book [I4].

As a last note, another nice expansion of the theory would be to consider discretizations of stochastic PDE,
probably leading to matrices whose every entry is a random variable. This would lead to an other type of symbol
that has not been considered in this document, that would probably be represented by a stochastic process.
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Appendix A

Equivalence rates on disks

Given a positive finite measure p on C, the notation {A,,}, ~x p or {4, }, ~x ¢, means

) 1 Sn
Jm =360 = G veeco). 22

=1

What happens if we use characteristic functions instead of G € C.(C)?

Lemma A.0.1. Let o be a positive finite measure on C. If {A,}n ~x 1, then the set

E,, ={reR"| X B(z,r) does not satisfy }

contains at most numerable points for every zy € C.

Proof. Let F': Rt — R* defined as

F(r):= u(B(z,7)) = /CXB(Zo,r)d:“'

F' is an increasing function, so it admits at most countable points of discontinuity. Let rq # 0 be a point of
continuity for F' and for every £ > 0 pick two functions G.,G_. € C.(C) such that

XB(zo,'r'U) < Gs < XB(zo,m+5)v XB(zo,ro—e) < G—s < XB(ZU,TO)'

Since G, € C.(C), it satisfies ([2.2)), so

Sn

[a—y
@
3

XB(Zo,To)(/\j(An)) < ? ZGE()‘j(An))a

S
Sn
J
. 1 &
limsup — ZXB(ZO,TQ)(AJ (An)) < /CGEd:u’ < /CXB(zO,roJrs)dM = F(TO + 5)7
=1

and it holds for every € > 0. F' is continuous on rg, so

: 1 - .
lim sup — Z X B(z0,r0) (A (An)) < ilg(l) F(ro+¢) = F(rg).
=1

n—oo Sn
J

We can conduct the same analysis with G_..

—_

1 &
; ZXB(ZO,To)()‘j(An)) > — ZGfeo‘j(An))v
=1 j=1

. 1
hII’lSllp - ZXB(ZO,T'O)()\j(An)) > /(:G*Edﬂ’ > AXB(ZOVrU_E)dN = F(TO - 5)7

n—oo Sn £
Jj=1
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and it holds for every € > 0. F' is continuous on rg, so

1 .
hmsup — ZXB(ZOJ’O)()‘ (An)) > 31_13(1) F(ro—¢) = F(ro).

We can then conclude that (2.2)) holds with Xp(., ) since

llmsup—ZXB(me)()\ (4,)) = F(ro) :/(CXB(Zo,m)dlu'

n—oo

If Xp(zy,r) does not satisfy (2.2)), then » must be 0 or a point of discontinuity for F, so there are at most
numerable elements in F,, for every zo € C. O

Actually, even the inverse proposition holds, but the proof is more convoluted and makes use of fine coverings
and of the Besicovitch Covering Theorem.

Definition A.0.2. Let .Z be a family of closed balls that covers a metric space E. We say that .7 is a fine

cover if and only if each x € E is the centre of a closed ball in F with arbitrarily small radius.

Theorem A.0.3 (Besicovitch Covering Theorem, [19]). Let u be a locally finite measure on R™. Let E C R™
be a Borel set and ¢ > 0. Take % a fine cover of E. Then there exists a disjoint subfamily ' which covers
u-almost all of E, and satisfies the inequality

> u(B) < u(E)+e.

BeF’

Lemma A.0.4. Let p be a positive finite measure on C and suppose that the set

R, ={reR"| XB(zy,r) does not satisfy }

has Lebesgue measure zero for every zg € C. In this case, {Ap}tn ~x .

Proof. Let G € C.(C) and let F = supp(G). G is uniformly continuous, so given a number £ > 0 we can find a
0 such that |z — 20| <6 = |G(2) — G(20)] < e.
The set E is closed, so it is a Borel set in C = R2. A fine cover .% of E is given by all the closed balls B(z,7)

where 2 € E, r € E, and 0 < r < 4. Using [Theorem A.0.3| we obtain a subfamily .%’ of disjoint balls that
covers E almost everywhere according to u, and such that

S u(B) < u(E) +<
BeZF'

Notice that .7’ is at most countable, otherwise the sum 5 2, u(B) would be infinite. Enumerate the elements
of #' as

F'={B1,B3,Bs,...}
and call z, and r,, the centre and radius of B,, for every n. Let F, be the function
Fn(z) _ G(Z1), z € B%‘ 1 S n,
0, otherwise.

Notice that

/C|G—Fm|du:2/ |G7Fm|du+2/ Gldu

g;/&u) zz|du+z N|Glloo
s+z NI Glloe

Ms

i=1
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but the sum of p(B;) is bounded by w(E) + & so when we let m go to infinity, the term Y ;o u(B;) goes to
zero. Consequentially,

lim su G- F,|d <hmsu e+ NG
mwp/' JJd p(Zu Z )l ||oo>

< (u(E)+¢)e.

Call now

Every Vi, is closed and bounded, since it is a finite union of closed bounded sets, so we can find an open ball
Up such that V,, C U,,. Moreover we can suppose that y(Uy,) = p(U,,) and that the characteristic function
of U,, satisfies (2.2)) from the hypothesis. The set U,, \ Vj, is open, and

{B(z,r) | B(z,7) C Up \ Vin, XB(a,r) satisfies }

is a fine cover. Using |Theorem A.0.3| again, we find a finite subfamily of disjoint closed balls {El, .. ,Ek}

contained in U, \ V;,, such that

1(Un \ Vi) \ Uy By) = pu(Uny \ Uy By) \ Vi) < E

Notice that gi are disjoint from themselves and also from V,,,. We can then compute an upper bound for the
number of eigenvalues inside £ and outside U™ B;.

Sn

Sn Sn k Sp
3 e, m 5 (A) € DX, (u(A0) — 3 30X ((40) Z RIS
" " i=1 """ j=1

Jj=1 Jj=1

Sn k Sn Sn
LD SCNCEIIED S SEFHIVIRIID SEa SRANEN)

IN

IN

Remember that B;, El and U,, are chosen so that their characteristic function satisfy 1} SO

hmsup—ZXE\Uz B B:(Nj(A4p)) <

n—oo
1 Sp k 1 Sn m 1 Sn
< lim | =3 Xg ((An) = D0 =D XE, (A(An) = Y — ZxBl
"oj=1 i=1 """ j=1 i=1 """
. k R m
= u(Om) = > w(Bi) = u(By)
=1 =1
k R m
= (U \ Vin) = > i Bi) + p(Vin) = Y u(By)
=1 =1
<E+pu(E\UL,B;)
and it works for every £ > 0. We can conclude that
limsup — Z X\, B;(Aj(An)) < p(E\ UL, B;).
n—oo
Now we can finally prove the thesis.
Sn Sn Sn 1 Sn
- ZG /Gdu <7 ZG )= > Fm() + gZﬂn(Aj(An)) f/CFmdu

j=1 j=1

/ Fndp — / Gdu‘
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We already know
limsup/ |G — Fp|ldp < (u(E) +¢€)e
C

m—r o0

and
lim p(E\ UL, B;i) =0,

so we can choose m such that
[16 = Fulau < 2u(B) 421z, u(B\UZ B <.
C
Moreover, every Fi, is a linear combination of characteristic functions X (. ,y that satisfy (2.2]) and as a conse-

quence,

Sn

B |32 Eny(4n) = [ P =

For the last term of the sum, we find that

i > GO (Aw) = Y Fanlhs(4n)] <

iz (GO (An)) = Fn(25(A0))]

IN

1 m
<o > | AN +Y D 1GO(A) = Fn(Xi(4n))
™ \\j(An)EE\U™, B i=1 X,;(A,)€B;
{5\ € E\U™,B;
< 6o A )s VBT L LSS S 60, (40) - 6Lz
" 1 i1 (A eBs
P (A,
< o1 D)
and if we take the limits,
il it Xmum, B, (A (An))
li — G\ — EF,,(Ai(A)] < ||G|lso lims J= = +e
imsup = Z An)) ; (A (4n))| < (1G] im sup S
SNGloop(E\ UL B;) + €
< e(1+[|Gll)-
We can conclude that
1 Sn Sn )\ An 1 Sn
— Y G(\(4, /Gdu <HG||OOE Xevuz, 5 (4i(4n)) +e+ —ZFm(Aj(An))—/Fmdu
Sn J=1 Sn Sn = C

+2(u(E) +e)e

and
limsup |5~ 60(4,) = [ G| < =1+ [Gll) + 2u(E) + o)

for every € > 0. As a consequence
Sn

lim iZG(Aj(An))—/CGdu =0

n—00 | 8§, 4

for every G € C.(C) and {A,}n ~x p.
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Notice that the set R,, can also be much larger then the one in the hypothesis, since we used only the
following properties:
e 0 is a limit point for R(zp)¢

)

e For every M > 0, the set R(2)” N [M,+oc] is uncountable.

Probably, with a bit more effort, we could prove that the result holds under the condition that the closed balls
for which (2.2)) holds, are a fine cover of C. In any case,|Lemma A.0.1|and [Lemma A.0.4|let us state the following
result.

Theorem A.0.5. Given a matriz-sequence {An}, and a finite measure u, the following are equivalent.

o {Antn ~a i,

o the set
E.,:={r € R" | Xp(s, does not satisfy (2.9)}

has Lebesgue measure zero for every zy € C.
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Appendix B

S.U. and S.P.S.

Definition B.0.1. A space X endowed with a probability measure p is called standard probability space (s.p.s.)
if there exist

e a compact interval I C R with Lebesque measure £ := £,
e a countable set E = {x;};cn with atomic measure v,

such that X and Y := I U E are isomorphic modulo zero, meaning that there exists a bijective measurable and
measure preserving function
@ : X \ A1 — Y \ AQ

1

such that ¢~ is still measurable and measure preserving, where A1 C X, u(A1) =0 and Ay CY, (Dr(As) =0.

Theorem B.0.2. The following results hold.

e FEvery complete probability measure on the Borel set of a Polish space turns it into a standard probability
space.

e Any measurable subset of a standard probability space is a standard probability space. It is assumed that
the set is not a null set, and is endowed with the conditional measure.

In particular,
o the space R? endowed with any probability measure is a s.p.s. for any d,

e any Lebesque measurable set D C R with 0 < £4(D) < 0o turns a s.p.s. when endowed with the normalized
measure £q/lq(D).

Theorem B.0.3 (Riesz). Let ¢ : C.(X) — R be a positive linear and continuous function, where X is an
Hausdorff and locally compact space. There exists an uniquely determined Radon measure p such that

d)(G):/XGd,u VG € C.(X).

Lemma B.0.4. Given any Lebesgue measurable set D C R* with 0 < £4(D) < oo and any probability measure
w on C, there exists a function k € Mp such that ¢, = ¢,.

Proof. In [7] we showed that there exists a function h € .#]g y) such that ¢, = ¢;,. From [Theorem B.0.2} the

space D endowed with the conditional Lebesgue measure is a s.p.s. so there exist A; C [0,1] and Ay C D zero
measure sets and an isomorphism modulo zero

@D\ Ay — [0,1]\ Ay
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Let x : D — C be a measurable function defined as

Given any Borel set U € £ in C, we have

iy Jlal(ho @) ), 0¢U,
gd(’i I(U)){ (( Oﬁp) 1(U)|_|A2)_£d((ho(p) 1(U)), 0eU,

since £4(Az) =0, 50 Ly(k~H(U)) = La((h o p)~1(U)) in any case. Note that
(hop)™'(U) = ™" (h71(U) \ Ay)

and since ¢! preserves the measures, we conclude that

a2 (U) _ tal(ho @) (U) _ ale™ (BTONAD) _ o)\ 4 = ont (07)),

ta(D) ta(D) a ta(D)
This is enough to apply and discover that ¢, = ¢, = ¢,,. O

Definition B.0.5. Let {A,}, be a matriz-sequence. We say that {A,}n is sparsely unbounded (s.u.) if for
every M > 0 there exists nyr such that, for n > nyy,

#iE{L s} oilAn) > M} _ r(M)

where limps 00 r(M) = 0.
Moreover, we say that { Ay}, is spectrally sparsely unbounded (s.s.u.) if for every M > O there exists nyy
such that, for n > nyy,

#{ie{l,... ;sn}: |Ni(An)| > M}

Sn

<r(M),

where limps o0 r(M) = 0.

