
Ordering the Eigenvalues: GLT Symbols and
Spectral Measures

Barbarino Giovanni

Scuola Normale Superiore



Asymptotic Distribution

An =


2 −1

−1 . . . . . .
. . . . . . −1

−1 2


0

1

2

4

λh(An) = 2− 2 cos
(

hπ
n+1

)

Is there a connection like
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Reduction

Spectral Symbol

{An}n ∼λ k ⇐⇒ lim
n→∞

1
n

n∑
i=1

F (λi (An)) =
1

µ(D)

∫
D

F (k(t))dt

• k(t) depends only on Λ(An)

An ; Dn := diag(Λ(An))

{An}n ∼λ k =⇒ {Dn}n ∼λ k

We focus on

• Diagonal sequences {Dn}n
• Spectral Symbols with domain [0, 1]

Warning: An ; Dn requires an ordering choice for Λ(An)
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Piecewise Convergence
Let f : [0, 1]→ C.

{Dn}n ⇀ f ⇐⇒ fn
µ−→ f
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Properties

• The piecewise convergence is linear

a, b ∈ C {Dn}n ⇀ k , {D ′n}n ⇀ h =⇒ {aDn+bD ′n}n ⇀ ak+bh

• Zero distributed diagonal sequences converge piecewise to zero

{Zn}n ∼λ 0 ⇐⇒ {Zn}n ⇀ 0

• Given a ∈ C ([0, 1])

{Dn(a)}n ⇀ a {Dn(a)}n ∼λ a

• For every a : [0, 1]→ C there exists {Dn}n such that

{Dn}n ∼λ a {Dn}n ⇀ a
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A First Result

Theorem

{Dn}n ⇀ f =⇒ {Dn}n ∼λ f

Idea
Let {D ′n}n be a diagonal sequence such that

{D ′n}n ∼λ f {D ′n}n ⇀ f

{Dn}n − {D ′n}n ⇀ 0 =⇒ {Dn}n − {D ′n}n ∼λ 0

{Dn}n = {D ′n}n + ({Dn}n − {D ′n}n) ∼λ f

We are actually interested in the inverse implication
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Rearrangement and GLT Symbol



Rearrangements

{An}n ∼λ k ⇐⇒ lim
n→∞

1
n

n∑
i=1

F (λi (An)) =
1

µ(D)

∫
D

F (k(t))dt

0
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0
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#{i : a < λi (An) < b}
n

n→∞−−−→
µ{t : a < k(t) < b}

µ(D)

Rearrangement
Given f : [0, 1]→ R, then g : [0, 1]→ R is a rearrangement if

µ{x : f (x) > z} = µ{x : g(x) > z} ∀ z ∈ R
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• Given f : [0, 1]→ R , there exists an unique decreasing
rearrangement (d.r.)
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Remember {Dn}n ⇀ f =⇒ {Dn}n ∼λ f

Key Lemma
Let Dn be real diagonal matrices, with decreasing entries. If
f : [0, 1]→ R is decreasing, then

{Dn}n ∼λ f =⇒ {Dn}n ⇀ f

Consequence
Let {Dn}n ∼λ f real sequence and function.

g d.r. of f {Dn}n ∼λ g
Decreasing sort {PnDnPT

n }n ∼λ g
Using Key Lemma {PnDnPT

n }n ⇀ g

The choice of an order is the same as the choice of a symbol?
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Main result

Sorting Eigenvalues
Given {Dn}n ∼λ f with Dn real diagonal matrices and
f : [0, 1]→ R, there exist Pn permutation matrices such that

{PnDnPT
n }n ⇀ f (x)

Idea
Find {D ′n}n such that {D ′n}n ⇀ f {D ′n}n ∼λ f
If g is d.r. of f , {QnDnQT

n }n ⇀ g {SnD ′nS
T
n }n ⇀ g

{QnDnQT
n − SnD ′nS

T
n }n ⇀ 0 =⇒ {QnDnQT

n − SnD ′nS
T
n }n ∼λ 0

{ST
n QnDnQT

n Sn − D ′n}n ∼λ 0 =⇒ {ST
n QnDnQT

n Sn − D ′n}n ⇀ 0

By linearity, {ST
n QnDnQT

n Sn}n = {PnDnPT
n }n ⇀ f
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Properties pt.2

