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{Bam}tntm === {An}n if

An - Bn,m - Rn,m + Nn,m

for which exist c(m),w(m), np, such that

rk Rn,m

< c(m) |Nm|| < w(m) Vn > ngy

— The singular values of the difference tend to zero.
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Pseudometric Space

e The a.c.s. convergence is metrizable

dacs ({{Bnm}n}ms {An}n) = 0 <= {{Bam}ntm === {An}n

dacs({An}m {Bn}n) = limsup Pacs(An - Bn)
n—oo

i —1
Pacs(An — Bp) := min {In + 0i(An — Bn)}
corresponding to "small rank" R, and "small norm" N,
An—Bn=R,+ N,

[Barbarino, LAA17]
(é"A, dacs) is a complete pseudometric space.

Idea. Given a Cauchy sequence {{Bp m}n}m, find a map m(n) s.t.

{{Bn,m}n}m e {Bn,m(n)}n
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Pseudometric Space

Let {Bn,m}nm be a Cauchy sequence for djcs

Bn1 | Big Bxi Bsi Bai Bsi Bsi Bri Bsi B

1
2

Bno | Bip Boo Bss Bax Bsp Bsp Bro Bg> Byo
d< %

Bn3 | Bi3 Bx3z B3z Baz Bsz Bsz Brz Bgs Bggs

) ) ) ) )

d< i

Bna | Bia Bos Bizs Bas Bss Bga Bra Bga Bog
d< &
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dacs({Bn,m—i-l}n,m—i-l, {Bn,m}n,m) = lim sup pacs(Bn,m+1 - Bn,m)

n—o0

Bn1 | Bin Boy Bsi1 Bs1 Bsi Bsi1 Bri Bgi Boa

d< 1 p<l p<l p<1 p<1 p<1 p<1 p<1 p<1
Bn2 | Bip Bop B3> Bap Bsp Bsa Bra Bgz By
d< % p<% p<i p<i p<i p<i p<i
Bnz | Biz Baz B3z Bsz Bss Bss Brz Bssz Bogs
d< 1 pP<% pP<%: p<i p<}: p<i
Bna | Bia Bos Bizs Baas Bsas Bsa Bra Bga Bog
d< & p<i p<i p<}

Bns | Bis Bxs Bss Bas Bss Bss Brs Bgs Bggs
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Asymptotic Distribution

Spectral Symbol
Let {A,}n € & and k : D — C measurable.

{Ar}n ~o k < lim 1/2;F(a,-(A,,)): 1/3/ F(Ik(1)])dt

=r&9 [ o= (D) Jp
1 1
(ko s k = im0 30 FONA) = 5 | Flkoyer

for all F € C.(C).
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Asymptotic Distribution

1« 1
Aty ~y k= |im = F(Xi(An :/Fktdt
{Antn ~a Hoon; (Ai(An)) (D) Jo (k(1))
0 1 2le.,
i = ! |
1 0 1
1 0
2 ®e
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1 1
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Asymptotic Distribution

1 1
(ko sk = fim 252 FO(A) = M(D)/DF(k(t))dt
0 1 ]
1

1 0 \ ‘
T

)\k(An):2COS<2k7r {2kJ n

n+1 n+1|n+1

) k(t) = 2cos(t)



Asymptotic Distribution

2km 2k T
= =2 2
M(An) = 2 cos <n+1 + {n+1J n+1> k(t) cos(2t)
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Measurable Functions

Mp ={k: D — C, k measurable }

e .//p is endowed with the convergence in measure: k, LNy
e This convergence is induced by the complete pseudometric
‘ C

n(f,8) = P ~ &) = jnf { £

+esssup]f g\}
D]

{Bnm} ST {An}

-k

iy ———— k
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Correspondence of Metrics

[Barbarino, LAA17]
If {An}n ~o f, then

dacs({An}na {On}n) = Iimsup pacs(An) = pm(f) = dm(fa O)

n—00
Idea: {Antn f(x)
y
1<) = 020
{01,02,...,0k,Oks1--+,0n-1,0n} z
1 X

1

prcst) = min{ =Lt ian} ot = i (M52 2}
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GLT sequences

G C & x Mp
where D = [0, 1] x [—m, 7]

o {To(f)}n ~eLT.0 F(0)

™

fell-mn]—f= F(0)e" do
b A B

R S
To(f):=| 7, 7
b &

Fner .. Fo F1 %




GLT sequences

g?g éADX Mp
where D = [0,1] x [—m, 7]

° {Tn(f)}n ~GLT o f(e)
o {Dy(a)}n ~oLT,0 a(x)

ae C[0,1]
a(1/n)
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GLT sequences

Eé\g & x Mp
where D = [0, 1] x [—7, 7]
O {Tn(f)}n ~GLT o f(e)