Lemma B.0.6. Let D C RY be any measurable set with 0 < £4(D) < co. Given a sequence {A,}, ~x ¢ for
some functional ¢ : Cc(C) — R, then

{Ap}n 8850, <= Ik € Mp:d= .
Given a sequence {A,}n ~o ¢ for some functional ¢ : Cc(R) — R, then

{An}n su. <= Ik € Mp: ¢ = by

Proof. In case {An}n ~o ¢, we have {A,}, ~, k and we know from [52], Proposition 5.4| that {A,}, is s.u.
The same proof shows that if {A4,}, ~x &, then {A,}, is s.s.u.

In [7] it has been shown that if {4, }, ~x ¢ then there exists an unique Radon measure p on C such that
{A,}n ~x 1, and it always is a finite measure with mass |u| < 1. If we consider a function G € C.(C) such that
1 > G(2) > X|zj<m(2) for every z € C, then, from the definition of {4y}, ~x i,

|1l Z/Gdu—nlgr;o;iG An))
#ie{l,...,8.}: |Ni(4n)] < M}

> lim sup
n—oo Sn
1 —timinf FUE AL sn}  [Ai(An)[ > M}
n—oo Sn
>1—r(M).

As a consequence, 1 > |u| > 1 — limpy oo (M) = 1, so p is a probability measure. From [Lemma B.0.4| we
conclude that there exists x € .#p such that ¢ = ¢, = ¢y. O
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Closure Results

Here we will prove that the set of sequences that enjoy a singular value symbol is closed with respect to the
a.c.s. convergence. To prove the result, we need some auxiliary results first.

Lemma C.0.1. Ifd, s ({An}n,{Bn}n) < s, then there exist {Ry}n, {Nn}n such that

A, =B, +R,+N,, limsuprk(R,)/n+ ||N,| <s.
n—oo

In particular, we have
limsuprk(R,)/n < s, limsup || Ny, || < s.

n—oo n—oo

Proof. By definition of a.c.s. distance, we have

dgcs. ({An}n, {Bn}n) = limsup min+1 {Ui(An - B,)+ 1 — 1} <s

n—oo t=Lln n
and as a consequence, for every § > 0 there exists ns such that for every n < ng,

17—

i (A, — B
izril:g}&-l {Uz( n n)+

1
} <s+0 = A,—-B, = Rn,6 + Nn,éy rk(Rn,&) + ||Nn,6|| < s+,
where R,, 5, N, 5 are defined as in [0, Lemma 2.2]. We can thus consider §,,, = 2™ and suppose without loss
of generality that ny—m are increasing in m. If
Rn = R'n,Q*mv Nn = Npo-m Vn?m“ S n < nNg-m
then

limsuprk(R,)/n+ || Ny < s.

n—00

O

Lemma C.0.2. Ifdycs. ({An}n, {Bn}n) < s and {An}n ~o k, {Bn}n ~o h with h,k nonnegative decreasing
functions on [0,1], then
hz —s)+s>k(x)>h(z+s)—s

for almost every x in (s,1 — s).

Proof. In|Lemma C.0.1} we proved the existence of {Ry, }n, {Ny}» such that

A, =B, + R, + N,, limsuprk(R,)/n < s, lim sup || Ny, || < s.

Let § > 0 and ng an index such that for every n > ng

rk(R,) < n(s+9), INLI| < s+6.
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Using the interlacing theorem for singular values we know that
Oin(s+8)) (Bn) = 0i(Bn + Ry) 2 iy in(s+5)](Bn)  Vn—[n(s+68)| =i > [n(s+4)] +1
and by the Weyl’s perturbation theorem for singular values we have
0i(Bn+Ry) —s—06<0i{Bn+R,+N,) <0i(B,+Ry)+s+d Vi
We can thus infer that
Tigin(s+0)| (Bn) =5 =06 < 0i(An) < 0i_|n(s+6))(Bn) +s+0  Vn—[n(s+3d)] >i>|n(s+6)] +1.

Let fa, be a piecewise linear function that interpolates the singular values of A,, on [0, 1] and similarly for fp,,.
Notice that if D,, contains the singular values of A,, in decreasing order, then fa, = fp, and {D,}, ~x k.
Using [6} Lemma 4.2], we obtain that f4, — k and fp, — h. As a consequence,

fa,(i/n) = 0i(An) < Oivn(s+5))(Bn) + 5+ 0 = [, (W) +s+0
and .
fa,(ifn) = 0i(An) 2 Oiyn(srs)) (Bn) =5 =0 = fp, (W) 56

for every i such that n—|n(s+46)| > > |n(s+6)|+1. Since fa, and fp, are piecewise linear, we can conclude

that
3. (HW;‘”J) 5= 6< fa, (@) < I, <an(sn+5)J> fstd

and
fB,(@+(s+6)—s=0< fa,(x) < fp, (x—(s+6))+s+0

for every z € (s + 0,1 — (s +9)). Since fa, — k and fp, — h it follows that
h(x+(s+96)—s—0<k(z)<h(z—(s+0)+s+9

for every x € (s + 6,1 — (s + §)) and every 6 > 0. When we now consider y € (s,1 — s) we know that
y € (s+6,1— (s+9)) when § is small enough, meaning that

lim h §) —s<k(y) < lim h(y—(s+0 .
Jm A (y+(s+0)) —s < k(y) < lim h(y—(s+9))+s

Every decreasing function is also continuous a.e., so up to negligible points (y such that h is not continuous at
y+ s or y—s) we obtain that
h(y+s)—s<k(y) <h(y—s) +s

Given f, g decreasing function on [0, 1], call

A(f.9) = it {slg(o = 5) + 52 f() 2 gla+5) =5, Vwe(s1=s)},  dlf.g) = max(d(f.g).dlg, )}

where "V" means "for almost every".

Lemma C.0.3. Given a sequence of mnonnegative decreasing functions f,, suppose that they are a Cauchy
sequence with respect to d. In this case, there exists a limit function f such that f,, — f in measure.

Proof. From the definition of Cauchy sequence, for every s > 0 we can find a function fy_ such that d(f,, fm) < s
for every n,m > N;. Notice that we can always take N, such that s <s = Ny > N,. Let us thus fix
s < 1/4, and call M = fn,(s) + s. From the definition of d, we know that

M>fy.(z—5)+5> fm(z) Voe[2s,1—2s], ¥Ym>N.

In particular, all f,,(z) for x > 2s and m > N, are bounded by the same constant M.
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Take now f,, fm with n,m > N, such that d(f,, fm) < € < s. Let us divide the interval [2s,1 — 2s] into
k = |1/y/e] subintervals of length > /e, delimited by the points zg = 2s,21,..., 21,2 = 1 — 2s where
Zip1 — 2; = (1 — 4s)/k. Note that

#{i| (i) — falmigr) > Ve, 0<i <k} < M/+e
and that if f,(2;) — fn(zi41) < e, then for almost every y € [x; + &,2,41 — €]

faly—e)+e>f(y) = fulyte) —e = [fm(y) — fu(y)| Smax{fu(y —€) — fu(y), fu(y) — fuly +e)} +¢
an(y - 5) - fn(y + 5) +e
<folwi) = fa(wig1) +¢
<Ve+te

We can thus deduce an upper bound for the measure of the points where | f,(y) — fn(y)| > /€ +¢.

(€ 25.1= 25 () — )| > ¥ +2) = (S +1) E e (k- 21).

Notice that

SO

M 1-4 M
— +1 Tt oe (k- —m ) < M(1—48)29F + 2(1 — 48)V/E + 2VE — 2M VB < 2(M + 2) Ve,
NG k Ve

Using the above relation, we have that

dmea(frs fm) < 4s+2(M +2)v/e + Ve +e < 4ds+ 2(M + 3)v/e.

This is enough to prove that f,, is a Cauchy sequence for dy,cq. In fact, given any § > 0, consider s < §/8 and
take € < s such that 2(M, + 3)/e < 6/2. It turns out that for every n,m > N, we have

Amea(fry fm) < 45+ 2(Mg 4 3)v/e < 4.

As a consequence, f,, converge in measure to f.
O

Theorem C.0.4. Given {By m}nm ~o km matriz-sequences with nonnegative and decreasing symbols k., on

[0,1] and such that {Bn.m tnm Lok, {A,}n, the sequence k,, converge in measure to a function k.

Proof. We know thati{Bmm n.m is a Cauchy sequence for d, ... By |Lemma C.0.2] we infer that k,, are a
Lemma C.0.3

Cauchy sequence for d, and let us conclude that k,, converge with respect to dyeq- O

We are now ready to prove the main result.

Theorem C.0.5. Let {A,}n, {Bnm}nm € & and let Ky, : Dy, C R — C be measurable functions defined on
sets Dy, with 0 < £y (D) < 00. Suppose that

1. {Bnmtnm ~o Km for every m,
2. {Bn,m}n,m u) {An}n

Then there exists a measurable function k : [0,1] — C that is a singular value symbol for {Ap}y.

Proof. Suppose that &, is the decreasing rearrangement of k., for every m. By [0, Lemma 4.1], we know that
{Bn.m}n.m ~o &m- Using [Theorem C.0.4] we know that &, converge to a function & in measure, and using the
closure result [52, Corollary 5.1] we conclude that {4, }, ~ h. O
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Appendix D

Derivatives

For every matrix A € C™*™ define the function

Lemma D.O.1.
do.c.s s ({Antns {Bn}n) = thUPPk(An — By).

n— oo

induces a complete pseudometric.

Proof. Using [Theorem 3.1.13] we need only to prove that p*(A + B) < p*(A) + p*(B). Suppose that r, s are

the indexes of the minima for A, B respectively. If » + s — 1 > n, then

p*(A) + p*(B) = T% +nFo,.(A) + s;—l +nfoy(B) > 1> pF(A+ B)

otherwise

s+r—2
n

p"(A) +p*(B) > n*(0,(A) + 04(B)) + >n"o,_1(A+ B) + $ > p*(A+ B).

Notice that
dg.c.s. s ({Antn, {Bn}tn) = da.c.s. ({nkAn}m {nan}n)~

Let J,, be the nilpotent Jordan block with rank n — 1. Let us define

T, :8 — & Ty :E — &

T,({An}n) = {anAnJg —nAntn To({An}n) = {Sn o An}, (Sn)i,j =i(j —1)

T T

Notice that if v € R" is a vector with v; = ¢, then S,, = iev' — ive’, so it is a rank 2 matrix. For clarity, we

will use T, and Tj also as maps of matrices:

T.(A) =nJ, AJ' —nA  Ty(A) =S, 0 A.

Lemma D.0.2. Suppose a € C'[0,1] and f € C},.[—m, 7] . The following are true:

T:({Dn(a)}n) ~arr d'(x) @ 1, Ty({Dn(a)
To({Ta(f)}n) ~arr 1® f'(0), T.({Tu(f)

tn) ~arr 0,
}

n) ~crr 0.
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Proof. First of all, notice that if D is diagonal
D = diag(dy,da,...,8n) = Tx(D)=n-diag(dy —dy,ds —da,...,Sp — Sn—1,—Sn)-

Given now a € C*[0, 1], we may notice that

_a(G)—ae(3) _ i it1
n(aiﬂ—ai)—f—a(s), se{n7 - }

but a’(z) is uniformly continuous so for every n there exists d,, > 0 such that
1 ! I
lz —y| < n = |d'(z) —d'(y)| < dn, n = on(1).