• The piecewise convergence is linear

a, b ∈ C {An}n ⇀ k , {Bn}n ⇀ h =⇒ {aAn+bBn}n ⇀ ak+bh

• Zero distributed diagonal sequences converge piecewise to zero

{Zn}n ∼λ 0 ⇐⇒ {Zn}n ⇀ 0⇐⇒ {Zn}n ∼GLT 0

• Given a ∈ C ([0, 1])

{Dn(a)}n ⇀ a {Dn(a)}n ∼λ a {Dn(a)}n ∼GLT a(x)

• For every a : [0, 1]→ C there exists {Dn}n such that

{Dn}n ∼λ a {Dn}n ⇀ a {Dn}n ∼GLT a(x)
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GLT and Piecewise Convergence

Theorem

{Dn}n ⇀ f ⇐⇒ {Dn}n ∼GLT f

Proof
Let {D ′n}n be a diagonal sequence such that

{D ′n}n ∼GLT f {D ′n}n ⇀ f

{Dn}n − {D ′n}n ⇀ 0 ⇐⇒ {Dn}n − {D ′n}n ∼GLT 0

{Dn}n ⇀ f ⇐⇒ {Dn}n ∼GLT f

The GLT symbols correspond to the orderings of eigenvalues
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More?

Sorting Eigenvalues
Given {Dn}n ∼λ f with Dn real diagonal matrices and
f : [0, 1]→ R, then there exist Pn permutation matrices such that

{PnDnPT
n }n ∼GLT f (x)

Sorting Eigenvalues
Given {Dn}n ∼λ f with Dn complex diagonal matrices and
f : [0, 1]→ C, then there exist Pn permutation matrices such that

{PnDnPT
n }n ∼GLT f (x)

Warning: We used the decreasing rearrangement on R
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Spectral Measures



Spectral Distribution

{An}n ∼λ k ⇐⇒ lim
n→∞

1
n

n∑
i=1

F (λi (An)) =
1

µ(D)

∫
D

F (k(t))dt

{An}n ∼λ φ : Cc(C)→ C ⇐⇒ lim
n→∞

1
n

n∑
i=1

F (λi (An)) = φ(F )

• φ is linear

• φ is continuous

• φ is positive
=⇒ φ ∈ Cc(C)∗

Riesz Theorem
There exists an unique Radon measure µ such that

φ(F ) =

∫
C

F dµ ∀F ∈ Cc(C)
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Definition

Spectral Measure
A Radon measure µ is a spectral measure for {An}n if

lim
n→∞

1
n

n∑
i=1

F (λi (An)) =

∫
C

F dµ ∀F ∈ Cc(C)

and in this case, we write

{An}n ∼λ µ

Probability Measure
Given {An}n ∈ Ê the following are equivalent

• ∃k : [0, 1]→ C s.t. {An}n ∼λ k
• ∃µ ∈ P(C) s.t. {An}n ∼λ µ

Focus on P(C)
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Vague Convergence

Vague Convergence

Given µn, ν ∈ P(C), then µn
vague−−−→ ν if∫

C
F dµn →

∫
C

F dν ∀F ∈ Cc(C)

Lévy-Prokhorov distance
The vague convergence is metrizable on P(C) through the distance
π(µ, ν) = inf { ε > 0 | µ(A) ≤ ν(Aε) + ε, ν(A) ≤ µ(Aε) + ε ∀A ∈ B(C) }

Properties

• If µn and µ correspond to functions fn and f , then

fn
measure−−−−−→ f =⇒ µn

vague−−−→ µ

• The Lévy-Prokhorov distance π(µ, ν) is complete
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Atomic Measures

{An}n ∼λ µ ⇐⇒ lim
n→∞

1
n

n∑
i=1

F (λi (An)) =
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Spectral Measure

{An}n ∼λ µ ⇐⇒ µAn

vague−−−→ µ
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Distance on Sequences

Lèvi-Prokhorov Distance on Sequences

π({An}n, {Bn}n) := lim sup
n→∞

π(An,Bn)

Theorem

π is a complete pseudometric on Ê , and if µ, ν ∈ P(C) it respects

{An}n ∼λ µ, {Bn}n ∼λ ν =⇒ π({An}n, {Bn}n) = π(µ, ν)

