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Simple Example

"x)=f € (0,1
M) =f) xell
u(0)=u(1)=0
2 -1 4
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=il
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— The sequence {A,}, has Spectral Symbol k(t)



Asymptotic Distribution

Spectral Symbol
Let {A,}, a matrix sequence, and k : D C R™ — C measurable.
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Asymptotic Distribution

Spectral Symbol

Let {A,}, a matrix sequence, and k : D C R™ — C measurable.
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Equivalent Definition

Let {A,}, a matrix sequence and k : [0, 1] — R measurable.
{An}n ~x k = f(A) 5 k

where f(X) is the piecewise linear interpolator of A(X) over [0, 1].
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Equivalent Definition
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Asymptotic Distribution

Equivalent Definition

Let {A,}, a matrix sequence and k : [0, 1] — R measurable.
{Antn ~a k <= f(An) 5 k

where f(X) is the piecewise linear interpolator of A(X) over [0, 1].

0 1

This is generalizable to k : D — C with D C R"



Hermitian Perturbations

Zero Distributed Matrices

Let NV, and R, be Hermitian matrices s.t.

o [[Nall =0o(1)
o rk(Rn) = o(n)

Given A, Hermitian matrices, we get

{An}" ~\ k= {An + N, + Rn}n ~ k
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Zero Distributed Matrices

Let N, and R, be M matrices s.t.
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Non-Hermitian Perturbation

Theorem [Golinskii-Serra '07]

Let X, Hermitian matrix of size n, with {X,}, ~\ k. If
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then
{Xn + Yn}n ~X k
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Conjecture
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Non-Hermitian Perturbation
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Theorem [Barbarino-Serra '17]

Let {X,}, be an Hermitian sequence with spectral symbol
{Xn}tn ~x k. If
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then
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Theorem [Barbarino-Serra '17]
Let {X,}, be an Hermitian sequence with spectral symbol
{Xatn ~a k. If
1Yall2 = o(v/n)
then
{Xn}n + {Yn}n ~\ k

Corollary

Let {X,}, be an Hermitian sequence with spectral symbol
{Xn}tn ~x k. If
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o [|Yall = O(1)
then
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Preliminary Results

Theorem

If A, B are Hermitian matrices with eigenvalues a; > as > ...,
and 31 > 32 > -+ > [, then
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Schur Decomposition

l Real/Imaginary Part

Lemma
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Let {Xn}n ~x k be an Hermitian sequence and || Y;||2 = o(1/n)

e Let a3 > ap > ..., be the eigenvalues of X, and
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u(0) =, u(1) =5,
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~V-AVu+b-Vu+cu=F, in(0,1)9,
u=0, on 9((0,1)9),
d-dimensional FD

e A(x) symmetric matrix of C1(0,1)9 bounded functions with
bounded partial derivatives

e b(x) bounded continuous function
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Applications

~V-AVu+b-Vu+cu=F, in(0,1)9,
u=0, on 9((0,1)9),

d-dimensional FD
e A(x) symmetric matrix of C1(0,1)? functions
e b(x) L2 continuous function

e ¢(x) continuous function

D 1 Ap+ Bn+ Co}n ~x 1(A(x) 0 H(O)1T.
Minimal Hypothesis

b(x) ~x* = |[Ball2 = O(n™*7%)

11 1
a> =53 = lBala=o (Vi) a>-1-5 = |Ball2 = o(n)
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Coefficients with o(y/n) Perturbation

We consider the CDR equations with...

e a(x) = c(x) = —log(1 — x), b(x) = 1/V/x5 for FD and FE
discretizations
e a(x) = c(x) = —log(1 — x), b(x) = 1/v/x3 and
Kn = Th(2 — 2cos(0)) in the preconditioned discretization
e a11(x,y) =c(x,y) =1/xy, ax2(x,y) = —xy,
a12(x,y) =x+y, bi(x,y) = ba(x,y) =1/+/(xy)3 for a

bidimensional FD discretization
And we analyse...

e Number of eigenvalues of A, + B, + C, with imaginary part
greater than ¢

e The graph of the real part of eigenvalues of A, + B, + C,
against the symbol



Offliers

N 50 100 200 400 800
e=1071 4/8% 6/6% 10/5% 12/3% | 14/1.75%
e=10"2| 6/12% 8/8% 14/7% 20/5% | 28/3.5%
e=10"1 4/8% 6/6% 8/4% 12/3% | 14/1.75%

FD-1-dim

FE e =102 4/8% 8/8% 12/6% | 14/45% | 26/3.25%

i 1071 || 4/8.16% | 2/2% 2/1.02% | 2/0.5% | 2/0.26%
e=107? || 8/16.33% | 12/12% | 30/15.31% | 52/13% | 92/11.74%

Prec e=10"1 2/4% 2/2% 2/1% 2/0.5% | 4/0.5%

e=10"2| 6/12% | 8/8% 10/5% | 12/3% | 16/2%

Table 1: Number and percentage of eigenvalues with imaginary part
greater than ¢.
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Eigenvalues Graph

2-dimension FD
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Eigenvalues Graph
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bidimensional FD discretization



Coefficients with o(n) Perturbation

We consider the CDR equations with...

e a(x) = c(x) = —log(1 — x), b(x) = 1/V/x7 for FD and FE
discretizations

e a11(x,y) = a22(x,y) = 1/\/xy, c(x,y) = 1/xy,
a12(x,y) =x+y, bi(x,y) = ba(x,y) = 1/3/(xy)> for a

bidimensional FD discretization

And we analyse...

e Number of eigenvalues of A, + B, + C, with imaginary part
greater than ¢



Offliers

N 50 100 200 400 800
D S 10T || 8/16% | 12/12% | 18/9% | 28/7% | 40/5%
-1-dim
—102 || 8/16% | 14/14% | 22/11% | 34/85% | 74/9.25%
=101 | 6/12% |12/12% | 18/9% | 26/6.5% | 40/5%
FE &= 1072 4/8% 8/8% 12/6% | 14/4.5% | 26/3.25%
Do €= 1071 || 12/24.20% | 20/20% | 30/1531% | 44/11% | 58/7.4%
M T 1077 [ 16/32.653% | 24/24% | 42/21.43% | 64/16% | 114/14.54%

Table 2: Number and percentage of eigenvalues with imaginary part
greater than ¢.
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