Consequently,
|T::(Dy(a)) = Dn(a’) = Ryl < 6, = o(1)

where R, is a rank 1 matrix that takes care of the last entry. We conclude that
T ({Dn(a)}n) =acs {Dn(al)}n ~GLT a/(aj) ® 1.

We can also notice that Tp({Dyn(a)}n) = {0n}n ~crT 0.

Given f € C} |-, ], with Fourier series f(6) = Y, fre*? we know that the Fourier series of its derivative
is f(0) =, ikfre®, so
Ty({Tn(N)}n) = {Tu(f)}n ~arr 1@ (0).

Eventually, we can explicitly write the action of T}, on any matrix

—a; t1=norj=mn
Ty(A)ij =n- { ’

Qiy1,j+1 — a;; otherwise

and on a Toeplitz matrix,
—fi—j i=norj=n
0 otherwise

Tr(Tn(f))U =n: {

that has rank < 2, so
Tz({Tn(f)}n) ~GLT 0.

T, and Ty seem to behave like partial derivatives. In particular, they respect also Leibniz rule.

Lemma D.0.3. For every couple of sequences {Ap}n,{Bn}n,

Te({Aan}n) = TO({An}n){Bn}n + {An}nTG({Bn}n)-

IfT,({An}n) and T, ({Bn}n) are sparsely unbounded, then

Tm({Aan}n) =acs Tﬂc({An}n>{Bn}" + {A"}"Tm({Bn}n)
Proof. Notice that s; j = s; 1 + g j, SO
[So(AB))ij=si; Y aikbe; = Y (sik + Sk.j)ai kb,

k k
= Z 84,k bk j + Zai7k8k7jbk,j = [(S 0o A)B + A(S o B)]i,j
k k

and it directly proves that

Te({Aan}n) = TO({An}n){Bn}n + {An}nTO({Bn}n)~



153

Suppose now that T,,({An},) and T, ({Bn}n) are sparsely unbounded.

T,({AnBn}n) = {nJyApnB,JT —nA,B,},
To({A} ) {Butn + {A T ({Bo}n) = {nJnAnJI B, —nA, By, +nA,J,ByJr —nA, By,

1
{nIn} T.({A )T ({Bu ) = {nJnAnJ L J, By JE —nd, AnJE B, — nA,J,BnJr +nA, By .

{anAnJg;JanJrj; - nAan}n = Tw({An}n){Bn}n + {An}nTw({Bn}n) + { ! In} Tw({An}n)Tz<{Bn}n)

n"f,
=T,({A,Bn},) — {nJ,Anerel B, JrY},..

Notice that nJ,A,eiel B, JT has rank < 1 and {%In}nTz({An}n)Tx({Bn}n) is zero-distributed since both
T.({A,}») and T, ({B,}.) are sparsely unbounded. This let us conclude that

Tr({Aan}n) =acs Tz({An}n){Bn}n + {An}nTz({Bn}n)
O

Corollary D.0.4. Let o/ be the C-algebra generated by {D,(a)}, and {T,,(f)}n with a € C*[0,1] and f €
Cl., [-m,7]. Every {A,}, € & is a GLT sequence, and {A,}n ~grT K implies that

per

To({An}n) ~arr Pgp  To({An}n) ~arr 95p.

Proof. The maps T, and Ty are linear, and using Lemma and|D.0.3] we obtain the thesis only if T, ({45 }n)
is sparsely unbounded on /. Given any {A4,}, € &, it can be represented as a polynomial in the generating

sequences, but Lemma proves that T, on generators produces sequences with GLT symbols, so T, ({4 }»)
also owns a GLT symbol, and in particular it is sparsely unbounded. O

Sadly, there exists zero-distributed sequences that do not behave well with T, and Ty. For example,

1/n 2
—1/n -2

(=1)"*11/n (=1t
where {A,}, ~¢rr 0 and {T,.(A,)}, is not even a GLT sequence. An other example is

1 0, I, 1 0 I
A "= n n A " _ n n,n+1 — An n ~ 0
> log(n) <On 0n>’ 2 Jog(n) (On+17n Ont1 > {Antn ~oir

but the matrices Tp(A,) have half of the singular values that increase as n/log(n) so the sequence {Tp(A,)}n
is not even sparsely unbounded.

In order to regain a concept of zero-distributed sequence, we need to trade the a.c.s. distance with another
distance, d, . .1, defined as follows.

Lemma D.0.5. Two sequences {A,}, and {By}, are equivalent for d, .1, that is

da.c.s.1 ({An}na {Bn}n) =0

if and only if
An—Bp =Ry +Nn,  tk(Rn) =o0(n), [[Nn|n=o(1).

In this case, we say that {A,, — B} is zero—1 distributed and {A,}n =1 {Bn}n-

Proof. Remember that

dwc.s.l({An}na {Bn}n) =limsup min {Zl + nUZ(An - Bn)} .
n

n—oo =1,..., n+1
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Notice that if
Ap—Bp =Ry + Ny, 1k(R,) =o0(n), |[[Nalln=o(1).

then

dg.c.s. ({A }m{B }n): a.c.s. ({R + Ny }n,{O } )
S a.c.s.({Bn + NoJny {Nn}n) + da.c.s.0 ({Nnns {On }n)
c.s.t ({Rn}nv {On}n) +dgcsn ({Nn}nv {On}n)
rk(R,,)

< lim sup

n—oo

+ limsupn||N,|| =0
n—oo
On the other hand, if we split the SVD of A,, — B,, at the index 7 that realizes the minimum in

i—1
i —_— (A, — B
min { —+ no; (A, n)}
we obtain two sequences R,,, N,, with

0=dycs1({An}tn,{Bn}tn )—limsup@—l—nHNnH = tk(R,) =o(n), ||Na|n=o0(1).

n— oo

O

The set of zero—1 distributed sequences is denoted as 2! and is contained in 2 since dg.c.s.(-, ") < dg.c.s.1 (% ).
They take the place of zero-distributed sequences when dealing with C! symbols.

Lemma D.0.6. Given any matriz A € C™*™ we have

kT, (A) < 21k A, || Tu(A)|| < 2n)|All, tkTp(A) <21k A, | To(A)|| < 2n||A].

Proof. The relations on T, are simple to prove. The relations on Ty require some properties of Hadamard
product.
[vwT o 2yT; j = viwjziy; = [(vox)(woy)T)i; = vw’ oay’ = (vox)(woy)T

so a simple computation leads to
rk(Ty(A)) = rk(S o A) =< 21k(A).

Another property of Hadamard product is

T T, T
vw' 0o All= max |z (vw' oA L0505 W
| | qu=||yu=1| ( Jyl = lell=yli=1 Z it iYs
= max |(zowv) A(woy)| < || ov||[|Allfjw oy
llzll=llyll=1 [l || H H
H e 2 [l[[v]loo | All[lwll oo lyll = IIUHOOHAIIIIwHoo
We can thus conclude
1To(A)| < 2n|All.

Corollary D.0.7. If {Z,}, is a zero—1 distributed sequence, then

T.({Zn}n) ~arr 0, To({Zn}n) ~arr 0.

Proof. T, and Ty are linear maps, and Lemma let us decompose {Z,,},, = {Rn}n + {Nn}n. Notice that

k(T (Rn)) < 21k(R,) = {T:(Rn)}n ~crr 0,
1T (No) | < 20| N |l = {T(Nn)}n ~crT 0
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50 {T:(Zn)}n ~arr 0. Moreover,

rk(Te(Rn)) < 2rk(Rn) = {TG(Rn)}n ~arr 0,
[Ty (Nn)|l < 2n[|Nn || = {To(Nn)}n ~crr 0

SO {Tg(Zn)}n ~NGLT O. D

The last result lets us expand the algebra 7 of Corollary adding the set Z1. & = o/ + 2 is still a
C-algebra, and T, and T} still act as partial derivatives.

Lemma D.0.8.
da.os.l({Bn,m}n,ma {On}n) *> 0 :> da.c.s.(Tx({Bn,m}n,m)7 {On}n) *> 0? da.c.s.(TQ({Bn,m}n,m)a {On}n) *> 0

Proof. Repeating the argument of Lemma we can split every matrix By, ,,, into the sum of R, ,,, and
Ny m, where

. . 1 —1
rk(Rn,m) =i—-1=-1+ arg i:llzr‘l.?,r}wrl {’I’L + naz(Bn,m)} ) ”Nn,m” - Ui(Bn,m)'
We know that d, . s1({Bnmtnm:{On}n) = 0, so
k Rn m . k Rn m ~
lim limsup tk(fn.m) +n||Npm| =0 = limsup tk(Fnm) + n||Npml| = ¢(m) — 0.
m—00 n—oco n n—00 n

If ¢(m) =¢(m) + 1/m, then ¢(m) — 0 and we know that for every m there exists an index n,, for which

rk(Ry,m)

< ¢(m), 1| Nl < e(m) Vn > n,,.
n

If we apply T, or Ty, Lemma [D.0.6] shows that we have the same bounds on the images, so we use the letter 7'
to indicate any of the two maps.

tk(T(Ry,,m))

n

T(Bum) = T(Bnm) + T (Nom), <2¢(m), |NT(Nom)ll <c(m) — Vn=np

and this is enough to conclude that

da.c.s.(T({Bn,m}n,m)v {On}n) — 0'

Corollary D.0.9.

{Bn,m}n,m i‘s‘l_) {An}n - {Tm(Bn,m)}n,m % {Tm(An)}na {TH(Bn,m)}n,m % {TG(An)}n

1
Corollary D.0.10. Suppose that { By m }nm 282 LAY, and that {Bnm}nm ~arr Em With {Bp mn € B
for every m. Then it is true that

e T({Bnm}tnm) —= T({An}n),
® Ky — K,
L4 {An}n ~GLT R,
° k=&,
L4 T({An}n> ~GLT 6;
where T is T,, or Ty and k., is the respective partial derivative.

In the last corollary, we showed that if we close % with respect to the a.c.s.! convergence, we obtain GLT

sequences such that their images through T are still GLT sequences. An open question is whether the symbols
of the limit sequence {A,}, ~grr « and its image T'({A,}n) ~crT £ are linked or not.
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Appendix E

Banded Sequences

From now on, we say that a sequence {A,}, is almost-Hermitian if there exists an Hermitian sequence {Zn}n

such that ||A, — A, ||z = o(v/n).

Lemma E.0.1. Suppose {An}n ~crr k is an almost-Hermitian sequence. In this case, k is real valued and

{An}n ~a k.

Proof. The hypothesis ||A4,, — AVHHQ = o(y/n) implies that {A,, — gn}n is zero-distributed, so {gn}n ~arr k,
but it is an Hermitian sequence, so k is real and {4, }, ~x k. Using GLT 2, we conclude that {A,}, ~y k.

Lemma E.0.2. The set of almost-Hermitian sequences is a real vectorial space.

Proof. If {A,,},, is an almost-Hermitian sequence and ¢ € R, then
leAn = cAnlla = lelllAn — Aull2 = o(v/R),
If {B,}, is also almost-Hermitian, then

||An + B’n - Avn - én” S HAn - AV’!LHZ + HBn - En”Q = 0(\/5)

Lemma E.0.3. Let a: [0,1] — C be a bounded function and call a-gap of a the function

Wall) = sup a(z)| — inf a(z)].
a( ) zGBa(x)ﬂ[O,l]‘ ( )‘ zEBa(z)ﬁ[0,1]| ( )|

If a is continuous a.e., then also wy is continuous a.e.