L {Dn(a)}n ~GLT o a(X)
® 7, ~GLT,o 0

[Serra-Capizzano, LAAO3]
The GLT Space is the smallest closed algebra that contains

{Ta(f)}n ~cur £(0) {Dn(a)}n ~cLt a(x) Zn ~6LT 0



GLT properties

& = {{An}n: A, € C™} AMp = {k: D — C, k measurable }

& AMp
Ul Ul
P1(¥¢) P(9)

Main Properties

1. 9 is an algebra
2. 9 is closed as a pseudometric space into & x Mp
3. GLT symbols are spectral symbols

(Eé\ contains 2 the set of zero-distributed sequences)



GLT properties

& = {{An}n: An €C™" = {k:D — C,k measurable }
& AMp

R ur_

S: Pl(g) v Pz(g)

Main Properties

1. 9 is an algebra
2. 9 is closed as a pseudometric space into & x Mp
3. GLT symbols are spectral symbols

(Eé\ contains 2 the set of zero-distributed sequences)



GLT properties

& = {{An}n: An €C™"  p={k:D — C,k measurable }
& AMp

UL Ul

S:PI(Y) — Px(9Y)

Main Properties

1. Sisa homomorphism of algebras
2. 9 is closed as a pseudometric space into & x Mp
3. GLT symbols are spectral symbols

(4 contains Z the set of zero-distributed sequences)



GLT properties

&= {{An}n: A, € C™"} Mp = {k: D — C, k measurable }
& Ap
N Ul Ul
S:P(G)—— Py(¥)

Main Properties

1. Sisa homomorphism of algebras
2. The graph of Sinto & x Mp is closed
3. GLT symbols are spectral symbols

(4 contains Z the set of zero-distributed sequences)



GLT properties

& = {{An}n: An €C™"  p={k:D — C,k measurable }
& AMp

UL Ul

S:PI(Y) — Px(9Y)

Main Properties

1. Sisa homomorphism of algebras
2. The graph of Sinto & x Mp is closed
3. {Antn ~o S({An}n)

(4 contains Z the set of zero-distributed sequences)



GLT properties
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& AMp

UL Ul

S:PI(Y) — Px(9Y)

Main Properties

1. Sisa homomorphism of algebras
2. The graph of Sinto & x Mp is closed
3. {Antn ~o S({An}n)

~

(ker($) = P1(2))
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& = {{An}n: Ap € C™"} AMp = {k : D — C, k measurable }

& Ap E=E|F
Ul Ul ~
S: Pl(g) _— Pz(g) G = %/ﬁp

Main Properties

1. S is a homomorphism of algebras
2. The graph of S into & x .#p is closed
3. {An}n ~o S({An}n)

(S is injective)

More?
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1. S homomorphism of algebras
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Let {An}n, {Cn}n € P1(9).

1. S homomorphism of algebras
= S({An}n —{Ca}n) = S{An}n) = S{Ca}n) = ka — kc
4. {An}tn ~o S({An}n)
= {An}n —{Ci}n ~o ka — kc
Th2. {Antn ~o f = dacs({An}n, {0n}n) = dm(f,0)

- dacs({An}m {Cn}n) - dacs({An}n - {Cn}na {On}n)
= dm(ka — k¢, 0) = dm(ka, kc)



Let {An}n, {Cn}n € P1(9).

1. S homomorphism of algebras

= 5({An}n - {Cn}n) = 5({An}n) - 5({Cn}n) = ka — k¢

4. {An}n ~o S({An}")
- {An}n - {Cn}n ~o ka — kC
Th2 {An}n ~o f - dacs({An}na {On}n) = dm(f7 0)

= dacs({An}m {Cn}n) — dacs({An}n - {Cn}na {On}n)
= dm(ka — k¢, 0) = dm(ka, kc)

S is an isometry



Let k € 4p



Let k € 4p
Let k € .#p and ky, £ k such that exist S({Bp.m}) = km



Let k € 4p
Let k € .#p and ky, £ k such that exist S({Bp.m}) = km

Iso. S is an isometry

— dacs({Bn,s}a{Bn,r}) = dm(k57kr) — {Bn,m} CaUChy



Let k € #4p
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Let k € .#p
Let k € .#p and ky, £ k such that exist S({Bp.m}) = km
Iso. S is an isometry
= dacs({Bns}, {Bnr}) = dm(ks, kr) = {Bnm} Cauchy
Thl. & is complete = F{Ap}tn : {Bom}nm 25, {An}n
2. The graph of S into & x . is closed = S({An}n) = k
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Let k € .#p
Let k € .#p and ky, £ k such that exist S({Bp.m}) = km
Iso. S is an isometry
= dacs({Bns}: {Bnr}) = dm(ks, kr) = {Bnm} Cauchy
Thl. & is complete = F{Ap}tn : {Bom}nm 25, {An}n
2. The graph of S into & x . is closed = S({An}n) = k