Idea
−π(µ,An) + π(An,Bn)− π(Bn, µ) ≤ π(µ, ν)

π(µ,An) + π(An,Bn) + π(Bn, µ) ≥ π(µ, ν)

Warning: The condition µ, ν ∈ P(C) is essential
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Optimal Matching Distance

π({An}n, {Bn}n) = lim sup
n→∞

π(An,Bn) = ... too complicated

We want a distance of similarity between the spectra

Λ(A) = {λ1(A), . . . , λn(A)} ∈ Cn

Λ(B) = {λ1(B), . . . , λn(B)} ∈ Cn

Optimal Matching Distance

d(v ,w) = min
σ∈Sn

max
i=1,...,n

|vi − wσ(i)| d(A,B) := d(Λ(A),Λ(B))

Λ(A) = Λ(B) ⇐⇒ d(A,B) = 0
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Modified Optimal Matching Distance

Optimal Matching Distance

d({An}n, {Bn}n) := lim sup
n→∞

d(An,Bn)

Few outlier eigenvalues should not influence the distance

Modified Optimal Matching Distance

d ′({An}n, {Bn}n) = lim sup
n→∞

min
σ∈Sn

min
i=1,...,n

{
i − 1

n
+ |λ(An)− λσ(Bn)|↓i

}

If An and Bn are diagonal matrices

= lim sup
n→∞

min
Pn

min
i=1,...,n

{
i − 1

n
+ σi (An − PnBnPT

n )

}
= min
{Pn}n

dacs({An}n, {PnBnPT
n })
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Equivalence of Measures

The space of sequences is endowed with pseudometrics π and d ′

Theorem

π({An}n, {Bn}n) ≤ d ′({An}n, {Bn}n) ≤ 2π({An}n, {Bn}n)

They induce the same topology

Induced Properties

• d ′ is a complete pseudometric on Ê

• If {An}n ∼λ µ, then

{Bn}n ∼λ µ =⇒ d ′({An}n, {Bn}n) = 0
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• If {An}n ∼λ µ, then

{Bn}n ∼λ µ =⇒ d ′({An}n, {Bn}n) = 0



Equivalence of Measures

The space of sequences is endowed with pseudometrics π and d ′

Theorem

π({An}n, {Bn}n) ≤ d ′({An}n, {Bn}n) ≤ 2π({An}n, {Bn}n)

They induce the same topology

Induced Properties

• d ′ is a complete pseudometric on Ê

• If {An}n ∼λ µ, then

{Bn}n ∼λ µ =⇒ d ′({An}n, {Bn}n) = 0



Equivalence of Measures

The space of sequences is endowed with pseudometrics π and d ′

Theorem

π({An}n, {Bn}n) ≤ d ′({An}n, {Bn}n) ≤ 2π({An}n, {Bn}n)

They induce the same topology

Induced Properties

• d ′ is a complete pseudometric on Ê
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Closure Property

{Bn,m}n {An}n

µm µ

d ′

∼λ ∼λ

π

Let {Bn,m}n ∼λ µm. Given

• π(µm, µ)→ 0
• {An}n ∼λ µ
• {Bn,m}n

d ′
−→ {An}n

two are true iff they are all true

Ideas
π(Bn,m,An) ≤ π(Bn,m, µm) + π(µm, µ) + π(µ,An)

π(An, µ) ≤ π(An,Bn,m) + π(Bn,m, µm) + π(µm, µ)

π(µm, µ) ≤ π(µm,Bn,m) + π(Bn,m,An) + π(An, µ)

Theorem
If {Bn}n ∼λ f , then

{An}n ∼λ f ⇐⇒ d ′({An}n, {Bn}n) = 0
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Complex Case

Sorting Eigenvalues
Given {Dn}n ∼λ f with Dn complex diagonal matrices and
f : [0, 1]→ C, then there exist Pn permutation matrices such that

{PnDnPT
n }n ∼GLT f

Idea
Find {D ′n}n such that

{D ′n}n ∼GLT f {D ′n}n ∼λ f

{D ′n}n ∼λ f , {Dn}n ∼λ f =⇒ d ′({D ′n}n, {Dn}n) = 0

0 = d ′({D ′n}n, {Dn}n) = dacs({D ′n}n, {PnDnPT
n })

=⇒ {PnDnPT
n } ∼GLT f
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