Proof. Let E be the set of discontinuity points for a, and define

Z ={ze€l0,l]|]r—a€Forx+acE}.

Note that the measure of Z is at least two times the measure of F, so it is zero. Let now z € Z¢ and a(z) = b.
We know that both  — « and x + o (when they are inside [0, 1]) are continuity points for a, so given any € > 0,

there exists § > 0 such that

la(z —a) —alz —a+y)|<e Jalz+a)—alz+a+y)<e V]yl <.

157
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As a consequence, for every 0 < y < § the following holds

sup ] la(2)] = max{ sup la(2)], sup | |a(z)|}

zE€Bq (z+y)N[0,1 z€(z+y—a,z+a)N[0,1] zE€[z+a,z+a+y)N[0,1
= sup la(z)| < max sup la(2)], |a(z + )|+ p < sup la(2)| + e,
2z€Bq (x+y)N[0,1] zE€Bq (z)N[0,1] z€Bq(2)N[0,1]
sup la(z2) > sup  a(z)] ¢,
zEBq (z+y)N[0,1] z€Bq(2)N[0,1]
inf |a(z)| = min { inf la(2)], inf a(z)|}
zE€Bq (z+y)N[0,1] z€(z+y—a,z+a)N[0,1] z€[z+a,z+a+y)N[0,1]
= inf la(z)| > min{ inf la(2)], |a(x + )] — 5} > inf la(z)| — €,
2€Ba (z+y)N[0,1] 2€Bq (2)N[0,1] z€Bq (2)N[0,1]
inf la(z)| < inf la(2)| + €.
z€Bq (z+y)N[0,1] z€Bq (2)N[0,1]

An analogous argument let us conclude the same for —0 < y < 0, 80 |wa () — wa(x + y)| is bounded by

+ inf la(z)| — inf la(2)]| < 2e.

SUD |a(z)| B Sy |a(z)| 2€ B, (z+y)N[0,1] | 2€B, (z)N[0,1] -

2€B4(z)N[0,1] zE€Bq (z+y)N[0,1]

This is enough to prove that w, is continuous at z, and consequently w, is continuous on Z¢, that is, it is
continuous a.e. O

Lemma E.0.4. Given a sequence of Hermitian sequences { By m}n with GLT symbol k,,, suppose that there
exists a sequence { By}, with

lim hmsup*HBnm B3 =0.

Mm—00 5 _soo

In this case, there exists a limit function k,, — k and {Bp}, ~x k.

Proof. First of all, notice that the condition

1
lim hmsupf||Bnm Bul3=0

m—r o0 n—oo

directly implies that {By, m }tn 2% {Bn}, and consequentially k,, converge to a function k that is the GLT
symbol for {B,},. Let us now estimate the norm of the imaginary part of {B, },.

1
IS(Ba)ll2 = 511Bn = B [l2

IA

1

5 (”Bn - Bn-,m”Z + HBn,m - Bf,m”2 + ||Br€Im - B’IIL_I”Z)
2

HB - an2

1
= lim hmsup—H\s( B3 = lim hmsup—HBnm Bul3=0

m—o00 n— m—r 00 n—oo

= hmsup*ll“( B,)|I3 =0

n—oo

= [IS(Bn)ll2 = o(Vn).
Since B, = R(B,) +i3(B,,), we can use [Lemma E.0.1|and conclude that {B,}, ~ k. O

Actually, the existence of a spectral symbol k for {B,, },, holds even if {B,, ;s }n, ~x ks, without the hypothesis
that they are GLT sequences. In such case, though, we can say that k,, — k only if all the functions k,,, k are
decreasing.
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Theorem E.0.5. Given any Riemann Integrable function a : [0,1] — C and any natural number m, denote
Ap(a,m) := Dy (a)T,(e™) + D, (a)"T, (™).
In this case, {An(a,m)}, is almost-Hermitian and

{An(a,m)}n ~x 2§R(a(x)eim9).

Proof. First of all, from the theory of GLT sequences, we know that
{An(a,m)}, ~qrr 2R(a(z)e™?)
and if m = 0, then A, (a, m) is Hermitian for every n, so the thesis follows. Suppose now that m > 0 and define

the Hermitian matrix A, (a,m) as

a(j/n), i—j=m,
[An(a,m))i; = qali/n), i—j=—m,

0, otherwise.
Let Z, = A, (a,m) — gn(am), and notice that

A _ a(z/n)fa(]/n), ij:mv
[Zn)is = .
0, otherwise.

Notice that if w, is the a-gap relative to a, then w, 220, ae. since

. a—0
a continuous on ¥ = wy(z) —— 0.

We can thus fix ¢ > 0 and find o, (that we call « for simplicity) such that, if we call
E:={wy(z)>¢e},

then pu(F) < €/2. Notice that a is bounded and continuous a.e., so by Lemma wWe s also continuous
a.e. and thus E€ is an open set up to a negligible set. Every open set can be approximated from the inside
by a finite union of open intervals, so we can take G C EC a finite union of open intervals with measure
w(G) > uw(E) —e/2 >1—¢e. The set G is Peano-Jordan measurable (also said, it has negligible boundary) so it
is well described by dense sets, meaning that

1
ILm E#{i\1§i§n,i/n€G}:,u(G)>1—5.
Let N be an index such that m/N < a and
1
ﬁ#{ﬂlgign,i/neG}zu(G)>1—26Vn>N.

If ||a|loo = M, we have

1Zal3 = 3 [a((G +m)/n) — ali/m)]?
j=1
j/ngG

j/neG
= 3 lalGEm)/) = eGP+ D (G m)/n) /)

< 2enM? + ne?

for every n > N. As a consequence

1
limsup || Z,||3 < 2eM? 4 &2
n—oo T
for every € > 0, so
1
limsup —||Z,||3 = 0.
n

n—roo

{A,(a,m)}, is thus almost-Hermitian and Lemma let us conclude that {A,(a, m)}, ~x 2R(a(x)e™?). O
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Lemma E.0.6. Given m + 1 Riemann Integrable function ag,aq, ..., an, the sequence
Z{Dn(ak)Tn(eike) + Dn(ak)HTn(eike)H}n
k=0

18 almost-Hermitian and

m

Z{Dn(ak)Tn(eikG) + Dy(ar) T (%) T}, ~x 22%(6‘16@)6%9)
k=0 k=0

Proof. From Theorem we know that the sequences {A,(a,k)}, are almost-Hermitian for every k and
Lemma let us conclude also that >~ {A,(a,k)}, is almost-Hermitian. Since it is also a GLT sequence
with symbol »_ -, 2R(ax(z)el*?), the thesis follows from Lemma O



Appendix F

Reduced GLT

We require that (2 is contained in [0, 1]¢, and we work in the restricted euclidean topology and Lebesgue measure
{4 of [0,1], unless specified differently.

F.1 Characteristic Sequences

Lemma F.1.1. If Q is a Peano-Jordan measurable set, then

i k(D (Xe))

n—o0 N(n) = la($).

Proof. We know that
{Dn(XQ)}n ~o XQ

so in particular, if we consider a continuous function G : R — C with compact support and such that G(1) = 1,
G(0) = 0, then

N(n)
i EPn0) _ i L SN G, (k) :/ G(Xa())dz = £4(Q).

n—00 N(n) n—oo N(n) P [0,1]¢

Call
K.={pe[0,1]*|d(p,0Q) < c}

the set of points whose distance from 0 is at most ¢ > 0. In the next result, we prove that K. contains few
points z; when ¢ tends to zero, so that in the applications we can ignore the conditions that arise from grid
points that are close enough to the boundary.

Lemma F.1.2. Given a sequence h, of real nonnegative numbers converging to zero, and a Peano-Jordan

measurable set €, then
. 1k(Dn(Xx,, )
lim ——»~—~

n— o0 N(n) =0.

Proof. Remember that 95 is always a closed set contained into [0, 1]¢. Notice that K. converge to Ky = 9 as
¢ tends to zero, so we know that

lin’(l)gd(KC) == Ed(ﬁQ) =0.

c—

K. is a closed subset of [0,1]? for every c since
pg K. = p&[0,1]Vd(p,09) > c
and in both case there’s an open neighbourhood of p disjoint from K.. Moreover, if ¢ > 0 then

p€ K. = pecd0,1]?Vvd(p,dN) =c

161
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and it is known that the set of points at fixed positive distance from a closed set is negligible [44], so we can
conclude that £4(0K.) = 0. This is actually true also for K since

0Ky = 000 C 90 = (4(0Ky) < £4(99) = 0.

We can thus use to infer that for every ¢ > 0

. 1k(Dn(Xk,))
lim —————<2 = {4(K.).
no N(n) a(Ke)
Notice that if hy, < hy,, then Kj,, C Kj,, and consequently rk(Dp(Xk,, )) < rk(Dn(Xk, )). When we fix an
index m > 0, we know that definitively h,, < h,, since h,, are converging to zero, so the following relation holds

< lim sup =Llq4(Kp,,) Ym

lim sup

k(Dy (Xre,
= lirrlnﬁsolip W < ,i%%/d(Khm) =0.

Define Z,, as the grid composed by points of the form

7 11 19 id ) )
= ey ——— i=0,1,2,...,n;,n; +1 =1,2,...,d.
TL+1 <n1+17n2+1a ’nd+1>7 12 ) Ly Sy an]an]+ ) J ) & )

Consequentially we define a new diagonal matrix associated to 2

. 1
In(XQ) L dlag (XQ (n—|—]_>>z_1 M

that has dimension N(n) x N(n), the same as D, (Xq). More in general, for any continuous a.e. function

a:[0,1]7 — C we denote
In(a) := diag <a (n-ll—l)>z—1n

so that I (a) and D, (a) have the same dimension, and can actually be proved that they enjoy the same GLT
and spectral symbol.

Lemma F.1.3. Ifa:[0,1]? — C is a continuous a.e. function, then

{In(a)}n ~cLT A

Proof. Notice that a : [0,1]¢ — C is a continuous a.e. if and only if when we split it into real and imaginary
part a = a1 + iag, both the real functions a; and as are continuous a.e.. In the same way, we can split a; and
as in their positive and negative parts, and they are still continuous a.e.. By linearity of the GLT sequences,
we can thus suppose that a : [0,1]¢ — R¥, since it is sufficient to prove the general thesis.

The proof is divided into 3 steps, where we prove that the statement holds first when a is continuous, then
when a is Riemann-integrable and eventually when a is continuous a.e..

Step 1. Suppose a is continuous and call w, its continuity module. Notice that

d ) 2 d
1k 1 2 m—oo

< E _ < E — =h ——0

Qk_l(nk(nk+1)> T in " ’

. 2
(]

1
n n+1

so we can obtain a bound on the norm of I,,(a) — Dy (a) as

a( L )—a(z)‘<wa(hn)n_>—oo>0.
n+1 n

This is enough to prove that {I,,(a) — Dy (a)}, is zero-distributed and consequentially {I,(a)}, ~arT @.

Hn(a) = Dn(a)]| =  max
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Step 2. Suppose a is Riemann-integrable, and consider a sequence of continuous function a,, converging to
a in L' norm. A continuous function is in particular Riemann-integrable, so a,, — a is also Riemann-integrable

and we can compute
i 1
a —a| ——
T\n+1 n+1

We can thus write the difference as || I (am) — In(a)||1 = N(n)e(n, m) where lim,, o lim, o £(n,m) = 0 and

a.c.s.

using ACS 6 from [53] section 6], we discover that {I(am)}n —— {In(a)}n. We know from Step 1 that
{In(am)}n ~cLT QM for every m, and a,, M7 4 in measure, so we conclude that {In(a)}n ~cLT @

n

N(m) | n(am) — In(a)| = ﬁ >

i=1

n—oo m— 00

—— |la — am|1 —— 0.

