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Main Theorem

Suppose the function f : [0,27] — R is C/?, and

per

M<

£1(0) > 0

If « = m— 3 and k is the quantile of f on [0, 7], then

in . C(%) 1
Afv":k<n+1>+z(n+1)s+°<na>

s=1
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Toeplitz Operator on L%n)

Suppose f(x) = f(2m — x) (= fljo,s] = k quantile)
e Find a characterization of A(T,(f))

iT

o Find an expansion of f~1(\; ) — 25

00 o0 00 -1
F0)= > fe*= " fitk=f(1) Pn< > aktk> = nzaktk
k=0
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L3, = Pa(L?)

Given f € L?, then T,(f) : L7, — L{,) is a linear operator

Tn(f)g := Pn(fg)
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— O — h() + hn_|_1 tn+1
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T(f) = [fi Vo P( > aktk) = att
k=0

k=—00

Given f € L, then T,(f): L3 — L2 is a linear operator

T(f)g := P(fg)

Wiener Hopf

Suppose a(t) € L? where a(t) # 0 and wind(a,0) = 0. Then

a=ayja_ at € L2+, a_el?®

T(a)™! = T(ai!)T(aZ")

T(a) 1= T(ag")T(aZh)1 = P(a;'P(a?)) = a_(o0)a (2)
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Spi2(e ¥, 0)Dnia(e, 0) _ 2n+1)if
®pi2(e,0)Ppi2(e 7, 0)
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|

0 Approximation
A is an eigenvalue of T,(f) iff there exists j € Z such that
6 = f~1(\) € (0,7) and satisfies

(n+1)0 = n(6) — R1"(9) = jm

o n(x) = & [, BN gy L [ 18NN 4 p(0) = y(x) = 0
° R(")(x) = o(n*=m), R(")(o) = R(n)(ﬂ) =0
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s 6 _
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n <L>
) Jjm n+1 _1
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o ) () () -
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) Jm 1(0j,n) 3—m )
0_/7” - n- 1 + n-- 1 + O(n ) f(e.lan) - )\J’n
N = Jm mz_f ds (nj-tl> 1
i n+1 (n+1)s nm=3
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u(0) is a Real Cosine Trigonometrical Polynomial if

u(f) = ug +2 Z u; cos(k0)
i=1

Let f = u/v increasing on [0, 7], where u, v are RCTPs and v # 0

MN(To(F)) = £ <”> + 22 C(n(flrl)) + Eina

n+1

o ¢, € Cok*10, 7]
® Ejpno=0(n"1)

Spoiler: False even if v =1 for high «
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hy = (nk + 1)_1 = 21_kh1
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Notation: Given j; < nj positive integers,
o n =2k m+1)—1  j=2k1j
hy = (nk + 1)71 = Zlikhl
° djn =jr/(n+1) = djy.ne = djy,m

Interpolation

Solve for every k=1,...,cand 1 =1,...,m
(6%
Ajie(Th (£)) = f (djy,m) + ZESthi
s=1
and interpolate for every k =1,..., «
(dl,nlv ES,].)? (d2,n1, E:5,2)7 LRI (dnl,nla Es,nl)

Csj ~ Csj,» but ¢s is NOT a good approximation of c;
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First Approximation

‘Ck(djhlh) - Ekdil < ’401/7(11_k—~_1

Ajk(Tnk(f)) =f (djl,nl) + Z Cs (djl,nl) hls< + Ejk:"/ma

s=1
Aie(Th, (F)) =f (djy,m) + ZES,J& hi
s=1
= D les (dim) = Gal i = —Ejnia/ e = O(hY) = O(hY)
s=1
— Adiag(1, h1,...,h¢ 1) (c — <€) = O(h%)

— (€ —¢)x = O(he~k+1)
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(0]
i (T (F)) =F (djyng) + D s (djym) b + Ejnyca

s=1

Aje (T (F)) = (djy,ny) + Z [
s=1

Focus on \j(Th(f)). Let
{d(1)7 d(2)7 sy d(aik+1)} g {dl,n17 d2,n17 ey dnl,n1}
the closest points to d; ,, and interpolate

(d(l)v Ek(d(l)))a (d(2)a Ek(d(z)))’ SRR (d(a_k+1)v Ek(d(a_k+1)))

Eigenvalue Approximation

Given py j n the resulting polynomials,

Xj(Tn(f)) = f(djn) + Z Ps.j.n(djn)h°

s=1
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|Ck(dj,n) - PkJ,n(dJ}n)’ < Bahlll_k+1

If qijn interpolates
(d(1)7 Ck(d(l)))v (d(2)’ Ck(d(z)))? ) (d(a_k+1)7 Ck(d(a_k+1)))

then

o a—k+1 a—k+1
le(dn) — Qhjn(din)] < licklloo(hrm)> 1 )

(v — k+1)!
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|Ck(dj,n) - PkJ,n(dJ}n)’ < Bahlll_k+1

If qij,n interpolates

(dD, e (dO)), (d@), e (d@)), ..., (d@ D) ¢ (d@—k+D)y)

then
- — k4 1)k
. _ . i < a—k+1 (Oé
|Ck(d_l,n) qk,},n(dj,n)| = ||Ck||oo(h177) (a " 1)!
a—k+1
|Pkj,n(djn) = Gijn(djn)| < Z H d(s |Ck( (r)) — Ek(d(’))!
r=1 s#r

