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R N Anu, = f,
BC FE, FD
Preconditioned Krylov
Antp = 7[n . Un
Quasi-Newton, CG
A(An)

Prior informations on the eigenvalues let us choose the best
couple of discretization/solver for the PDE
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Simple Example

u"(x) = f(x) x € [0,1] D, Ay f
u(0) = u(1) =0 e
2 -1
A= |t
-1
-1 2
An(An) = K(t) =
2 —2cos (% — {%J HLH) 2 — 2cos(2t)

— The sequence {A,}, has Spectral Symbol k(t)



Asymptotic Distribution

Spectral Symbol
Let {A,}, a matrix sequence, and k : D C R™ — C measurable.

{An}n ~x k <= lim —ZF An)) = ——

n—oo N

\/

{Ankn ~o k < lim —ZFJ, ))_1/ F(k(t)])dt

n—oo n (

for all F € C(C).
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#{i:a < \(An) < b} noeo Mt a < k(t) < b}

n - n(D)



Asymptotic Distribution

#{i:a < \(An) < b} oo, p{t s a < k(t) < b}

n u(D)

Every sequence may have infinite Spectral Symbols
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Zy~s 0
{Dn(a)}n ~x0 a(x) where x € [0, 1]

ae C[0,1]
a(1/n)
a(2/n)
Da(3) = 2(3/n)



Three Classes of Matrices

Zp ~4 0
{Dn(a)}n ~r0 a(x) where x € [0,1]
{Tn(f)}n ~o F(0) where 0 € [—7, 7]

felll-mna]—fo= | f(0)e™do

—T

h A R ...
= | 7. - :
A kA
f_nt1 fo f1 fo



Three Classes of Matrices

Zp ~4 0
{Dn(a)}n ~r0 a(x) where x € [0, 1]
{Tn(f)}n ~5 F(0) where 0 € [—7, 7]

They appear frequently in PDEs



Three Classes of Matrices

Zp ~4 0
{Dn(a)}n ~r0 a(x) where x € [0, 1]
{Tn(f)}n ~5 F(0) where 0 € [—7, 7]

They appear frequently in PDEs

(a()u'(x)) = f(x) x€0,1] D,
u(0)=u(1)=0

Apup =1,

Ap = Dp(a) Tp(2 — 2cos(0)) + Z,



Three Classes of Matrices

Zp ~4 0
{Dn(a)}n ~r0 a(x) where x € [0, 1]
{Tn(f)}n ~5 F(0) where 0 € [—7, 7]

They appear frequently in PDEs

(a()u'(x)) = f(x) x€0,1] D,
u(0)=u(1)=0

Apup =1,

Ap = Dp(a) Tp(2 — 2cos(0)) + Z,

The sequence {A,}, has a spectral symbol?

How do we compute it?
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a.c.s. Convergence

& = {{An}n | An € C™1}
[Serra-Capizzano, LAAO1]
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a.c.s. Convergence

& = {{An}n | Ap € C™"}

[Serra-Capizzano, LAAO1]
{{Bn,m}n}m === {An}s if

An - Bn,m - Rn,m + Nn,m

for which exist ¢(m),w(m), ny, such that

kan
r < o(m) [Nl Sw(m) Vo>
e UM = i olim) =0

— The difference is a sum of small rank and small norm matrices.
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The a.c.s. convergence is
metrizable
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The a.c.s. convergence is

limsup,,_, o min; {% +oi(An — B,,)}

metrizable

dacs({An}m {Bn}n) =

I'S_j:>0,'20’j

yoo s Oky Ohqls e -+ On_1,0n}

[Barbarino, LAA17]

f(x),g(x) € #p

The convergence in measure is
metrizable

dm(f,g) =
infep {%‘if“” ﬂ}
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{An}n, {Bn}n 6(98 f(x),g(x) € #p
The a.c.s. convergence is The convergence in measure is
metrizable metrizable
dacs({An}m {Bn}n) = dm(f7g) =

lim SUPp 00 min,- {% + Ui(An - Bn)} imcze]RJr {u{x:lf(ﬁ(—[}g)(ix)bz} + Z}

y

I'S_j:>0,'20’j

{o1,02,...,0k,0k41,..-,0n-1,0n} z

[Barbarino, LAA17]

dacs, dm are complete pseudometrics

{An}n ~o f = dacs({An}m {On}n) = dm(f70)
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Let {Bn,m}n ~o km(x). Given

1. km(x) % k(x) {Bnm} —=2— {Aq}
2. {Ap}n ~o k(x) - .
8 {Bn,m}n & {An}n
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we have (1),(3) = (2).