Step 3. Suppose a is continuous a.e and call a,, () := max{a(z), m} its truncated function for every m € N.
Notice that a,, are still continuous a.e. and also bounded, thus Riemann-integrable. Moreover, since a is
measurable we know that

m—»0o0

Li{z|a(x) > m} =: hy, —— 0.

We know from Step 2 that {I,(am)}n ~crLT am for every m, so we can fix 1 > ¢ > 0 and counsider G,,(x)
continuous and compact supported functions such that X[g ,,,—c] < Gy < X[ ) to Obtain

a<z>>m,1<i<n}
n—+1

lN(n)l#{i‘a<i>§m,1§i§n}

N(n) ' 1k(Iy(am) — In(a)) = N(n)"1# { i

n+1

n

<1- N(’n)71 Z Gm(0i(Dn(An))).

i=1

Note that Gy, (m) =0, so Gy (am) = G (a) and taking the limits of the preceding relations, one can see that

imasup ()~ r(T () = (o) € 1= g [ G (@)
n— 00 7T) [0,1]¢ X [—m,m]d
1
=1- @) /[0,1]dx[7r,7r]d Gn(a(z))dx
St o Yo e
§1—(27T)(d2;)Z’”‘1:-c(m)”H—°°>o.

Consequently, for every m we can find n,, such that for every n > n.,, tk(In(am) — In(a)) < ¢(m)N(n) with

c(m) 22250, and it leads to {In(am)}n =% {In(a)},. We know that a,, ——— a in measure, so we

conclude that {I,(a)}, ~cLT @ O
This result shows that for every a : [0,1]¢ — C continuous a.e. function, the sequences {I,(a)}, and {Dn(a)}
have the same GLT (and consequently, spectral) symbol. In particular, if  is Peano-Jordan measurable,

then Xq is continuous a.e., so {I,(Xq)}n ~crr Xq. Moreover, it is also possible show that the difference
I,(Xq) — Dp(Xq) has rank negligible when compared to N(n).

Lemma F.1.4. If Q is Peano-Jordan measurable, then

rk (In(XQ) — Dn(XQ)) = O(N(TL))

Proof. Tt is enough to show that

En{z

() (its)asien)
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has cardinality negligible when compared to N(n), since
#E, =1k (I,(Xq) — Dn(Xq)) .

Note that if ¢ € F,, then there’s a point of the boundary 92 on the segment connecting the points ¢/n and
i/(n + 1). The distance between the two points is always bounded and tends to zero when n goes to infinity

2 d i 2 d 1
k 2 n—o0
< —— ] < — =:h;, —— 0.
2_Z<nk(nk+1)> _Z”i "

k=1 k=1

7 7

n n+1

It means that for every i € E,, we have d(¢/n,08) < h,, so|Lemma F.1.2|let us conclude that

lim su #En_limsu #{% XQ(%)#XQ<ﬁH),1SzSn}
n—>oop N(n) o n—>oop N(n)
i #{L]d(£,00) <h,,1<i<n}
<1 n n
= e N(n)
:limSupM =0

The quantit
! ' d? .= rk(I,(Xq))

n
is important since it counts the number of grid points inside 2. As a corollary, we find again the same results

of [Lemma F.1.1| and [Lemma F.1.2} referred to the sequence {I,(Xq)},. We will not prove them, since the
arguments are the same we used in the proofs of [Lemma F.1.1| and [Lemma F.1.2|

Corollary F.1.5. If Q is a Peano-Jordan measurable set, then

. dy;
nh_{rgo N(n) = £4(0).

Corollary F.1.6. Given a sequence h, of real nonnegative numbers converging to zero, and a Peano-Jordan
measurable set €, then

Khn
Ny
In particular, if £4(Q2) > 0, then
K,
=g =0

Note that if h,, = 0 for every n, we have K, = K = 9 for every n, so d2 = o(dS}) = o(N(n)). Notice that

Corollary F.1.5shows lim,, o, d? = 400 whenever the measure of €2 is not zero, so from now on, we suppose
that gd(ﬂ) > 0.

F.2 Restriction and Expansion Operators
If we fix a Peano-Jordan measurable set €2, then consider the map

Zq {An}n — {In(XQ)AnIn(XQ)}n.

From now on, we abuse the notation and write Zq(Ay,) for the matrix I,,(Xq)AnIn(Xq). If we call ¢, the set
of d-dimensional GLT sequences, notice that Zq(¥;) C ¥, since it multiplies a GLT sequence with other GLT

sequences, as shown in Some properties of this operation are

e 7 is linear,



F.2. RESTRICTION AND EXPANSION OPERATORS 165

e 7 is idempotent,

o if {A,}n ~arr k(x,0), then Zo({An}n) ~arr k(z,0)Xa(x),

o if {A,}, is a real sequence, then Zg({An}n) is still real,

e if {A,}, is a Hermitian sequence, then Zg({An}») is still Hermitian.

If we associate each multi-index ¢ in the matrix A,, to the point %7 € E,,, then Zq sets to zero every row and
column corresponding to a point not in 2. We can thus try to delete the zero rows and columns in the matrices,
and obtain a matrix with size d} x d’.

Given a set © with negligible boundary, we consider I,,(Xq) and we enumerate the non-zero rows and the
zero rows through two strictly increasing functions

bn{1,2,...,d%} = {1,...,n} W {dl+1,d?+2,...,Nn)} = {1,...,n}

such that the ¢, (j)-th row of I,,(Xq) is non-zero for every j, and the ¢, (j)-th row of I,(Xq) is zero for every
j. In particular, the images of ¢, and 1, correspond to the set of points i/(n+ 1) in =, respectively belonging
and not belonging to 2. Notice that ¢, and v, are uniquely determined by their properties.

For every n, we define a rectangular matrix I1,, o of size dS? x N(n) as

(In.0)ij = (In(XQ)) g, (i),

so that, for any matrix A,, of size N(n) x N(n), we can delete the rows and columns corresponding to points
not belonging to 2 through the map

Rq : {An}n — {Hn,QAn(Hn,Q)T}n

and add zero rows and columns corresponding to points not belonging to 2 to any matrix S$ of size dSt x d?
through the map

Eq : {Sptn = {(IIn0)" Spllpo}n.

We will use the notation Rq(Ay,) for Il,, oA, (I, )7 and the notation Eq(S5}) for (Hn_’Q)TS,,SZHn’Q. Moreover,
unless differently specified, we use the exponent Q to distinguish the sequences {S{!},, of size d! x d! from
classical sequences {4y}, of size N(n) x N(n).

Note that the operators Eq, Rq, Zg, the matrices II,, o, In(Xq) and the quantity dS! can be defined for any
measurable set (2, even if not Peano-Jordan measurable.

F.2.1 Effects on the Sequences

Let us check some basic properties of the matrices II,, o, I,(Xq) and the operators Eq, Rq, Zq.

Lemma F.2.1. For every index n, we have
o (In,0) Mn o = In(Xa),
i Hmﬂ(Hn,Q)T = IS.

In particular, given any matriz A, of size N(n) x N(n), and any matriz S} of size d? x dSt, we have

o Ro(A,) = Ro OZQ(A ),
* Ro(Eqa(Sy)) =

* Eq(Ra(An)) = Za(An),
* Zo(Eq(Sy)) = Ea(Sy,).

Moreover (Eq(SSN)H = Eq((S$HH) and (Ra(An))H = Ro(AH), so
e S Hermitian = Eq(SSt) Hermitian,

e A, Hermitian = Rq(A,) Hermitian.
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Proof.
&
((M,0) Mp0)i = Y (Mn0)ki(Mn.0)k
kdnl
= Z Neom (k)i In(X02)) 6,0 (k)5

B {1 ¢ =J € Range(¢n) _ (In(X))ij

10 otherwise

NE

(I o(Mp0)")i; = (IIn0)ik(Iln0)jk

>
Il
-

I
NE

(In(XQ)) g (i) .k (I (X22)) 61, (5

[
°“Tf
L

G (i)sbn (i) = Oijs

Ro(Ayn) = M, 0An (Il o)
= I, 0 A, (T, o) T IS
=T, 0) T, 0An(Th.0) T o(, o)
=p.0ln(X0) AnIn(Xo)(Tn.0)”
= Rg o Zao(An),

RQ(EQ(SS)) = Hn Q( ) S I, Q(Hn,Q)T
_ IQSQIQ
= S92

Eq(Ra(An)) = (In,o) Mn 0An (o) Tl o

=1, (XQ)A I,(Xq)
— Zo(An),
Ra(Eq(Sy)) = Sy = Ea(S,,) = Ea(Ra(Ea(Sy))) = Za(Ea(Sy)),
(Ba(Sp)™ = ((Mn0)" S5l o) = (Tn )" (S7) T 0 = Ea((S3)™),
(RQ(An))H = (Hn,ﬂAn(Hn,Q)T)H = Hn,QAg(HmQ)T = RQ(ATHL)‘
O

The operator Rq has the job to extract a principal minor from the matrices, so it is easy to see that it makes
the norm drop.

Lemma F.2.2. For every 1 < p < o0,
[Ra(A)llp < [IAllp-

Proof. The matrices II,, o are unitary, so we can apply the Cauchy interlacing theorem and find that
0i(Ra(A) <oi(A)  VI<i<dl
The thesis easily follows from the definition of p-Schatten norm. O

The map Rgq applied to Zo(A,) has the effect to delete only rows and columns that are already zero, and
we can easily tell the behaviour of their singular values and eigenvalues.
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Lemma F.2.3. There exists a permutation matriz P of size N(n) x N(n) such that for every matriz A, of

size N(n) x N(n),
PZo(An)PT = (RQ(OA") 8) )

In particular, Zo(Ay) has the same eigenvalues and singular values of the matriz Rq(Ay) except for N(n) — dS:
null eigenvalues and singular values.

Proof. Let By, = Zo(A,) and S5 = Ro(A,,). If we define the permutation matrix P as

Py — {§j,¢n(|i) i < di,
T iwnaay i >,

then the matrix PB,, PT can be written as

PB,PT = (SS 0) .

0 0
In fact
(PBnPT); j = (PIn(Xq)AnIn(Xa)PT);
n n
=3 Y PikIn(X0))kk(An)kn(In(XQ))nnPin
k=1 h=1
(In(XQ)) g (i) som (1) (An) g (D)6 (131) T (X)) g (151 0m (5) 18] < di2 15] < 32
_ ) In(X2) w1 m (i) (An) i (i1).6m 13 T (X2 6 (131 0m (3 [l > i, 5] < )
(In(XQ)) g (1), (1) (An) g (1) o (1) T (X)) (i om gy 18] < 5 15 > )
(In(XQ)) g (1) (1) (A ) g (1) (15D Tn (X)) g (30 (51 18 > A2, 1] > d22
(An)n(linontsh 18 < &3] < d3;
_ )0 5| > dSl, |4] < d2
~]o | < d2, 5| > d?
0 3] > di}, || > d2?

and

(S)ij = Ra(An) = (TnoAn(n.a)" )i,

Il
NERG
\oER

()i k(An)k.n(IIng)jn

£
Il
-
>
Il
-

(I (X)) ()& (An) kb (In (X)) 6, (), 1

>
Il

Il
NgE
= ﬁM:

A

—~

n(Z ¢n

The proof is thus concluded, since S5 has the same eigenvalues and singular values of B,, except for N(n) — d’
ZETos. O

Corollary F.2.4. There exists a permutation matriz P of size N(n) x N(n) such that for every matriz S5t of
size dSt x dS,
S50
Q
s = (3 ).

In particular, Eq(SSY) has the same eigenvalues and singular values of the matriz S5t except for N(n) —d<! null
eigenvalues and singular values.