{Bnm} ——— {An}

P,

ki ———— k

Im(S) is closed in .Zp
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Main Properties

1. S is a homomorphism of algebras
2. The graph of S into & x .#p is closed
3. {An}n ~o 5({An}n)

More?
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Main Properties

1. S is a homomorphism of algebras
2. The graph of S into & x .#p is closed
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& Ap E=E|¥
Ul Ul K
S:P(Y) ——— P9 Y=9%F

Main Properties

1. S is a homomorphism of groups
2. The graph of S into & x .#p is closed
3. {An}n ~o 5({An}n)

S is an isometry and Im(S) is closed



&= {{An}n: Ap € C™"} Mp = {k : D — C, k measurable }

& Ap E=E|¥
Ul Ul K
S:P(Y) ——— P9 Y=9%F

Main Properties

1. S is a homomorphism of groups
2. The graph of S into & x .#p is closed
3. {An}n ~o 5({An}n)

S is an isometry and Im(S) is closed

We know that, for GLT, Im(S) is dense in .#p, so

G = Mp [Barbarino, LAA17]
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given {Ap}n

find {Bn,m}nm GLT sequences with symbols ky,
if ky, converges, then also {By, m}nm converges
if {Bn.m}n,m converges to {Ap},

Then {A,}, has spectral symbol k

— proving the acs convergence is difficult
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Metrics on .#p

Let ¢ : RT — R be an increasing bounded concave and continuous
function with ¢(0) =0

We can define corresponding metrics on & and .Zp

P2 (f) D|/ (7)) p#({An}n) = limsup Zapa,

din(f.g) = ph(f —g) d?({An}n; {Bntn) :== p*({An — Bn}n)

[Barbarino, Garoni, '17]
d¥ is a complete metric on & inducing the acs convergence.

{An}nNJf — p ({A})_pm()
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Metrics on .#p

Concave functions

e 1(x) = min{x,1}

* 2(x) = X+1

7 ({Ankns {(Ba}) =limsup % Z min{oi(Ay — By), 1}

df ({An}n; {Bn}n )—llmsup Za, i Btjn)

— New ways to test the acs convergence
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Asymptotic Distribution

Spectral Symbol

m LS Eoua) = L
(ko s k = fim 23S FON(AD) = 5 [ PO
0 1
1

Given {Dp}, ~ f with D, diagonal matrices and f : [0,1] — C,
then there exist P, permutation matrices such that

{PnDnP,Z—}n ~GLT f(X)



Asymptotic Distribution

(Antn or k nIi_)moorl)ZF(/\,-(A,,)) _ /DF(k(t))dt



Asymptotic Distribution

1S
(Aodo s k = fim 32 FON(AD) = D)/DF(k(t))dt

Pk C(C) = C  o(F) = F(k(t))dt



Asymptotic Distribution

1S a
(ko sk = fim 052 FO(A) = MD)/DF(k(t))dt
b GO =T 6P = s [ Ak

There exists a Radon Measure p s.t.

on(F) = [ Fdu
C
SO we can write

{An}n ~A M



Asymptotic Distribution

1S a
(ko sk = fim 052 FO(A) = MD)/DF(k(t))dt
b GO =T 6P = s [ Ak

There exists a Radon Measure p s.t.

on(F) = [ Fdu
C
SO we can write

{An}n ~A M

Given {Ap}n € & the following are equivalent

e Jk:[0,1] = Cs.t. {An}n ~a k
o JueP(C)s.t. {An}n~ap
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Asymptotic Distribution

1
(ko <= Jim 37 FON(A) = /C Fdp

1 RS _
o= 0 Lobvian = Jim S FOAD) = [ Pl



Asymptotic Distribution

1
(ko <= Jim 37 FON(A) = /C Fdp

1 < 1Y _
Kn = nz;(s)\"(A") — nll_}ngonz;F(A,(An)):nango\/Cqun

vague

Hn

e Uniqueness of limit:  {Ap}p ~a i, {Antn~av = pu=v
e If 1, and p correspond to functions f, and f, then

f- measure vague
n

f = pn

e The Lévy-Prokhorov complete distance 7(u, v) induces the

vague convergence
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Correspondence

d'({An}n, {Bn}n) = limsup min  min {I; 1, IA(An) — )\o(Bn)H}

n—o0 U'ESn i:17...,l7

Let {A, mtn ~x m. Given d’
{ 7 } M {An,m}n o7 {An}n

o 7(tm,pn) =0 :

L4 {An}n ~A M NA‘
d/

o {Anmtn — {An}n T

two are true iff they are all true

The distance d’ is complete, and
{An}n ~A A, {Bn}n ~\MUB =
m(pa, pe) < d' ({Antn, {Bn}n) < 27(pa, 1g)
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