< Aahf” k+1(0z — k4 1)k
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|Ck(dj,n) - PkJ,n(djm)’ < Bozhlll_k+1

If qijn interpolates

(d®, c(dM)), (d®, c(d@)),..., (d7FHD, g (dl*FD))

then
- — k4 1)k
. _ . i < a—k+1 (Oé
|Ck(d_l,n) qk,},n(dj,n)| = ||Ck||oo(h177) (a " 1)!
a—k+1
|Pkj,n(djn) = Gijn(djn)| < Z H d(s |Ck( (r)) — Ek(d(’))!
r=1 s#r

S Aah? k+1(a_ k+ 1)04—k+1

= |ci(djn) = Prjin(djn)| < Bohy ™
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Convergence

XN(Ta(F)) =F (d;.n) + Z ¢ (din) B + Ejna

s=1
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s=1

|cie(dj,n) = Prjin(dj )| < Bohg™
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Algorithm
Convergence

XN(Ta(F)) =F (d;.n) + Z ¢ (din) B + Ejna

s=1

N(Ta(£)) =f(djn) + > Psyjin(dyn)°
s=1

|cie(dj,n) = Prjin(dj )| < Bohg™

N(Ta(F)) = M(Ta(F))] = Oalhb) )

@ The error decreases if n — oo
@ The error decreases if n; — oo

@ The error does not decrease if o — 0o

It is better to keep a low also for the computational cost
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Input: n>ny >a, S C{L,...,n}, f € Cg[-m, 7]
for k=1,...,ado
Compute eig( Ty, (f))

end for
fOI’jl = 1,...,n1 do
Compute Ejl = Vﬁl[)‘jk(Tnk(f)) - f(djhnl)]k
end for
for j € S do

fork=1,...,ado
Determine a — k + 1 points d(®) closest to d; .
Compute py j n(djn) where py j , interpolates
(d®), G (d®))) implicitly
end for
N(To(F)) = F(din) + S0 Pejin(di )b
end for
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Input: n>ny >a, S C{L,...,n}, f € Cg[-m, 7]
for k=1,...,ado
Compute eig( Ty, (f))

end for
fOI’jl = 1,...,n1 do
Compute Ejl = Vﬁl[)‘jk(Tnk(f)) - f(djhnl)]k
end for
for j € S do

fork=1,...,ado
Determine a — k + 1 points d(®) closest to d; .
Compute py j n(djn) where py j , interpolates
(d®), G (d®))) implicitly
end for
N(To(F)) = F(din) + S0 Pejin(di )b
end for

Cost: Y O(eig(Tp,(f))) + O(c?ny) + O(a?|S|)
k



Algorithm

Input: n>ny >a, S C{L,...,n}, f € Cg[-m, 7]
for k=1,...,ado
Compute eig( Ty, (f))

end for
fOI’jl = 1,...,n1 do
Compute Ejl = Vﬁl[)‘jk(Tnk(f)) - f(djhnl)]k
end for
for j € S do

fork=1,...,ado
Determine a — k + 1 points d(®) closest to d; .
Compute py j n(djn) where py j , interpolates
(d®), G (d®))) implicitly
end for
N(To(F)) = F(din) + S0 Pejin(di )b
end for

Parallel Cost : O(eig(Thn, (f))) + 0(a)
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Experiments

Compute all Xj(Tn(f)) with n = 5000 and

40— 15cos(f) — 24 cos(26) — cos(36)
1208 + 1191 cos(6) + 120 cos(26) + cos(36)

f(6)



Algorithm
Experiments

Compute all Xj(Tn(f)) with n = 5000 and

40 — 15 cos(#) — 24 cos(26) — cos(30)

f =
) 1208 + 1191 cos(6) + 120 cos(26) + cos(30)

Method CPU time | max error
Algorithm with n; =50, o = 4 1.69 ~ 107
Algorithm with n; = 50, o = 4 2.77 ~ 1078
Algorithm with n; =50, a = 4 18.30 ~ 1079
Algorithm with n; =50, « =4 | 280.27 ~ 1071
MATLAB eig's function 1265.55 /
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Experiments

Compute the first order symbol of

f(6) = 2 — cos(f) — cos(30)
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Experiments

Compute the first order symbol of

f(0) =2 — cos(f) — cos(30)
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Experiments

Compute the first order symbol of

f(0) =2 — cos(f) — cos(30)

The previous results apply on the intervals of [0, 7] where £ is
injective.
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Counterexample

Let f = u/v increasing on [0, 7], where u,v are RCTPs and v # 0

N(Ta(F)) = £ (2 +Zajcs(£l>+5-
AT \n+1) T & (nr e

o ¢, € Cok*10, 7]
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)\J-(T,,(f)):f< Jn >+Zajc($1> E: e

+
s=1 (n T ]_)S
o ¢, € Cok*10, 7]

BBGM

f(0) = (sin(0/2))* (pentadiagonal) respects the hypothesis, but
fails for a = 5.

| \




Algorithm
Counterexample

Let f = u/v increasing on [0, 7], where u,v are RCTPs and v # 0

)\J-(T,,(f)):f< Jn >+Zajc($1> E: e

+
s=1 (n T ]_)S
o ¢, € Cok*10, 7]

BBGM

f(0) = (sin(0/2))* (pentadiagonal) respects the hypothesis, but
fails for a = 5.

| \

f’(0) =0 = b(1,0) =0 = log(b), by singular
To(bs) ™ o4 T(be)™
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