Proof. Let A, = Eq(S%9). Using we get
Sn = Ra(Ea(Sp)) = Ra(An),  Za(An) = Za(Ea(Sy)) = Ea(Sy) = An.
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As a consequence, we can apply on A, to find a permutation matrix P such that
Q
T _ Sn 0
ot~ (5 9)
so S5 has the same eigenvalues and singular values of A, except for N(n) — df zeros. O

Corollary F.2.5. There exists a permutation matriz P of size N(n) x N(n) such that for every matriz Ay of

size N(n) x N(n), |
T R n) *
PA,PT = ( 9(* ) ) .

*

Proof. using |Lemma F.2.1
Za(In(Xa)) = In(Xa)In(Xa)In(Xa) = In(Xa),

Ro(I(Xq)) = Iy 0ln(Xa)(Mp.0)" = o(Mp0) T oI, 0)7 = 819 = IS,
so [Lemma 6.3.3] shows that there exists P such that

PI,(Xq)PT = PZo(I,(Xq))PT = (RQ( O(XQ)) 8) = (16? 8).

As a consequence, we have that

(RQ%An) 8) — PZo(An)PT

= PI,(Xq)AnI,(Xq)PT

= PI,,(Xq)PTPA, PTPI,,(Xq)P"
_ (%0 r (I 0
_<0 O)PA”P (0 0

= (RQ(*A") I) = PA,PT

F.2.2 Effects on the Symbols

We have seen how Rq, Eq modify the sequences of matrices. Now we focus on how the symbols change though
these operators. Let us start with the reduction operator Rgq.

Lemma F.2.6. Let {A,}, be a sequence with A, of size N(n) x N(n) that is a fized point for the operator
Za, and let k : [0,1]? x [-m,7]¢ — C be a measurable function with k(z,0)|sgq = 0. If {Ap}s ~o k, then

RQ({An}n) ~o k(a:, 0)|I€Q'

If {An}n ~x k, then
RQ({An}n) ~A k(% 9)|weQ~

Proof. Suppose that {A,}, ~- k. Consider any continuous function G : R — C with compact support, and

call S = Ro(Ay). By hypothesis 4,, = Zg(Ap), so we can use [Lemma 6.3.3| and obtain
dQ

5 DGl = S s ZG A) - M= o),

n =1
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Notice that {Ay}n ~5 k(z,0) = k(z,0)Xq(z), so|Corollary F.1.5|shows that

N(n)

ds; n n) — 42
Jim 5 >0 68 = Jim s Y Gl - tim 600
no=1 n i=1 n
_ 1 e o) L)
- /[O,WW,WG("“( Ote.0) - o)
_ 1 . . £4(02°) 1= 14(9)
= edm)(%)d/m[_ﬂ,ﬂd("("“( O)Dd(.0) + =y ¢ O = =gy ¢O)

= Ed((zx[_ﬂ',ﬂ']d)_/ﬂx[_ﬂ—m—]d G(|k(z,0)])d(z, 0).

The last formula holds for every continuous function G with compact support, so
Ro({An},) = {Sg}n ~o k(z,0)|zeq0.

If we suppose {4y}, ~x k, the proof is analogous. Counsider any continuous and compact supported function

G : C — C and use [Cemma 6.3.3] to show that

ds? n N(n) n) — d°
5 GOSN = T s 3 G0 - S G),

i=1

and exploiting {Bpn}n ~x k(z,0) = k(x,0)Xq(z) and |Corollary F.1.5] we conclude that

Q
dn

0
Jm g 3G = Jim S s 37 60w — i, a0
1 (e gy L= L)
= @) (@n)d /[o,l]dx[ﬂ,ﬂ]d Gk, 0))d(. 6) = =gy~ ¢0)
7 1 . . £4(2°) 1= 4a(9)
ed<ﬂ><27r>d/gx[w,ﬂdc’(’“( A0 + 5y €O -~y ¢O)

1
T QX [—m, ) /QX[M]d G(k(z,0))d(,0).

The last formula holds for every continuous function G with compact support, so

Rao({An}n) = {szz}n ~ k(2 0)|zeq-

On the contrary let us analyse the effects of the extension operator Egq.

Lemma F.2.7. Let {S}}, be a sequence with S5 of size dSt x d%}, let k : Q x [—7,7|? — C be a measurable
function, and define
0 Q
W (2,0) = k(z,0), =€, )
0, ze0,1]4\ Q.

If {S$},, ~o k, then

EQ({S’I’?}WI) ~o K'(2,0).
If {SSH,, ~\ K, then

Eo({Sp}n) ~x ' (2,0).

Proof. Suppose that {S},, ~, k, and denote {A,}, = Eq({S%},). If we consider any continuous function
G : R — C with compact support, then we can use |Corollary F.2.4/on {S!},, to obtain

Nm) Q dy, ") a0
ﬁ > Glo(4n) = Nd& )d%ZG(ai(SS)) N Wg(o).
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As a consequence of we can show that
LN
nlggom ; G(oi(4An)) =
~ lim dgl%(;(a»(sﬂ)w i Y0 =i o
~ noo N(n) dS? p e n—oo  N(n)

O e T o U DA 0) 4 (L~ L(@)G(O

C x [—m. 7]d
B o SN0 - B GRG0 - i

L /
- 62(1([0, l]d X [771-’7T]d) /Qx[—nm]d G(‘H ($39)|)d($79).

The last formula holds for every continuous function G with compact support, so

EQ({SS}TL) ={An}n ~o H/(CC,Q).

If we suppose {Sﬁ}n ~ K, the proof is analogous. If we consider any continuous function G : C — C with

compact support, then we can use [Corollary F.2.4/on {55}, to obtain

N(n) Q ds) _ 0
ﬁ Z G(Ni(An)) = Nd&) % ZG(Ai(sﬁ)) + WG(O).
As a consequence of we can show that
nh_{gC W ; G(Ai(4n)) =
Q di) n) — 4
~ Tim ]&m%;aw(sﬁ))wg& N(N)(n)d"c:(m
1
= ) s gy L G 00360+ (- (@)60)
_ (o v 0) — l4(QC x [—m,71]9) 3
= ot o OO 000 0) G0+ (1 )G

1 /
" lq([0, 1] x [=7, 7]9) /QX[_m]d G(w'(x,0))d(x, 0).

The last formula holds for every continuous function G with compact support, so

Eq({Sq}n) = {An}n ~a #/(2,0).

F.2.3 Effects on the Convergence

The operators R and Eq link two different matrix-sequence spaces, so we can analyse how they affect the
metrics and the convergences.

Lemma F.2.8. Given a sequence {SS}, with S5t of size dSt x dS} and a sequence {An}, with A, of size
N(n) x N(n), we have

{Sg}n ~e 0 = EQ({SS}n) ~e 0, {Sg}n ~ 0 = EQ({SS}TL) ~x 0,

{An}n ~o 0 = RQ({An}n) ~o 07 {An}n ~X 0 = RQ({An}n) ~X 0.
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Proof. Easy corollary of [Lemma F.2.7] and [Lemma F.2.6] O

Lemma F.2.9. Given two sequences {An}n and {Bpn}, with matrices of size N(n) x N(n),

da.c.s. ({An}m {Bn}n) > Ed(Q)da.c,s. (RQ({An}n),RQ({Bn}n)) .

In particular,
a.c.s.

{Bn m}n =2 {An}n = RQ({Bn m}n) — RQ({A } )

Proof. Let P be the permutation matrix in [Corollary F.2.5] so that

P(A, — B,)PT = (RQ(An — Bp) *) |

* *

Using the Cauchy interlacing theorem for singular values (Theorem 3.1.1)), we get that o;(Ro(An — Brn)) <
0i(P(Ay, — Bn)PT) = 04(A,, — By,) for every 1 < i < d¥). We can thus use the definition of d, . and

orollary F'.1.5|to obtain

1 —1
dacs. An ny Bn —1 NT/ N\ iAn_Bn
e (dnbooBada) =timswp iy I )
i—1 d
=1 ! (An — B
1713rl_>so1<1)p2 1,.?1]{71%n)+1{ d2 N(n) +04( n)}
di, i—1
> 1 n . A Bn
17TLILSOI<1DP N(n) i:L..I‘I,IJ{fI%n)H { ds? +oi( )}

> 04(2) limsupmin{ min { dﬂl +0i(An — Bn)} ) 1}
- B

n—o00 i=1,...,d$
n))} ,1}

=/(q(Q)limsup min {idﬂl + 0i(Ra(An Bn))}

n—oo i=1,...,d+1

= La()da.c.s. (Ro({An}n), Ra({Bn}n)) -

-1
> £4(2) lim sup min{ min { e + 0i(Ra(An

n—oo i=1,...,d$

Consequentially,

{Bn,m}n % {An}n — da.c.s. ({Bn,m}ny {An}n) — 0
= dacs. (RQ({BH m}n) RQ({A } )) —0

a.c.s

= Ro({Bnm}n) =— Ra({An}n).

Lemma F.2.10. Given two sequences { A%}, and {BSt}, with matrices of size d? x dSl,

dacs. (A0 ABEYL) = dacs. (Ba({AS0), Ba({B}0)) = La(Q)da.c.s. ({AL} 0 {BS}n) -

In particular,
{Brmtn == {40 == Ea({By 0 }n) == Ba({An}n).

Proof. Thanks to [Lemma F.2.1] we know that Ro(Eq({A2},)) = {A2},, and the same happens to {B$},, so
we can apply [Lemma F.2.10|and obtain

da.c.s. (Ba({AS}n), Ea({B5i}n)) = La(Q)da.c.s. ({Antn, {Bii}n) -
On the other hand, since Zo(Eq ({4}, — {B},)) = Eq({AS}, — {B$},), assures us that the

singular values of {ASt},, — {BS}, are the same of the singular values of Eq({A$’},, — {BS!},) except N(n)— d
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for zeros. It means that

da.c.s. (Ea({An}tn), Ea({By}n)) :hﬂsogpi .o N(n)ﬂ{;v(nl) + 0i(Bq(AY BQ))}

— hmsup min {N( ! +O'L(EQ(AQ Bg))}

n—oo i=1,...,d}+1 ’I’L)

. . —1 "
= hrrlnﬂsotip i:1yr.r.%}(ril¥+1 {N(n) +0:(AY - B )}

gli?_}solipi_lmigzﬂ{ e + 0 (AL BQ)}
= acs ({A }nv{BQ}n)
Consequentially,
{Brmtn == {40 == dacs. ({Bh o }ns {AR}n) =
= dacs (Ea({By m}n), EQ({A tn)) =
= Eo({Brm}ln) == Ea({AR}n)-

F.2.4 Different Grids

Suppose now that we want to choose a slight different set of points for every n, and we ask whether the resulting
sequence of matrices still enjoys a symbol. Remember that the symmetric difference A between two sets is the
set of elements belonging to only one of the two sets. In symbols, AAB = (A\ B)U (B A).

Lemma F.2.11. Let T, be a measurable set in [0,1]? (not necessarily Peano-Jordan measurable) and let Q0 be
a Peano-Jordan measurable set with positive measure in [0,1]%. Suppose that

d9AT = o(N(m)).
Given a sequence {An}n with Ay, of size N(n) x N(n), and a measurable function k, we have that
Rao({An}n) ~o k <= {Rr,(An)}n ~o k.
Moreover, if A, are Hermitian, then

Ro({An}n) ~x kb <= {Rr,(An)}n ~x k.

Proof. Consider the difference
Raur, (Zanr,, (An)) — Raur, (Ea(Ra(An))) = Raur, (Zonr, (An) — Za(An)).