Problems

{An}n 7 f7 {Bn}n ~o 8 #:’ dacs ({An}m {Bn}n) = dm(fvg)
Stronger, (1,2 == 3) (). = 1)

The Spectral Symbol is Not Unique
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GLT Space

[Serra-Capizzano, LAAO3]
The GLT Space is the smallest closed algebra that contains

{Ta(f)}n ~eLr £(9) {Dn(a)}n ~aLr a(x) Zn ~eLt 0

Given {Ay}n ~giT kand c € C
{cAntn ~aLt ck
Given {A,}n ~6LT ki and {Bp}n ~cLT ko
{An+ Bntn ~ar ki + ko {AnBn}n ~aLt kiko

a.c.s.

Given {Bn.m}nm ~6LT km With {Bpm}nm — {An}n and
km L5 k, then
{An}n ~GLT k

The GLT symbol is always Unique and a Spectral Symbol
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Three Classes of Matrices

Zy ~6Lt 0
{Dn(a)}n ~cLT a(x) where a(x) € C([0,1])
{Ta(F)}n ~cLT f(0) where f(0) € L [, 7]

They appear frequently in PDEs

(a()u'(x)) = f(x) x€[0,1] D,
u(0) =u(1)=0

Apup =1,

Ap = Dp(a) Th(2 — 2cos(0)) + Z,

{An}n ~crT a(x)(2 — 2cos(6))
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& = {{An}n: An €C™"  p={k:D — C,k measurable }
& AMp

UL Ul

S:PI(Y) — Px(9Y)

Main Properties

1. Sisa homomorphism of algebras
2. The graph of Sinto & x Mp is closed
3. {Antn ~o S({An}n)

~

(ker($) = P1(2))
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Ul Ul -
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Main Properties
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8 {An}n ~o 5({A”}”)
(S is injective)



GLT properties

& = {{An}n: Ap € C™"} AMp = {k : D — C, k measurable }

& Ap E=E|F
Ul Ul ~
S: Pl(g) _— Pz(g) G = %/ﬁp

Main Properties

1. S is a homomorphism of algebras
2. The graph of S into & x .#p is closed
3. {An}n ~o S({An}n)

(S is injective)

More?
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Let {An}n, {Cn}n € P1(9).

1. S homomorphism of algebras

= 5({An}n - {Cn}n) = 5({An}n) - 5({Cn}n) = ka — k¢

4. {An}n ~o S({An}")
- {An}n - {Cn}n ~o ka — kC
Th2 {An}n ~o f - dacs({An}na {On}n) = dm(f7 0)

= dacs({An}m {Cn}n) — dacs({An}n - {Cn}na {On}n)
= dm(ka — k¢, 0) = dm(ka, kc)

S is an isometry
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Let k € .#p
Let k € .#p and ky, £ k such that exist S({Bp.m}) = km
Iso. S is an isometry
= dacs({Bns}: {Bnr}) = dm(ks, kr) = {Bnm} Cauchy
Thl. & is complete = F{Ap}tn : {Bom}nm 25, {An}n
2. The graph of S into & x . is closed = S({An}n) = k

{Bnm} ——— {An}

P,

ki ———— k

Im (S) is closed in .#p
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Ul Ul N
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Main Properties

1. S is a homomorphism of algebras
2. The graph of S into & x .#p is closed
3. {An}n ~o 5({An}n)

More?
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&= {{An}n: Ap € C™"} Mp = {k : D — C, k measurable }

& Ap E=E|¥
Ul Ul K
S:P(Y) ——— P9 Y=9%F

Main Properties

1. S is a homomorphism of groups
2. The graph of S into & x .#p is closed
3. {An}n ~o 5({An}n)

S is an isometry and Im (S) is closed

We know that, for GLT, Im (S) is dense in .#p, so

G = Mp [Barbarino, LAA17]
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e given {An},
o find {By m}nm GLT sequences with symbols kp,

o if ky, converges, then also {Bj m}nm converges
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given {Ap}n

find {Bn,m}nm GLT sequences with symbols ky,
if ky, converges, then also {By, m}nm converges
if {Bn.m}n,m converges to {Ap},

Then {A,}, has spectral symbol k

— proving the acs convergence is difficult
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Metrics on .#p

Let ¢ : RT™ — R be an increasing bounded concave and continuous
function with ¢(0) =0

We can define corresponding metrics on & and .#p

P (f) : D|/ (If]) ?({An}n) = limsup = Zcpa,

n—o0

dn(f,8) = pm(f —&)  d*({An}n; {Bn}n) := P*({An — Ba}n)

[Barbarino, Garoni, '17]
d? is a complete metric on & inducing the acs convergence.

{AH}HNO‘f = p ({A } )_pm( )
{An}n ~GLT k7 {Bn}n ~GLT h = d¢({An}n7 {Bn}n) - d,ﬁ(k, h)
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Metrics on .#p

Concave functions

v1(x) = min{x, 1}

X

p2(x) = 21

7 ({Ankns {(Ba}) =limsup % Z min{oi(Ay — By), 1}

df ({An}n; {Bn}n )—llmsup Za, i Btjn)

— New ways to test the acs convergence
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