The matrix has at most di "' " < d?ATn = o(N(n)) non-zero rows and columns, and from |Corollary F.1.5, we

infer also that dy """ = o(d%}). Consequently, AN = o(d¥¥T'), so the sequence is zero-distributed. Moreover,
the matrix BT := Rqour, (Eq(Ra(Ay))) is actually Ro(A,) with additional dom\ < dATn = o(N(n))
zero columns and rows, so we just added few zero singular values, for which holds again oln"\Q o(d¥T'). In

particular, if we consider any continuous function G : C — C with compact support, then

T'puUQ .

R Qur dhn\? dTAU2 _ I\ a9
anuQ Z (B, ")) = WG(O)+WCTQZG(U¢(RQ(A7L)))

n " o

and asymptotically we have
anUQ dQ
1
Jm, g 2 CleuBa) = Jim G ZG 0i(Ra(An))).

i=1
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It leads to
Ro({An}n) ~o k <= {Raur, (Ee(Ra(An)))}n ~o kb <= {Raur, (Zonr, (An))tn ~o k
and the same argument can be applied to Rr, (Ay), so we can conclude that
Rao({An}n) ~o k <= {Rr,(An)}n ~o k.

If A,, are Hermitian, then all the matrices considered until now are also Hermitian, so the same results apply
to the spectral symbols and
Ro({An}n) ~a k<= {Br, (An)}n ~a k.

F.3 Definition and Properties of Reduced GLT Sequences

In the following propositions, we denote the image of R when applied to GLT sequences as %C? = Ra (%),
and we call it the space of Reduced GLT with respect to €.
F.3.1 Reduced GLT Symbol
Lemma F.3.1. Given a GLT sequence {An}n ~crr k(x,0) with k : [0,1]¢ x [-7,7]¢ — C, then
Ro({An}n) ~o k(2,0)|2eq.
If A,, are also Hermitian matrices, then

RQ({An}n) ~A k(xv 0)|xEQ

Proof. Thanks to we have Ro({An}n) = Ra(Za({An}rn)) and if we call {Bp}n = Za({An}n),

then Zo({Bn}n) = {Bn}n since Zg is an idempotent operator, and { By}, ~ar1 k(2,0)X (), so in particular

{Bn}n ~o k(z,0)Xq(x). We can thus use [Lemma F.2.6| and obtain that
Ro({An}n) = Ro({Bn}n) ~o k(2,0)Xo(2)[sea = k(z,0)|zcq

If A,, are Hermitian matrices, then also {By}, = Zq({An}n) is a Hermitian sequence, since Zg preserves the
Hermitianity, so {By}n ~crr k(2,0)Xa(2) = {Bn}n ~x k(z,0)Xq(z). As before, Zq({Bn}n) = {Bn}n and
Lemma F.2.6] assure us that

Ro({An}n) = Ra({Bnl}n) ~x k(z,0)Xa(2)|sen = k(z,0)|1c0-
O

Notice that the map R, is not injective, but one can prove that all the GLT sequences with the same image
have symbols that coincide on Q x [—m, 7).

Lemma F.3.2. Given {An}n ~crr k; {Bn}n ~crr b such that Ro({An}n) = Ro({Bn}n) = {S%}, € 93,
the symbols k, h coincide on Q x [—m,7]%.

Proof. Since Rg is linear, we can use and obtain
{An}n - {Bn}n ~crr k—h = RQ({An}n - {Bn}n) = {szz}n - {Sg}n = {Og}n ~o (k— h)|w69 = K.

Notice that if the set where 0 < L < |x| < M has non-zero measure, then we can consider a nonnegative
continuous function G : R — C with compact support such that G(0) = 0 and G(z) > § > 0 for every
x € (L, M) to get an absurd

i 1 = # K(z T # K
0= Ji G0 = prary [ GOS0 > o italin > 0} >0

n

We conclude that x = 0, and so k, h coincide on Q x [, 7]%. O
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As a corollary, every GLT sequence mapped into {S5},, possesses a symbol with a fixed value on Q x [—, 7], so
we can associate to each reduced GLT sequence {5%},, an unique symbol, called Reduced GLT Symbol, obtained
as the restriction of any GLT symbol of the sequences in the counter-image Rg'({S%},) N %,;. From now on,
we will use the notation {Si}, ~%,, s to indicate that s : Q x [-m,7]? — C is the restriction of a symbol
k:[0,1]¢ x [-m, 7] — C such that {Ap}, ~crr k and Ro({An}n) = {S%}a.

Given any reduced GLT sequence {5}, it is easy to produce a GLT sequence { A, },, such that R ({An},) =
{85}, using the operator E. We can thus reverse [Lemma F.3.1

k(z,0) z€qQ,

0 rd Q. and Ro(Eq({S5}n)) =

Lemma F.3.3. If {S$}, ~&, 1 K, then Eq({S$}n) ~crt k(x,0) = {

{Sutn-

Proof. Since {S$!},, € 99 = Rq(%,), there exists a GLT sequence {Ay}, ~grr h such that Ro({An},) =
{85}, but thanks to we know that also Ro(Za({An}n)) = {S5}, and
k(z,0) =€,

Za({An}n) ~crr Mz, 0)Xq(r) = k(x,0) = {0 x &2

Using again we can conclude, since
Zo({An}n) = Ea(Ra({An}n)) = Ea({Sp}n).

F.3.2 Axioms of Reduced GLT

Using the connection between ¢, and 5452, we can prove that many properties of the first space transfer to the
second.

Theorem F.3.4. Suppose {A$},,, {B},, are reduced GLT sequences and { XS}, {YS }, are sequences with
X2, Y9 e Cchixdi,
GLT 1. If {AS}, ~&, 1 Kk then {ASt}, ~, k. If {ASt}, ~&, 1 k and each AS} is Hermitian then {ASt}, ~ k.
GLT 2. If {A%}, ~&, 1 k and {ASL}, = {X$, + {31}, where

o cvery X3! is Hermitian,
o ()RS — 0,

then {A2},, ~» k.
GLT 3. Here we list three important examples of reduced GLT sequences.
e Given a function f in L'([—m,7|?), its associated Toeplitz sequence is {T(f)}n = Ra({Tn(f)}n),
where the elements are multidimensional Fourier coefficients of f:

Tn(f) = [fi—jnl’jzl, fk E ﬁ/ﬁ f(o)e—ik.ada'

{T(f)}n is a reduced GLT sequence with symbol r(x,0) = f(6).

e Given an almost everywhere continuous function, a : [0,1]% — C and its restriction a = d|q, its
associated diagonal sampling sequence {D$(a)},, is defined as

Dy (a) = diag <{a <n¢$)1> }i) '

{DS}(a)}, is a reduced GLT sequence with symbol x(z,0) = a(x).
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o Any zero-distributed sequence {Y, '}, ~o 0 is a reduced GLT sequence with symbol k(z,0) = 0.
GLT 4. If {AS}, ~%, 1 k and {BSt}, ~&, 1 &, then

o {(AHHY, ~2 R, where (A2)H is the conjugate transpose of ASL,
o {aAY + BBQ}n N%LT ak + B¢ for all a, B € C,
o {AUBRYn ~epr K

GLT 5. If {A$}, ~8 1 k and k # 0 a.e., then {(AS)T}, ~&,1 k71, where (A2)T is the Moore—Penrose pseu-
doinverse of AS.

GLT 6. If {AS}}, ~%, 1 K and each AS} is Hermitian, then {f(A)}n ~%. 10 f(k) for all continuous functions
f:C—C.

GLT 7. {A}}, ~%, 1 K if and only if there exist GLT sequences { By mtn ~% 11 Km such that k,, converges to K
in measure cmd {Brm}n =22 {ASY, as m — oo.

GLT 8. Suppose {A2}y ~&pr £ and {B§} . }n ~Epr £m, where both A and B, have the same size di} x dS}.

Then, {BS} . }n 285 LADY, as m — oo if and only if Kk, converges to k in measure.
GLT 9. If {A%}, ~ GLT K then there exist functions a; m, fim, @ =1,..., Ny, such that
® a;m € C®(N) and f; m is a trigonometric polynomial,

° Zf\;”{ i m () fim (0) converges to k(x,0) a.e.,
° {Zf\z{ Dg(ai,m)Tr?(fi,m)}n 288, LARY, as m — 0.

Proof. Given {A%}, ~&, 1 k, {BSt}, ~&, 1 €, call
{An}n = Ba({A}n) ~crr ', {Bn}n = BEa({By}n) ~crr €,

where £’ and ¢’ are the extension of k£ and £ as specified in [Lemma F.3.3] We know that «'|zcq = &, {'|zeq =&
and Ro({An}n) = {A3}n, Ro({Bn}n) = {B}a-

GLT 1. Using[Lemma F.3.1] we know that {A},, ~o K'|seq = k. If {A},, is Hermitian, then {Ap}, is Hermitian
by [Lemma F.2.1] so|[Lemma F.3.1|let us conclude that {A$}, ~y K'|zeq = K-

GLT 2. Let {X,}, = Eq({X$},) and {Y,}, = Eq({Y,$},). The operator Eq is linear, so {An}n = {Xn}n +
{Yn}n, where {An}n ~crr «'. Using [Corollary F.2.4] we know that the singular values of Y,, are the

same of V5! except for zero singular values. As a consequence,

. -1 2 . dy,
lim (N(n))™"||Yall5 = lim

O\ —1v Q12 _ 0 —
n e i s @D TV = () -0 =o.

We can thus assert that {Ap}, ~x &', but &'|zg0 = 0 and Ro({An}n) = {A%},, so we can apply
[Cemma F.2.6l and conclude that

{Ag}n = RQ({An}n) ~A "5/|er = K.

GLT 3. We know that {Ty(f)}n ~crr f, so|Lemma F.3.1|assures us that
{1 (N)}n = Ra({Tn(H)}n) ~Grr f(O)
Analogously, [Lemma F.1.3| shows that {I,(a@)}, ~grr @ and it is easy to check that {D$(a)}, =

Ro({In(a)}), so
{DS(G)}n N%LT a.

Moreover, shows that

{Yr?}n ~o 0 = EQ({YT?}n) ~o 0 = EQ({YS}H) ~grr 0 = {Yr?}n = RQ(EQ({YT?}n)) N%LT 0.
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GLT 4. Using [Lemma F.2.1| and [Lemma F.3.1] we know that
{(Ag)H}n = (RQ({An}n))H = RQ({Ag}n) N8LT El|m€Q =K.
Moreover, Rgq is linear, so we can apply on a{An}n + B{Bn}n ~crT ar’ + B and obtain
{aA5 + BBy} = Ra(a{An}n + B{Bn}n) ~Grr ar’ + BE |scq = ar + BE.

In order to prove the last point, remember that Zq(A,) = Ap, so we can use [Lemma F.2.1| and obtain
the relation

RQ(Aan) = Hn,QAan(Hn,Q)T
= Hn,QDn(XQ)AnDn(XQ)Bn(Hn,Q)T
= Hn,QDn(XQ)An(Dn(XQ))an(Hn,Q)T
= Hn,QAnDn(XQ)Bn(HTL’Q)T
= Hn,QAn(Hn,Q)THn,QBn(Hn,Q)T
= RQ(An)RQ(Bn)'
Using we conclude that
{Ag}n{Bg}n = Ro({An}tn)Ro({Bn}n) = Ro({An}n{Bn}n) NgLT K€ |veq = KE.
GLT 5. Notice that 9Q = 9(2°), so {Dy,,(Xqc)}n ~arr Xac. If we define {Cp}, = {An}n + {Dn(Xac)}n, then

Kk x €

{Cn}n ~arr K'(2,0) + Xoe () = {1 x g Q,
so K'(z,0) + Xqc(x) = 0 if and only if z € Q and k(x,0) = 0. In particular it is different from zero a.e., so
kY zeq,

{Chhn ~arr (</(2,6) + Xoe ()™ = {1 oo
We know that Zq({An}n) = {An}. and using [Lemma F.2.1
Za(Dn(Xa)) = Dn(Xa) Dn(Xa)Dn(Xa) = Dn(Xa),
R (Dn(Xq)) = n0Dn(Xo)(Mn0)" =y o(lpe) e o(ne)” = IRLE =1,

Let P be the permutation matrix in so that

A0 Il 0 0 0
T_ (A T B T_; (I _
PA,P" = ( 0 O) ) PDp(Xqo)P' = P(In — Dn(Xa)) P =1In <0 0) - <0 [SC> ’
AD AT
PCnP" = P(An + Dn(Xqe))PT = ( 0 130) — PP = (< 8) Igc>

Consequentially,

<RQ%CL> 8) — PZo(C})P"

= PD,,(Xq)CJ D, (Xq)PT
(Amt o
0o I9°

(I8 0\ [(ADHT 0 I 0
—\0 o o I12°)\0 o
_ (AT 0
- 0 0

and [Cemma F.3.1] let us conclude that

{(AM 1 = Ra({Cf}n) ~Grr (8 (2,0) + Xoe () Heea = 57

= PDp(Xq)PT < > PD, (Xq)PT
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GLT 6.

GLT 7.

GLT 8.

GLT 9.

If AS! is Hermitian, then A,, = Eq(AS}) is also Hermitian and {Ay}, ~grr K', 0

n_ ) f(s(@,0)) zeQ,
{f(An)}n ~crr f(K') = {f(O) rd Q.
Notice that, using [Lemma 6.3.

AL 0

PA,PT = ( i o> — Pf(An,)PT = f(PA,PT) = (f(Ag) 0 c>,

0 f(0)I%

so one can prove that

(Rn(f(AnD 0) — PZo(f(An))P"

0 0
= PDy,(X)f(An)Dyn(Xq)PT
Q
= PD,(Xq)PT (f (gl") ; (o?[ﬁc> PDy(Xq)PT

_ (I8 0\ (f(AR) 0 Ly 0
—\0 0 0 fOI°)\o o
_(fAR) 0
B 0 0
and consequentially let us conclude
{f(AD)}n = Ra({f(An)}n) ~Grr (K )lseq = f(x).
Notice that if {A2}, ~&,, & and A5, = Bf} | for every m, then {B§} . }n ~&11 Km = K, km converges

to k and {BZ, }, === {A2Y,.

On the opposite, assume there exist reduced GLT sequences {Bg)m}n ~&, o Km such that k,, converges to
a.c.s.

% in measure and { B}, }n = {Al}n. Let By = Eq(Bi,,) and let ), be the extension of x given by

Lemma F.3.3| so that { By, }n ~cr7 K., Using[Lemma F.2.10, we know that { By m }n —% Eq({A%},),

and moreover
o Em(x,0) x €, I k(z,0) €,
0 x &, 0 x &8,

so Eq({AS}Y,) ~crr v and [Lemma F.3.1|let us conclude that
RQ(EQ({A?L}”)) = {A bn o~ gLT K |zeq = K.

Let By, m = Eq (B,gf’m) and let s/, be the extension of k given by [Lemma F.3.3| so that { By, m }n ~crLT K\ -
Using we know that

(B }n 255 {A} <= {Bnntn == Eo({A5}n) < k), — K.
All the functions ! and ' are zero outside 2, and Q has positive measure, so

m

Ky — K =0 <= K, —Klrea >0 <= kp—Kk =0 < Ky — kK

The functions in C*(Q) are restrictions of functions in C*°([0, 1]%), so we can consider Eq({A$},.) ~crT
#’ and find af,, € C>([0,1]%) and trigonometric polynomials f;, such that ZZ 1 @ (%) fi.m(0) con-

verges to £'(7,0) a.e., and if a; ,,[zeq = @im, then va 1 @ () fim(0)|zen = ZZV 1 aqm (T )fz m(6) con-
verges to x'|zeq = K almost everywhere. Thanks to GLT 3 we know that {D? (@iym)}n ~ GLT a; m and
{T(fiom) tn ~& 11 fim, s0 we can apply GLT 4 and obtain

{ZD Clzm flm} GLTZazm flm ) K,

so that GLT 8 let us conclude that

{iDQ azm fzm)} ﬁ>{Ag}n

n
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Appendix G

Distances on Block Sequences and
Matrix-Valued Functions

If we consider the space .#J, of measurable functions T : D — C"*", the convergence in measure is induced by
the distance

dvmea,'r(rv E) = ﬁmea,r(r - E)a 5mea,r((1)) = Z meea(q)i,j)

i=1 j=1

We now want to consider a different distance:

_ _ . 1~ (0:(®) > )
(T,2) = T-Z= (®) = inf - _—
dmea,T( 5 ) pmea,r( )7 pmean( ) 9171%0 {1‘ + , Zz:; K(D)

Lemma G.0.1. dyeq,r 95 a distance of the space A7, and it induces the convergence in measure.

Proof. First of all, dpeq,»(Y,YT) =0 and
dmear(T,2) =0 = ppear (Y —2)=0 =
1 (T -2 1
Vn>03xn20:xn+72£(01( )>$n)<7
r

i=1

Yoi(T — ) = 0)
(D)

The expression is clearly symmetrical, so we only need to prove the triangular inequality.

=1 Vi —= Y == a.e.

Given any matrices A, B in C"™*", and y,z > 0, suppose that 0,(A) >y <= i < ky and 0;(B) > z <
i < kp, where we say that k4 is zero if 01(A) < y, and similarly for kg. We can decompose A, B into

AZNA-FRA, HNA”SZ/? I‘k(RA)Zk’A, BZNB—FRB, ||NBH <z, I‘k(RB):k‘B

ﬁA—FB:(NA—FNB)—F(RA—&-RB), ||NA+NB||§y—|—z, I‘k(RA—FRB)Sk‘A—Fk‘B

and using the Cauchy Interlacing Theorem for singular values (Theorem 3.1.1)) we obtain that o;(A + B) >
Yy+z — 1 <ks+kp.

Given now y, z > 0 and two functions u,v : D — C"*", let us call
Ai={peD|oi(ulp)) >y}, Bi={peD]|ao(v(p) >z}

Ci={peD|oi((ut+v)(p) >y+=z}.

Moreover, we use the convention Ag = By = D. Notice that

BrgBrflg'”gBlgBO
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and the same holds for A;, C;. We define also the sets F,, = Bj,,—1 — B, form =1,2,...,r and set E, 1 = B,.
Notice that E; are all disjoint sets. Using the result on the singular values proved above, we know that

C; C{peD|k )+ ko) >}

:U [{peD|kypy=k}IN{peD |kyy >i—k}]
k=0

:U AkﬂBZ k

= U [Ar N (Brpn UE, U+ U E;_j41))]
k=0

i r4+1 r4+1 [
= U H [Ak n Em] = H U [Ak N Em]
k=0m=i—k+1 m=1 k=min{0,i—m+1}
r+1

- H min{O,iferl} N Em]
m=1

=[AN(Epr UE, U---UE 1)U [] [Aicmi1 N Ey]
=1

= 3

:BiUH Aimmi1 NEy] = B; U [Am N Ei—pi1].

m=1

If we now compute ). ¢(C;) we obtain

Zé Z ( (Bi) + Z é(Am N Ez'—m+1)>

We can now prove the triangular inequality for dieqr. Given Y,2,® : D — C"*" three measurable functions,
let =" —=and © == — &. Notice that ¥ + 0 =T — &. If we take any y, z > 0, then we obtain

y+Zal +Zal ++Z B:)

R é(Ci)
< -
_y+z+ri:1 /(D)

L= o (T+0) >y +2)
r (D)

Taking the infimum with respect to y and z, we have

dmea,r(Ta E) + dmea,r(Ev (I)) = pmea,r(\:[j) + pmea,r(e)
. 1 <= (o (T) > y) , 1 <= L(0s(0) > 2)
;EE{WTZ /(D) }+;r>l%{z+r; /(D) }

ylilf {y-l—z-i— Z UZ\I/—;(@D))>y+Z)}

== pmea,r(\lj + @) = dmea,T(T7 Q)

IN
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To prove that dy;eq,r induces the convergence in measure, we need to show that for every sequence of
measurable functions Y,, : D — C"™*" we have

pmea,r(Tn) -0 <= 5mea,r(Tn) — 0.

Suppose first that pmeq,r(Tr) — 0. It means that there exist a sequence {z,}, of nonnegative numbers such
that

T, + — Z UZ >xn)—>0.

In particular we have z, — 0 and £(0;(T,) > =,) — 0 for every i. We can in particular assume that
|1, (p)|| <, except for a set E, C D with £(F,)/¢(D) < 27™. Recall that

o ()il < ITn(@)lr < VrlITo(p)ll

for every index i, j, so we can conclude that

((E®)
(D)

( n)i,j‘ <277+ \/;xn — 0

Prea((Tn)ij) = inf{ } < UEx)

(D) E¢

+esssup [(Yh)i
E

- ﬁmea,r(Tn) = meea((’rn)id) —0

If we suppose now that ppmea,r(Trn) — 0, then every pmea((Tn)i,;) converges to zero and we can find a sequence
L%J such that
({zeD|[(Tn)iyl > Ly })

Lii 0.
D) + L =0

In particular, L, — 0 and [(Y,); ;| > L, on a set E’J whose measure goes to zero. If E, = U; ;E"I, and
L, = max; ; L:7, then we know that |(Y,); ;| < L, for every i,j except for a set contained in E,, Whose
measure goes to zero. Recall that

1T @ < ITn@llr = D Ta(p)ijl? < H;B;XITn(p)i,j
i, ’
so we can conclude that

) 1~ loi(Yp) >
(Y,) = inf SN2 2 )
Pmea,r(Tn) Inf {x +o ; D)

——
IA
t~
3
+
S| =
H'Ma
~
3
V
h
[

[
—~|3
>
~—
=

O

Consider a measurable function T : D — C"*" where D is a measurable subset of R* with positive and finite
measure. We say that {A,}, ~» T when

lim — E G(oi(A
n—00 Sy,

=1

for every function G : R — C which is continuous with compact support, where A, € C*»*%». Notice that the
ergodic formula is well defined since assures us that for any matrix A,

0j(A+ E) —o;(A)] < B[l VJ,

and as a consequence the function o; : C**™ — R is continuous. Since T is a measurable functions, we obtain
that also
ojf:D—=RY 12— 0;(T(z))

is measurable, and the integral in the ergodic formula is well defined for every i.
Let us define a new function = : D’ — R, where D’ = D x [0,r] C R*T! defined as

E(z,t) = o (Y(z)) Ve e D, tel0,r].
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Given G € C.(R), we have that

! = _ ! s oi(T(x r,t) = 1 y oi(T(x T
57 [ GEw - P> [ o G n = g [ St

so we deduce that {4, }, ~» T < {4,}n ~» E.

Suppose {A,}n ~» T € .#], and notice that A, € C"*"" and {0,},, is the sequence of zero matrices and
growing size nr. As we have proved in the precedent section, {4}, ~» T <= {A,}n ~o E, and from the
scalar case we already know that

pa.c.s.({An}n) = pmea(E)-
Let us now write formally p,eq(Z).

(=l > L) L}

=) = inf
pmea( ) 1n0 E(D')

L>0

— inf {L+ MSD) ;e({ (z,8) €D |te(i—1,i, |2z t)]> L})}

L+ M(lD);E({x €D ||oi(T(x))] > L})}

= pmea,r(T);

dmea,r(T7 O) = pmea,T(T) = pa.c.s.({An}n) =dg.c.s. ({An}n; {On}n) .
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